
4 Analysis of a di!usive interacting particle system

We present in detail in this section a di!usive model of interacting particles, studied by Benachour
et al. in [BRTV98] and by Malrieu in [Mal03], which is a particular case of the laboratory example
of [Szn91] presented in Section 1.1. The propagation of chaos property will be proved using a
coupling method.

We consider the following nonlinear equation

ωtu = ”u+ div(u→W ↑ u), (4.1)

where u(t, ·) is a time-dependent probability measure on Rd, W : Rd
↓ Rd is an interaction

potential, and ↑ stands for the convolution operator:

→W ↑ u(x) =

∫
→W (x↔ y)u(dy).

This equation arises for example in the modeling of granular media with W (x) = |x| when d = 1.
The norm of x ↗ Rd is denoted by |x|.
We work under the following assumptions on the potential W .

Assumption 1. 1. The potential is symmetric: ↘x ↗ Rd, W (↔x) = W (x).

2. The potential is uniformly convex: there is ε > 0 such that ↘x, v ↗ Rd

≃HessW (x)v, v⇐ ↭ ε|v|2,

where HessW is the hessian matrix of W .

3. The gradient of W is a locally Lipschitz-continuous function with polynomial growth: there
exists a polynomial P such that ↘x, y ↗ Rd,

|→W (x)↔→W (y)| ↫ |x↔ y||P (x) + P (y)|.

Contrary to the assumptions of Section 1.1, the function →W is neither bounded nor compactly
supported.

The stochastic di!erential equation associated with (4.1) is the following. Let X be a Markov
process solving the nonlinear SDE

{
dXt =

⇒
2dBt ↔→W ↑ ut(Xt)dt,

Law(X0) = u0,
(4.2)

where ut := Law(Xt) is the distribution of Xt and B is a Brownian motion. In [BRTV98, Theorem
3.1], the strong existence and uniqueness of the solution to the nonlinear SDE (4.2), when u0 has a
finite moment of order 2(1 + r)2, with r the degree of the polynomial growth of W , is established.
Note that (4.2) can be also be written,

Xt = X0 +
⇒

2Bt ↔

∫ t

0
→W ↑ us(Xs)ds

= X0 +
⇒

2Bt ↔

∫ t

0

∫

Rd

→W (Xs ↔ y)us(dy)ds

In addition, [BRTV98] proved that the moments of X are uniformly bounded in time.
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Lemma 4.1 (Proposition 3.10 in [BRTV98], Lemma 5.2 in [Mal03]). Let q ↭ 1. If E
[
|X0|

2q
]
is

finite, then there exists Kq > 0 such that

sup
t↭0

E
[∣∣Xt

∣∣2q
]
↫ Kq.

↬ Exercise 3. Using Itô’s formula, show that the distribution of X is a weak solution to (4.1),
in the sense that if Law(Xt) = ut(x)dx, we have ↘ϑ ↗ C

2
c (Rd,R) test function of class C

2 with
compact support, ↘t ↭ 0,

∫

Rd

ϑ(x)ut(x)dx =

∫

Rd

ϑ(x)u0(x)dx+

∫ t

0

∫

Rd

ϑ(x)(”us(x) +→.(us→W ↑ us)(x))ds.

4.1 A first particle system

A natural particle system XN = (X1,N , . . . , XN,N ) associated with (4.2) is the following: for
i ↗ {1, . . . , N},

{
dXi,N

t =
⇒
2dBi

t ↔
1
N

∑N
j=1 →W

(
Xi,N

t ↔Xj,N
t

)
dt,

Xi,N
0 = Xi

0,
(4.3)

where (Bi)i↭1 and (Xi
0)i↭1 are two independent collections of independent Brownian motions and

independent random variables with common distribution u0 respectively. The existence of a unique
strong solution to (4.3) is established in [BRTV98, Proposition 5.1]. The proof is based on an
approximation of →W by bounded Lipschitz continuous functions and a control of the moments of
the particles.
However, as we will see later, this is not the most suitable system for studying convergence to
equilibrium in the long-time regime.

Asymptotic in large population Let us study the system (4.3) in the large-population limit
(N ↓ ⇑). We prove that propagation of chaos holds, but not uniformly in time. The proof is
based on a coupling argument.

To this end, we couple the particle system (4.3) with a collection (X
i
) of independent nonlinear

processes driven by the same Brownian motions and starting from the same initial conditions as
the interacting particles.

Let (X
i
)i↭1 be the solution to the nonlinear SDE





dX

i
t =

⇒
2dBi

t ↔→W ↑ ut

(
X

i
t

)
dt,

X
i
0 = Xi

0,

where ut is the distribution of X
i
t.

Theorem 4.2 (Benachour et al. [BRTV98]). If u0 has a finite 2-order moment, then there exists
a constant C > 0, such that for any T ↭ 0 and N ↭ 1,

sup
0↫t↫T

E
[∣∣∣X1,N

t ↔X
1
t

∣∣∣
2
]
↫ C

T 2

N
.
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We deduce that (X1,N )N↭1 converges in distribution to X. By uniqueness of the solution to the
nonlinear SDE (4.2) and Proposition 2.8, the system satisfies the propagation of chaos property.

Proof of Theorem 4.2. We detail the proof when d = 1, the case d ↭ 1 is similar. We observe that

Xi,N
t ↔X

i
t = ↔

1

N

N∑

j=1

∫ t

0

∫ (
W →

(
Xi,N

s ↔Xj,N
s


↔W →(X

i
s ↔ y)

)
us(dy)ds.

Then, by Itô’s Formula,

N∑

i=1

(
Xi,N

t ↔X
i
t

)2

= ↔
2

N

N∑

i,j=1

∫ t

0

∫ (
Xi,N

s ↔X
i
s

)(
W →

(
Xi,N

s ↔Xj,N
s


↔W →(X

i
s ↔ y)

)
us(dy)ds

= ↔
2

N

N∑

i,j=1

∫ t

0

(
I1i,j + I2i,j


ds,

with

I1i,j =
(
Xi,N

s ↔X
i
s

)(
W →

(
Xi,N

s ↔Xj,N
s


↔W →(X

i
s ↔X

j
s)
)

I2i,j =
(
Xi,N

s ↔X
i
s

)∫ (
W →(X

i
s ↔X

j
s)↔W →(X

i
s ↔ y)

)
us(dy)

As W is symmetric, we have W →(0) = 0 and W →(x) = ↔W →(↔x). Therefore, the sum of the first
term gives

N∑

i,j=1

I1i,j =
∑

i<j

(
I1i,j + I1j,i



=
∑

i<j

(
Xi,N

s ↔Xj,N
s ↔X

i
s +X

j
s

)(
W →

(
Xi,N

s ↔Xj,N
s


↔W →(X

i
s ↔X

j
s)
)
.

As the potential is uniformly convex, we deduce (x↔ y)(W →(x)↔W →(y)) ↭ 0. Consequently,

N∑

i,j=1

I1i,j ↭ 0,

and we deduce that
N∑

j=1

(
Xi,N

t ↔X
i
t

)2
↫ ↔

2

N

N∑

i,j=1

∫ t

0
I2i,jds. (4.4)

On the other hand, by the Cauchy-Schwartz inequality,
∣∣∣∣∣∣
E




N∑

j=1

I2i,j





∣∣∣∣∣∣
=

∣∣∣∣∣∣
E




(
Xi,N

s ↔X
i
s

) N∑

j=1

(
W →(X

i
s ↔X

j
s)↔W →

↑ us(X
i
s

)




∣∣∣∣∣∣

↫ E
[(

Xi,N
s ↔X

i
s

)2
]1/2

hi(s)
1/2, (4.5)
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with

hi(s) = E








N∑

j=1

(
W →(X

i
s ↔X

j
s)↔W →

↑ us(X
i
s)
)



2




=
N∑

j=1

E
[(

W →(X
i
s ↔X

j
s)↔W →

↑ us(X
i
s)
)2

]
,

by independence of X
i
, X

j
, X

k
, and since us = Law(X

j
s) = Law(X

k
s) implying that each term in

the sum has a mean equal to zero. Since W → is locally Lipschitz-continuous with polynomial growth
by assumption, there is r ↭ 0 and c > 0 such that

|W →(x)| ↫ c(1 + |x|1+r).

By Lemma 4.1, the moments of X are uniformly bounded in time, i.e.

sup
t↭0

E[
∣∣Xt

∣∣2(1+r)
] < ⇑.

Consequently, there is a constant c > 0 such that hi(s) ↫ Nc2, and by symmetry of the system

E
[(

Xi,N
s ↔X

i
s

)2
]
= E

[(
X1,N

s ↔X
1
s

)2
]
. Therefore, by (4.5), we have

∣∣∣∣∣∣
E




N∑

j=1

I2i,j





∣∣∣∣∣∣
↫ cN1/2E

[(
X1,N

s ↔X
1
s

)2
]1/2

.

Finally, using (4.4) and again the symmetry of the system, we obtain

NE
[(

X1,N
t ↔X

1
t

)2
]
↫ 2cN1/2

∫ t

0
E
[(

X1,N
s ↔X

1
s

)2
]1/2

ds

and consequently, for t ↗ [0, T ],

N sup
0↫t↫T

E
[(

X1,N
t ↔X

1
t

)2
]
↫ 2cN1/2T


sup

0↫t↫T
E
[(

X1,N
t ↔X

1
t

)2
]1/2

and the result follows.

Long time behavior of the particle system Since →W is odd, the empirical mean of the
particle system (4.3), given by

1

N

N∑

k=1

Xk,N
t =

1

N

N∑

k=1

Xk
0 +

⇒
2

N

N∑

k=1

Bk
t ,

is the sum of a random variable and a Gaussian process, with time marginal of distribution N (0, 2t
N ).

Consequently, the empirical measure does not converge when t ↓ ⇑ to a probability measure. We
deduce that the direction (1, . . . , 1) as a bad influence on the long time behavior of the system.
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However, since the potential W is strictly convex, it known that the nonlinear process has an
invariant measure, and as proved in [CMV03], the solution of(4.1) converges exponentially fast to
its equilibrium.
Consequently, the above particle system does not behave as well as the nonlinear process it ap-
proximates. Following [Mal03], we introduce a new particle system, which admits an invariant
measure.

4.2 A new particle system

We note that the mean of the nonlinear process X̄ satisfies

E[Xt] = E[X0]↔

∫ t

0
E

→W ↑ us(Xs)


ds

= E[X0]↔

∫ t

0
E
[
→W (Xs ↔X

→

s)
]
ds,

where X
→

is an independent copy of X. Since →W is an odd function, we deduce that E[Xt] = E[X0]
for any t ↭ 0. To construct a particle system that provides a good approximation of the nonlinear
process, it seems reasonable to introduce a system whose empirical mean is equal to the mean of
u0.

Without lost of generality, we assume in the sequel that

xu0(dx) = E[X0] = 0. Recall that the

system XN is defined in (4.3). We introduce the process YN =
(
Y 1,N , . . . , Y N,N


on

(
Rd

N
defined

by

Y i,N
t = Xi,N

t ↔
1

N

N∑

k=1

Xk,N
t ,

which is the projection of XN on H =

x ↗

(
Rd

N
:
∑N

k=1 x
k = 0


. Then, ↘t ↭ 0,

1

N

N∑

i=1

Y i,N
t = 0.

We easily note that
Xi,N

t ↔Xj,N
t = Y i,N

t ↔ Y j,N
t ,

and we deduce by (4.3),

Y i,N
t = Xi

0 ↔
1

N

N∑

j=1

Xj
0 +

⇒

2Bi
t ↔

⇒
2

N

N∑

j=1

Bj
t ↔

1

N

N∑

j=1

∫ t

0
→W (Y i,N

s ↔ Y j,N
s )ds.

Uniform propagation of chaos

Theorem 4.3 (Theorem 5.1 in [Mal03]). There exists a constant C > 0 such that for every N ↭ 1

sup
t↭0

E
[∣∣∣Y 1,N

t ↔X
1
t

∣∣∣
2
]
↫ C

N
.
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Proof. We introduceY
N

=
(
Y

1,N
, . . . , Y

N,N
)
the projection of the nonlinear processX =

(
X

1
, . . . , X

N
)

on H. We have

Y
i,N
t := X

i
t ↔

1

N

N∑

i=1

X
j
t

= Xi
0 ↔

1

N

N∑

j=1

Xj
0 +

⇒

2Bi
t ↔

∫ t

0
→W ↑ us

(
X

i
s

)
ds↔

⇒
2

N

N∑

j=1

Bj
t +

1

N

N∑

j=1

∫ t

0
→W ↑ ut(X

j
t )ds.

Note that Y i,N
t ↔X

i
t


L2

↫
Y i,N

t ↔ Y
i,N
t


L2

+
Y

i,N
t ↔X

i
t


L2
.

On one hand, by independence of the processes (X
i
)i↭1, we have

E
[(

Y
i,N
t ↔X

i
t

)2
]
=

1

N
E
[∣∣∣X

1
t

∣∣∣
2
]
.

By lemma 4.1, the moments of X
1
are uniformly bounded in time.

On the other hand,

Y i,N
t ↔ Y

i,N
t = ↔

1

N

∫ t

0

N∑

j=1

(
→W (Y i,N

s ↔ Y j,N
s )↔→W ↑ us(X

i
s)
)
ds

↔
1

N

N∑

j=1

∫ t

0
→W ↑ ut(X

j
t )ds.

Using Itô’s formula, the same kind of decomposition as in the proof of Theorem 4.2, and that the

sum of the coordinates of Y
i,N

and Y i,N are equal to 0 since they belong to H, we deduce that
there is a constant c > 0 such that

N∑

i=1

E
[∣∣∣Y i,N

t ↔ Y
i,N
t

∣∣∣
2
]
↫ ↔2ε

∫ t

0

N∑

i=1

E
[∣∣∣Y i,N

s ↔ Y
i,N
s

∣∣∣
2
]
ds+ c

⇒

N

∫ t

0
E
[∣∣∣Y i,N

s ↔ Y
i,N
s

∣∣∣
2
]1/2

ds

(4.6)
By symmetry, we deduce

E
[∣∣∣Y 1,N

t ↔ Y
1,N
t

∣∣∣
2
]
↫ ↔2ε

∫ t

0
E
[∣∣∣Y 1,N

s ↔ Y
1,N
s

∣∣∣
2
]
ds+

c
⇒
N

∫ t

0
E
[∣∣∣Y 1,N

s ↔ Y
1,N
s

∣∣∣
2
]1/2

ds.

Introducing the function ϖ(t) = E
[∣∣∣Y 1,N

t ↔ Y
1,N
t

∣∣∣
2
]1/2

, using a similar proof as the one of the

Gronwall lemma, we deduce

E
[(

Y 1,N
t ↔ Y

1,N
t

)2
]1/2

↫ c

ε
⇒
N

(1↔ e↑ωt) ↫ c

ε
⇒
N

,

which gives the expected upper bound.

↬ Exercise 4. Using the same kind of decomposition as in the proof of Theorem 4.2, prove
Inequality (4.6).
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Long time behavior We introduce the Wasserstein distance W2 between two probability mea-
sures ϱ and µ, with a finite second moment:

W2(ϱ, µ) :=


inf

∫
|x↔ y|2ς(dx, dy)

1/2

where the infimum is taken on the probability measures ς on Rd
⇓ Rd with marginales ϱ and µ.

The potential W being strongly convex by assumption, the nonlinear system admits an invariant
measure, and Carrillo, McCann and Villani [CMV03] proves that ut convergences exponentially
fast to its equilibrium u↓ along a well-adapted functional. More precisely, let us introduce the
functional

φ(u) =

∫
u(x) log u(x)dx+

1

2

∫∫
W (x↔ y)u(x)u(y)dxdy.

Carrillo, McCann and Villani [CMV03] established that there is a constant K > 0 such that

φ(ut)↔ φ(u↓) ↫ K exp(↔2εt),

where u↓ is the unique minimizer of φ with the same mean of u0.

Using the particle system and logarithmic Sobolev inequalities, [Mal03] obtain the speed of conver-
gence in Wasserstein distance:

Theorem 4.4 (Theorem 1.4 in [Mal03]). There is a constant K > 0 such that

W2(ut, u↓) ↫ Ke↑ωt.

Indeed, [Mal03] proves in Proposition 4.3 that the invariant measure (t ↓ ⇑) of the particle system
YN is given by

uN
↓

=
1

zN
1H(y) exp



 1

2N

N∑

i,j

W (yi ↔ yj)



dy,

with zN =

H
exp

(
1

2N

∑N
i,j W (yi ↔ yj)

)
dy, which satisfies a logarithmic Sobolev inequality with

constant 2
ω , that is for every smooth function f

EntuN
→
(f2) ↫ 2

ε

∫
|→f |2duN

↓
,

with Entµ(f2) :=

f2 log f2dµ↔


f2dµ log

(
f2dµ


. They deduce (see [Mal03, corollary 4.4]) the

following result of the relative entropy for any t ↭ 0

Ent(uN
t |uN

↓
) ↫ Ent(uN

0 |uN
↓
)e↑2ωt (4.7)

where uN
t denotes the distribution of YN

t and the relative entropy is defined by Ent(ϱ|µ) =
log gdϱ =


g log gdµ with g the density of ϱ with respect to µ: ϱ(dx) = gµ(dx).
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Ideas of the proof of Theorem 4.4. Let N ↭ 2 be arbitrary. By the triangular inequality, one has

W2(ut, u↓) ↫ W2(ut, u
(1,N)
t ) +W2(u

(1,N)
t , u(1,N)

↓
) +W2(u

(1,N)
↓

, u↓),

where u(1,N) is the distribution of Y 1,N . From the uniform propagation of chaos established in
Theorem 4.3, we have

W2(ut, u
(1,N)
t ) +W2(u

(1,N)
↓

, u↓) ↫ 2



sup
t↭0

E
[∣∣∣Y 1,N

t ↔X
1
t

∣∣∣
2
]
↫ 2

C
⇒
N

.

Note that, in the absence of uniform propagation of chaos, we cannot deduce anything about

W2(u
(1,N)
↓ , u↓).

We thus only have to focus on the term W2(u
(1,N)
t , u(1,N)

↓ ). Note that, for µ and ϱ two probability
measures on Rd, we have

NW2(µ, ϱ)
2 ↫ W2(µN , ϱN ),

for any probability measures µN and ϱN on
(
Rd

N
with respective marginals µ, . . . , µ and ϱ . . . , ϱ.

In fact, for every x = (x1, . . . , xN ) and y = (y1, . . . , yN ) in
(
Rd

N
, we easily observe that

|x↔ y|2 =
N∑

i=1

|xi ↔ yi|
2

and, therefore, for every measure ςN = ς↔N on RNd
⇓ RNd with marginals µN and ϱN , we have

∫
|x↔ y|2ςN (dx, dy) = N

∫
|x↔ y|2ς(dx, dy)

where ς is a measure on Rd
⇓ Rd with marginals µ and ϱ.

Consequently,

W2(u
(1,N)
t , u(1,N)

↓
) ↫ 1

⇒
N

W2(u
N
t , uN

↓
),

where uN is the distribution of the particle system YN .

We now use the following result (see also [BGL01, Corollary 3.1]).

Theorem 4.5 (Otto-Villani [OV00]). Let µ be a absolutely continuous probability measure which
satisfies a logarithmic Sobolev inequality with constant C.
Then, for every probability measure ϱ absolutely continuous with respect to µ, we have

W2(µ, ϱ)
2 ↫ C

2
Ent(ϱ|µ).

Using also (4.7), we thus deduce

W2(u
(1,N)
t , u(1,N)

↓
) ↫

√
C

2N
Ent(uN

t |uN
↓
)

↫
√

C

2N
Ent(uN

0 |uN
↓
)e↑ωt.
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By assumption, uN
0 = u↔N

0 is the distribution of N independent random variables, and thus
Ent(uN

0 |uN
↓
) is of order N .

Consequently, we finally obtain the existence of a constant C > 0 such that

W2(ut, u↓) ↫ C
⇒
N

+ Ce↑ωt.

We conclude by letting N ↓ ⇑, since N was chosen arbitrarily.

37


	A few Notations
	Models of interacting particle systems in various fields
	The McKean-Vlasov equation in physics
	Atlas model in finance
	Neural dynamics in neurosciences
	Epidemiologic models in medecine
	A few interesting questions on such systems

	Kac's propagation of chaos
	Criterion for propagation of chaos
	About the convergence in law of random measures
	Tightness

	Convergence of stochastic processes
	Tightness in C
	Tightness in D

	Analysis of a diffusive interacting particle system
	A first particle system
	A new particle system

	Analysis of an interacting particle system with jumps
	Tightness
	Propagation of chaos

	References

