3 Convergence of stochastic processes

Let us recall the definition of weak convergence of probability measures.

Definition 3.1. A sequence of probability measures (1™ )n>1 on a Polish space E converges weakly
to the probability measure p if for any f € Cy(E),

(
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The objective of this section is not to provide an exhaustive treatment of the convergence of con-
tinuous or cadlag processes, but only to highlight the main results that are useful in the study of
several examples of interacting particle systems. We mainly refer to the books of Billingsley [Bi199],
and of Jacod and Shiryaev [JS03] for more details on the convergence of stochastic processes. We
can also mention the books of Ethier and Kurtz [[FK86], and of Stroock and Varadhan [SV06].

For d > 1 and T > 0, let C(Ry,R9) denote the space of continuous functions, and D(R,R)
denote the Skorokhod space, namely the space of cadldag functions (right-continuous functions with
left limits), defined on R, with values in R.

The Euclidean norm of a vector z € R? is denoted by |z|.

Endowed with suitable metrics, the spaces E = C(Ry,R?) and E = D(R,R?) are Polish spaces
(see [131199, JS03]). Note that the topology induced by the metric on D(R, R?) that makes it a
Polish space is weaker than the local uniform topology.

3.1 Tightness in C

We start with a result ensuring the convergence for tight probability measures on C (R4, R%). This
theorem is a consequence of Prokhorov’s theorem (see Example 2.7+ Theorem 2.6 and Section 5 in
[Bil99]).

Theorem 3.2. Let ZV = (Z})1>0 be a sequence of processes with values in C(R+,Rd). Denote by
uN the distribution of ZN. Let p a probability measure on C(Ry,R?) and Z a random process with
distribution p.

Then the sequence (,uN)N>1 converges weakly to p if and only if it satisfies the two following
conditions

e Tightness: the sequence (,uN) is tight in C(R+,Rd) ;

e Convergence of the finite-dimensional distributions: for any k € N and any (t1,...,t;) € Ri,
the vector (Z{, ..., Z{) converges in law to (Zy,,...,Z,), as N — oo.

We now present useful results on the tightness of continuous stochastic processes. To this end, we
introduce the modulus of continuity of a function z(-) on [0,T]: for ¢ € (0, T
wr(z;0) == sup  |z(s) — z(t)].
|s—t|<d
with s,t€[0,T]

Note that z € C(R4,R) if and only if lims)o wr(z;d) = 0 for all T > 0 (Heine-Cantor theorem: a
continuous function on a compact is uniformly continuous). We first recall a well-known result on
compact sets of continuous functions.
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Theorem 3.3 (Arzela-Ascoli theorem). A subset A of C(Ry,R%) is relatively compact (i.e. its
closure A is compact) if and only if

(1) sup,c 4 |2(0)] < oo;
(1t) Equicontinuity: lims_osup,ec 4 wr(2z;0) =0 for all T > 0.

We deduce the following characterization of the tightness of probability measures on the space of
continuous functions.

Theorem 3.4 (Theorem 7.3 in [Bil99]). A sequence of continuous processes (Z™)n=1 on Ry is
tight if an only if the two following conditions are satisfied:

(i) ¥n > 0, there exist a > 0 and Ny > 1 such that VN > Ny,

P(125'] 2 a) <,

(i) Ya,T > 0,

lim lim sup P(wr(Z7;6) > a) = 0.

=20 Nooo
Proof. Let T > 0. We first prove the direct implication. Assume that (Z%) is tight. Let n > 0,
and K a compact set of C([0,T], E) such that P(ZY € K) > 1 —n for any N > 1. We have
K C {z:]2(0)| < a} for a large enough, and K C {z: wr(z;d) < €} for § small enough. Thus the
conditions are satisfied for Ny = 1.
Assume that Conditions (7) and (i¢) are satisfied. As C([0,T], E) is separable and complete, a
finite collection of measures is tight. Let n > 0, a given by (i), then P(ZY € B) > 1 — n where
B = {z:|2(0) < al}. By (ii), P(ZN € B*¥) > 1 —n/2k for all N, with B¥ = {2 : wr(2;6;) < 1/k}.
Let K be the closure of A= BN, B*, then P(ZY € K) > 1 —2n. By the Arzela-Ascoli theorem,
A is relatively compact, and therefore K is compact. We conclude that ZV is tight. O

We now give a sufficient condition to ensure that condition (i7) in the previous theorem is satisfied.

Theorem 3.5 (Theorem 7.3 + Condition (7.12) in [Bil99]). A sequence of continuous processes
(ZN)ns1 on Ry is tight if the two following conditions are satisfied:

(i) ¥n > 0, there exist a > 0 and Ny > 1 such that VN > Ny,

P(|25'| > a) <,
(i1) Ya,n,T > 0 and t € [0,T], there exists § € (0,T) and Ny = 1 such that for any N > Ny,

1
P( sup ‘ZtN—Zév}>a) <7
0 t<s<t+6

Proof. We only have to prove that Condition (i7) in Theorem 3.4 is satisfied. Let a,n, T > 0 and
t €10,T]. If t > T — ¢, the supremum is thus taken on s € [t,T]. We set t, = ko for k < |T/4].
We have (t;, — tx—1) = d. For a continuous function z on [0,T], we note that

wr(z;0) <3max  sup  |z(s) — z(tp—1)l,
ko selty_n,te]
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and therefore,

sE€[tp—1,tk]

[T/5]
P(wp(ZN;6) > 3a) < Z IF’( sup ‘ZSN - Ztk_l} > a)
k=1

< Tn.
Taking the limit when n — 0, we deduce that Condition (i7) in Theorem 3.4 is satisfied. O

In many examples of exchangeable particle systems, the processes XV are in L', thus it is sufficient

to obtain good control of the first moment of sup,<;< s XN — XIN| to obtain tightness of

(XN Nzt

3.2 Tightness in D

Prove tightness for sequences of cadlag processes is a bit more challenging because the character-
ization of compact sets is more tricky and because the projections on time-marginal distributions
are not continuous. More precisely, the projection p; : z €— z; defined on D(R+, Rd) is continuous
in z if and only if s +— 2z, is continuous in ¢.

Theorem 3.6 (Theorem 13.1 in [Bil99]). Let ZN = (ZN)i>o be a sequence of processes in
D([0,T],R?), and Z a process in D([0,T],R?). We note by u™ the distribution of Z.
We say that t € [0,T] is a continuous point of Z if t ¢ {s € [0,T]: P(Zs — Zs— # 0) > 0}.
Then, if
o (uN)N>1 is tight, and

e foranyk € N and any (t1,...,t) € [0, T]* continuous points of Z a.s., the vector (thy, A Zt’\k/)
converges in distribution to (Zs,,. .., Zs,) when n — 0o

Then (ZN) converges in law to Z.

We introduce the following modulus on D(R,R%), as defined in [JS03]:

wip(z;0) = inf{ [max w(z; [tk—1,tk)) with m = (to, ..., t,) partition of [0, T]

© L1<k<r

such that min _(tk —tp_1) > (5},

SRS
where w(z; A) = sup ;e |2(t) — 2(s)| for A C [0,T].
Remark 3.7. The modulus on D([0, T],R) is defined in [Bil99] by
wip(2;6) = inf { max w(z; [tg—1,tx)) with T = (to,...,t,.) partition of [0,T]

such that 1min (tp — tr—1) > 5},
IRKT

The main difference with the previous definition is that [JS03] doesn’t require t, — t.—1 > §. The

reason is that, in the topology of D([0,T],RY), the end point t = T plays a specific role, while the

points T > 0 should not play any specific role in D(R4,RY). Consequently, the proofs are slightly

more involved in D([0, T], R?) than in D(R,,RY).
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Remark 3.8. We have z € D(Ry,R) if and only if for any T > 0, supg,<r |2(t)] < oo and
lims o wh(z;6) = 0. In addition, we note that

wip(2;0) < wp(2;20)  and  wr(z;0) < 2wi(z,0) + sup |z(t) — z(t—)|.
t€[0,T]

Proof. We refer to [JS03, Lemma VI.1.11] for the equivalence. We only prove here the relation
between w/. and wr.

For the first inequality, take a partition 7 such that § <t — t5_1 < 20.

For the second inequality, recall that w(z;8) = supj,_,<s[2(t) — 2(s)|. By the condition on the
partition, for |t — s| < §, there is k > 1 such that

o (s,t) € [tg—1,tk), and thus |z(t) — z(s)| < w(z; [tr—1,tk)),
e or s < tp_1 <t<tg, and since a jump can occur in t;_1, we have
|2(t) = 2(s)| < |2(5) = 2(tk—1)| + [2(tr—1) — 2((tr—1) =) + |2(t) = 2(tr-1)]
e ortp_1 < s <ty <t and since a jump can occur in ty, we have
2(t) = 2(s)] < [2(s) = 2(te)| + [2(tr) — @ (tr—)[ + [2(t) — 2(tx)]

‘We deduce that

|2(t) = 2(s)| < 2w(z; [tr—1,tk)) + sup [2(t) — z(t—)].
t€[0,T)

O

Theorem 3.9 (Ascoli’s Theorem ). A subset A C D(R,,R?) is relatively compact if and only if
forany T >0

(i) Sup,c 4 Supejo 1y |2(t)| < 00;
(i) lims_osup,c 4 wr(z;6) =0.
We deduce the following characterization of the tightness of distributions in D(R,, R%).

Theorem 3.10 (Theorem 13.2 in [Bil99]). Let ZN = (ZN)i>0 be a sequence of adapted cadlag
processes on Ry. The sequence ZN is tight if and only if for any T >0

(i) the sequence (Supte[O,T] ‘ZtND is tight:
N>1
lim limsupP| sup |ZtN| 2a| =0;
a—=eo N t€[0,T7]

(i) Ya > 0,
lim lim sup P(w}.(Z",8) > a) = 0.
§—0 N
The following criterion due to Aldous, [Ald78], is one of the most classical results to prove the
tightness of the laws of sequences of processes in ([0, c0), R).
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Theorem 3.11 (Aldous criterion).

Let (Q, F, (Fi)i=0,P) be a filtered probability space. Let ZN = (ZN)i>0 be a sequence of adapted
cadlag processes on [0,00). Assume that the sequence of processes satisfies the following conditions:
foranyT >0

i) Vn > 0, there exist a > 0 and Ng > 1 such that VN > Ny,

IP’(suplthl > a) <
t<T

(in other words, lim lim sup]P’(sup |ZN| > a) =0);
a—r <T

© N—oo t

it) Ya >0,
lim lim sup sup ]P’(|Zé\{ - Z¥| > a) =0.
N0 N—oo S,8’ stopping times:
S<LS'<S+H6LKT

Then the sequence of processes (ZN) is tight on D([0, 00), R).

N>0

Various proofs of the Aldous criterion can be found in the literature, see for e.g., [Bil99, Theorem
16.10], [JS03, Chapter VI, Section 4a], and [[F{86, Chapter 3, Theorem 8.6].

Proof. We only need to prove that condition (4¢) in Theorem 3.10 holds.
Let T,a,e > 0. By assumptions, there exists () > 0 and N(g) > 1 such that VN > N(¢g), for any
(FN)- stopping times S, S’ bounded by T with S < S’ < S + d(¢).

P(|Z8 — Z§ > a|) <e. (3.1)
We define by induction the following sequence of stopping times:

SN =o,
S{V:inf{t>0:’Zt]\[—Z(])V|>0L}7
s,gvsz{ws,g[l;]zgv_zgﬁl

)

We notice that if S/iv+1 < o0, then ‘ZéVN — Zé,VN > a. Consequently, for any N > N; := N(e),
k k—1

k>,

P(SY <T.8) < Sily+61) <e,
with §; = d(e).
Let ¢ > 1 be such that ¢d; > 27T.
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Since SN =1 S — S, we have for N > Ny,
q

Z IZ 1 1{5N<T}1

k=1

IE{(S - Sy 1)]1{SN<TSN SN 1>51}}

TP(SY <T) > E[S) 1 rgnary] =

M=

>

=

b

S
-

> ZE{& (]l{s{llng} - 1{SN<T SN-—sN. 1<61}>:|
k=1
> 61qP(SY < T) — b1ge.

Since gd, > 2T, we deduce that for N > Ny,
SP(SY <T)2P(S) <T) -«

and thus for N > Ny,
P(SY <T) <2

Using the same argument as above, we have for any N > Ny := max {Ny,N(¢/q)}, k > 1,

)

P(SY < T,SY < Sy +ds) <

Q| M

with d; = d(e/q). We now consider the event

q
AN =SV =Ty () {SN > inf {T, S, + 65} }.

k=1

We have, for N > Na,

q
P((AN)?) <P(SY < T)+ > P(SY < T and S — S, < 6)
k=1
<2 +4e=3¢

Let w € AN, and introduce r = inf {k : Si¥ (w) > T'}. Consider the subdivision of [0,T]: 0 =t <
t1 <...<t, =T with t, = SN¥(w) for k < r. By construction of the sequence (Si), we have

wZN @) teat) = s (2N (W) - 2 ()] < 2a,
S, tE[th—1,tK)

and ty —tx_1 = 3 for k < r (by the definition of AV and r). Consequently,
wip(ZN;65) < 2

Then, the sequence is tight.
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Definition 3.12 (Definition 3.25 in [J503]). A sequence ZN = (Z} )10 of processes in D(R;,R?)
is said C-tight if it is tight and and all its limit points are supported on C([O,T],Rd).

Proposition 3.13 (Proposition 3.26 in [JS03]). There is equivalence between
(i) the sequence (ZN) is C-tight;

(ii) the sequence (ZN) is tight and for all T,a > 0

lim P(sup|Z,fV thAi| > a) =0.

N— o0 t<T

B Exercise 2. Let us recall a few properties on Poisson processes:

o Z = (Z;)1>0 is a Poisson process with parameter A if Zy = 0, Z has independent increments,
and, for every t > 0, Z; follows a Poisson distribution with parameter At.

e It is also known that M; := Z; — Mt and N; := M? — At are martingales with respect to the
natural filtration of the Poisson process.

We consider Z a Poisson process with parameter Ay > 0. By definition, ZV¥ € D(R,,R;). We
assume that the sequence (Ay)n>1 converges to A > 0.

Using Aldous’ criterion for the tightness, prove that (Z%)y>; converges in law to the Poisson
process Z with parameter .

There are two main methods to prove the propagation of chaos of a symmetric interacting particle
system:

e by coupling between the particle system and its asymptotic, providing a rate of convergence.
It usually requires a good regularity of the coefficients, such as Lipschitz continuity.

e by tightness, consistency, and uniqueness of the nonlinear process. It can be applied to systems
with nonregular coefficient, but doesn’t provide any rate of convergence.

In the next section, we will detail the study of two interacting systems: the first is a diffusive
interacting system and will be analyzed by coupling, and the second one is an interacting system
with jumps, which will be studied by tightness method.
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