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Résumé

L’objet de cette thése est ’étude de certains processus de Markov détermi-
nistes par morceaux (abrégé dans la suite par PDMPs pour I'acronyme anglais),
et plus particuliérement de leur comportement en temps long. Pour cela, nous
utilisons des méthodes de couplage. Dans un premier chapitre, nous nous in-
téressons a un PDMP appelé « billard stochastique », décrivant le mouvement
d’une particule dans un convexe borné du plan. Nous donnons, dans des cas
particuliers de convexes, une borne explicite sur la vitesse de convergence a
I’équilibre du processus. Dans un deuxiéme chapitre, nous étudions 'ergodicité
d’un PDMP que l'on a appelé « processus Zig-zag généralisé », pouvant décrire
le mouvement linéaire par morceaux d’une bactérie attirée par un nutriment
fixe dans son environnement. Enfin, dans un dernier chapitre, nous étudions un
systéme de particules, dont chaque particule est un processus Zig-zag (cas par-
ticulier du processus étudié¢ dans le deuxiéme chapitre), non plus attiré par un
nutriment, mais par la moyenne spatiale du systéme de particules. Nous étudions
la propagation du chaos de ce systéme de particules, ainsi que le comportement
en temps long du processus limite.

Mots clés : Processus de Markov déterministes par morceaux; Comporte-
ment en temps long; Vitesse de convergence ; Méthode de couplage ; Systéme
de particules en interaction ; Propagation du chaos.
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Abstract

The purpose of this PhD thesis is the study of some Piecewise deterministic
Markov processes (PDMPs), and in particular of their long-time behaviour.
For that, we use coupling methods. In a first chapter, we are interested in a
PDMP called "stochastic billiard", that describes the movement of a particle
in a bounded convex set of the plan. In particular cases of convex sets, we
give an explicit bound for the speed of convergence of the process. In a second
chapter, we study a PDMP that we have named "generalised Zig-zag process",
that can describe the piecewise linear movement of a bacteria which is attracted
by a fixed nutriment in its environment. Finally, in a last chapter, we study a
particle system in which each particle is a Zig-zag process (particular case of
the process studied in the second chapter), attracted by the spatial mean of the
particle system. We study the propagation of chaos of this particle system, and
the long-time behaviour of the limit process.

Keywords :  Piecewise deterministic Markov processes; Long-time beha-
viour; Speed of convergence; Coupling method ; Interacting particle system ;
Propagation of chaos.
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Introduction

Dans cette thése, nous nous intéressons a une classe particuliére de processus

de Markov, les processus de Markov déterministes par morceaux, que ’on abrége
par PDMPs pour Piecewise Deterministic Markov Processes. Ces processus ont
été introduits par Davis en 1984 dans [Davis, 1984| pour les distinguer des dif-
fusions. Ce sont des processus aujourd’hui trés étudiés, car ils permettent de
modéliser de nombreux phénoménes, en biologie ou finance par exemple, mais
également car ils ont un intérét dans des problémes d’échantillonnage.
Un PDMP est un processus de Markov qui évolue de maniére déterministe pen-
dant un temps aléatoire, dépendant de son état. Puis, au bout de ce temps,
le processus "saute", c’est-a-dire qu’il change aléatoirement d’état. Dans cette
thése, nous nous intéresserons a une classe particuliere de PDMPs, des PDMPs
sous forme d’un couple position-vitesse. Ainsi, I’évolution déterministe du pro-
cessus est linéaire, et & chaque saut, seule la vitesse du processus change. Plus
particuliérement, notre intérét sera le comportement en temps long de ces pro-
cessus, et nous utiliserons pour cela des méthodes de couplage.

Ce manuscrit se divise en quatre chapitres. Dans une premiére partie, nous in-
troduisons les notions et résultats utiles pour comprendre la suite du manuscrit,
et pour replacer la thése dans son contexte. Dans une deuxiéme partie nous nous
intéressons a la vitesse de convergence d’'un PDMP appelé billard stochastique,
évoluant dans des convexes particuliers du plan. Nous construisons pour cela des
couplages astucieux. Dans la troisiéme partie, nous étudions la convergence d’'un
processus que 'on a appelé "processus Zig-zag généralisé", pouvant modéliser
le mouvement d’une bactérie attirée par un nutriment fixe dans son environne-
ment. Pour cela, nous utilisons les méthodes de couplage de Meyn et Tweedie.
Enfin, Iobjet d’étude de la derniére partie est un systéme de PDMPs en inter-
action par leur moyenne. Nous nous intéressons a la propagation du chaos de
ce systéme vers un processus non-linéaire, ainsi qu’au comportement en temps
long de ce processus limite.

Les simulations présentées dans ce manuscrit ont été faites avec les logiciels Py-
thon et Scilab, et les illustrations avec Geogebra et TikZ.

Le Chapitre 2 de ce manuscrit est larticle [Fétique, 2019], accepté dans le jour-
nal Séminaire de Probabilités, et le Chapitre 3 est Particle [Fétique, 2017], sou-
mis.
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Chapitre 1

Introduction générale

Dans ce chapitre nous introduisons les notions et définitions nécessaires pour
la suite du manuscrit. En particulier nous introduisons la notion de processus
de Markov déterministes par morceaux, qui est 'objet central de cette thése,
et nous donnons des résultats qui permettent d’étudier leur comportement en
temps long.

Nous commencons par introduire quelques notations utilisées tout au long
de cette thése.

Notations

pour k € N, C¥(E) désigne I'ensemble des fonctions réelles sur E C R?
qui sont k-fois continument différentiables. On écrira C(F) au lieu de
C(B);

Co(FE) désigne 'ensemble des fonctions réelles continues sur F telles que
limy ) 00 f(2) = 0;

Cy(E) désigne I'ensemble des fonctions réelles bornées sur F;

e M(X) désigne ’ensemble des mesures de probabilité sur I'espace X;

on note £(X) la loi d’une variable aléatoire X, et on notera X ~ p
pour dire que la variable X suit la loi de probabilité u. De plus, si deux

variables X et Y sont égales en loi, on notera X £ Y,

on note de la fagon suivante les lois usuelles : £(A) est la loi exponentielle
de paramétre A; Rad(p) est la loi de Rademacher de paramétre p; U(A)
est la loi uniforme sur un intervalle A de R; Beta(a, ) est la loi Beta
de parameétres « et 5

pour z € R%, §, désigne la mesure de Dirac en z;

e pour A C R? 1, désigne la fonction indicatrice (ou fonction caractéris-

tique) de A;
si A C R B(A) désigne I'ensemble des boréliens de A ;
si z,y € R, on notera (z,) le produit scalaire entre et y, ou z -y pour

11



1.1. PROCESSUS DE MARKOV DETERMINISTES PAR MORCEAUX

alléger les notations, quand cela reste lisible ;
e de maniére générale, E, [-] désigne l'espérance sous la loi initiale v. On
écrit E, [-] lorsque la loi initiale est la masse de Dirac d,.

Dans toute l'introduction, on se place dans un espace probabilisé (Q, F, P).

1.1 Processus de Markov déterministes par morceaux

1.1.1 Processus de Markov

Dans cette premiére partie, nous introduisons les notions de base sur les
processus de Markov, qui forment le cadre général de cette thése. Pour plus de
détails, on pourra consulter [Ethier et Kurtz, 1986].

Dans toute I'introduction, E désignera I'espace R? ou une partie de R, d € N*.

On considére (X¢)¢>0 un processus de Markov & valeurs dans E. Rappelons
que (X¢)¢>0 est un processus de Markov si pour tous s,t > 0 et pour toute
fonction mesurable bornée f: E — R on a

E [f(Xtts)|Ft] = E[f(Xegs)[ Xe]

ou (F)e>0 désigne la filtration canonique associée & (X¢)¢>o.

On se place dans le cadre d’un processus de Markov X homogéne, c’est-a-dire
que la loi de X;45 sachant X; ne dépend que de s.

Au processus X on associe le semi-groupe (P;):>0 agissant sur les fonctions
mesurables bornées par

Fif(z) = E[f(X¢)[Xo = 2] = Ep [f(X4)] -

Le semi-groupe caractérise la dynamique du processus puisqu’on a Pl 4(z) =
P,(X; € A). Ainsi, P donne accés aux lois fini-dimensionnelles de X, puis le
théoréme d’extension de Kolmogorov assure que P caractérise la loi du processus
X, connaissant sa distribution initiale.

Comme son nom l’indique, le semi-groupe P associé au processus de Markov
X est un semi-groupe de transition, c¢’est-a-dire qu’il vérifie les deux propriétés
suivantes :

FPy=1d et Vs,t >0, Psyy = Pso P,.

Le semi-groupe P est dit de Feller si :
1. pour tout fonction f € Co(E), P.f € Co(E) pour tout ¢ > 0,

2. pour toute fonction continue f : F — R, on a P.f(x) P f(x) pour tout
%

r el
Si P est un semi-groupe de Feller, on définit alors son générateur infinitésimal
L par
Pf—
Lf = hmﬂ
t—0 t

12



1.1. PROCESSUS DE MARKOV DETERMINISTES PAR MORCEAUX

pour f € Cyo(E) telle que la limite dans Co(E) existe; on notera D(L) cet en-
semble, appelé domaine de L.
Pour f € D(L) on a Pif € D(L) et on a les égalités suivantes :

t
OP.f = LP.f = PLf et Bf—er/LPsfds.
0

En particulier, le générateur vérifie la formule de Dynkin :
t
E, [f(Xy)] = f(z) + E, [/0 Lf(Xs)ds] :

Ainsi, pour toute fonction f € D(L), le processus (Mtf )t>0 défini par

MY = (X)) — f(Xo) - /0 LF(X,)ds

est une martingale par rapport a la filtration (F;):>0 engendrée par le processus
de Markov.

Le semi-groupe P, et donc la dynamique du processus de Markov X, sont en-
tiérement caractérisés par le générateur L et son domaine. Le générateur a
I’avantage d’étre en général explicite, contrairement au semi-groupe dont on ne
connait la plupart du temps pas d’expression. Dans la suite, on utilisera donc
principalement le générateur des processus de Markov auxquels on s’intéresse
pour les décrire et les étudier.

On finit cette section par la notion de mesure invariante. On dit que 7 € M(FE)
est une mesure invariante pour le processus X si pour tout t > 0, et toute

fonction f € Co(F) on a
/Ptfdﬂ':/fdﬂ.

Cela signifie que si la loi initiale du processus X a un instant s est 7, alors pour
tout t > s, la loi de X; est également donnée par w. De maniére équivalente, 7
est une mesure invariante pour X si pour toute fonction f € D(L) on a

/Lfdﬂ:O.

1.1.2 Processus de Markov déterministes par morceaux

1.1.2.1 Processus de Markov déterministes par morceaux a valeurs
dans R?

Les processus de Markov déterministes par morceaux (PDMPs) sont un cas
particulier de processus de Markov. Ils ont été introduits par Davis (|Davis, 1984])
pour les distinguer des processus diffusifs.

Nous commencons par considérer le cas des processus dont l’espace d’états
est R? tout entier. Le cas d’un espace d’états strictement inclus dans R? né-
cessite que le processus saute lorsqu’il atteint la frontiére de cet ensemble,

13



1.1. PROCESSUS DE MARKOV DETERMINISTES PAR MORCEAUX

ce qui complique un peu les écritures. Ce cas sera évoqué dans la section
1.1.2.2. Pour plus de résultats sur les PDMPs, on pourra consulter par exemple
[Davis, 1984, Davis, 1993, Jacobsen, 2006].

Le mouvement d'un PDMP (X;);>¢ & valeurs dans R? dépend de trois carac-
téristiques (nous donnons juste aprés des conditions assurant lexistence d'un
PDMP ayant ces caractéristiques) :

— le taux de saut A : R — Rt : quand X; = x, le processus a un taux de
saut de A\(x), donc plus le taux de saut est élevé, plus le processus a de
chances de sauter;

— le noyau de transition Q(z,dy), qui décrit les sauts de X ;

— le champ de vecteurs b : Rt x R? — R? qui décrit I’évolution détermi-
niste du processus en dehors des sauts : dX; = b(t, X;)dt.

Ici, nous nous intéresserons au cas ot le champ de vecteurs b ne dépend pas du
temps, i.e. b: R — R?. Dans ce cas, le générateur d’un tel processus s’écrit :

Lf(z) = b(z) - Vf(x) + A(x) /(f(y) — f(@))Q(x, dy). (1.1)

Exemple 1.1.1. Donnons un premier exemple simple de PDMP, qui est a la
base de cette thése, et qui a été étudié par exemple dans [Fontbona et al., 2012],
et sous une forme plus générale dans |Bierkens et Roberts, 2017] et

[Fontbona et al., 2016|. Le processus Zig-Zag ((Xt,V;));>o & valeurs dans R x
{—1,41} est le processus dont le générateur L est donné par : pour (x,v) €
R x {-1,+1},

Lf(z,v) = v, f(2,v) + (alzv<o + blav0) (f(z, —v) = f(2,v)),

ol a et b sont deux constantes strictement positives.

On pourra observer sur la Figure 1.1 une trajectoire du processus Zig-zag, avec
a=1etb=1.1.

D’apreés 'expression du générateur, la composante X du processus est continue
et évolue suivant I’équation différentielle % = V4, alors que la composante V
est constante par morceaux, et est changée en son opposé avec un taux de saut
égal & a ou b selon que X se rapproche ou s’éloigne de I'origine.

Dans le cas a < b, ce processus est utilisé pour modéliser I’évolution d’une
bactérie attirée par un nutriment qui se trouverait en l'origine. La premiére
composante X; représente alors la position de la bactérie a 'instant ¢, et 1} sa

vitesse.

Décrivons maintenant la construction d’'un PDMP dont les caractéristiques
A, @ et b satisfont les hypothéses suivantes :
— le taux de saut A est une fonction mesurable positive ;
— le noyau de transition @) est un noyau markovien ;
— le champ de vecteur b est globalement lipschitzien, de fagon & ce qu’il
existe un unique flot ¢(t, z) tel que t — (¢, z) est solution de I'équation
différentielle suivante :

{ dz=b(z¢)dt pour t > 0,

To =x.

14
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—6

-8

D 20 0 &0 80 100

FIGURE 1.1 — Trajectoire du processus Zig-zag avec a = 1 et b = 1.1, avec
conditions initiales (xg,vo) = (0,1)

Considérons la fonction définie pour ¢ > 0 par

F(t) =1 — exp (- /0 t A(u)du) .

La fonction F est la fonction de répartition d’une variable aléatoire 1" positive,
dont la densité par rapport a la mesure de Lebesgue est

VE>0, F(t) = At)exp <_ /0 t A(u)du) .

Dans un contexte général, on dit que A est le taux de défaillance associé a la
variable T' (ou taux de saut dans le langage des PDMPs).
Si E ~ &(1), alors on vérifie facilement que la variable aléatoire définie par

~ t
T:inf{tzo:/ )\(u)dqu}
0

a un taux de défaillance A. Remarquons que ce résultat peut étre utilisé en
particulier pour simuler une variable aléatoire de taux de défaillance A.

On peut alors construire le PDMP de générateur L donné par (1.1). Pour cela, on
commence par construire la chaine de Markov (X, Tn)n>1, ol la suite (7,)n>1
représente la suite des inter-sauts du PDMP que 'on cherche & construire, et
la suite (X,,),>1 représente la position du processus X aprés chaque instant de
saut. Cette chaine de Markov (X, Tn)n>1 est définie par

{ Tat1 =inf {t >0 [T\ o(u, X,))du > En+1}
Yn+1:<](80(7'n+17 Xn), Ung1),

ou (E;)i>1 et (U;)i>1 sont des suites de variables aléatoires indépendantes de
lois respectives £(1) et U([0,1]), et J est une fonction mesurable de R% x [0, 1]

15



1.1. PROCESSUS DE MARKOV DETERMINISTES PAR MORCEAUX

dans R? telle que J(z,U) ~ Q(x,dy) si U ~ U([0,1]).
On définit alors la suite (75,),>0 des temps de saut du processus X de la fagon
suivante :

To=0 et Tn+1 =T, + Tn+1-

Finalement, on définit le processus (Xi);>0 par
X =t — Ty, Xp) pour t € [Ty, Tpq1]-

Montrons maintenant que le processus (X;)¢>0 ainsi défini est bien un processus
de Markov de générateur infinitésimal donné par (1.1).

Considérons le processus ponctuel N défini par Ny = ) < 17, <; : N; représente
le nombre de sauts du processus avant le temps ¢. -
Pourf:Rd—HRECI} on a:

Pif(z) = Ey [f(Xe)1n,=0] + Eu [f(Xe)1n,=1] + Eo [f(X¢)1n,>2]

= fo(t, )P (Th > t) + Ex [f(@(t — T1, X1y)) 11 <t<T)
+ Eg [f(Xe)1n,>2] -

Par un développement de Taylor de f, le premier terme donne

flo(t, 2))Po(Th > t) = (f(x) +tb(z) - Vf(z) +o(t)) (1 —tA(z) 4 o(t))
= f(@) + th(z) - Vf(z) = Af(2) + o).
Sous P, la loi du premier temps de saut a pour fonction de répartition la fonction

de répartition associée au taux de défaillance ¢ — A(¢(t, x)). On notera G, cette
fonction, et g, la densité associée. Le second terme donne donc

Ex [f(p(t = T1, X1y)) 11y <t<y]
/ [ (ol = 501 = Gyt = 9)QUe(s. ). dy)gu(s)ds
/ f(y)Q(x,dy) + o(t)

en utilisant le fait que ¢ et @) sont continues, et que g, est continue en 0 avec
92(0) = A(z).

Enfin, on a P, (N, > 2) = O(t?) d’aprés les résultats classiques sur les processus
de Poisson.

Donc par les calculs précédents, et comme Lf(x) = hmM

on en déduit

que le processus construit ci-dessus a pour pour generateur L défini par (1.1).

Enfin, nous mentionnons le fait qu’au lieu d’étre décrits par leur générateur,
les PDMPs peuvent étre vus comme solutions d’équations différentielles sto-
chastiques (EDS) conduites par des processus de Poisson (on pourra consulter
|Gikhman et Skorohod, 1972, Ikeda et Watanabe, 2014| pour plus de détails).
Soit X un PDMP de caractéristiques A, @, et b, dont on rappelle que le géné-
rateur est alors donné par

Lf(x) = b(x) - VF(x) + A(x) / () — F(2)Qx, dy).

16



1.1. PROCESSUS DE MARKOV DETERMINISTES PAR MORCEAUX

Le processus X est alors solution de 'EDS suivante :

1 +o00
dX; = b(X-)dt + / / / (U(x,u) — ) 1<nx, yN(dz,dt, du),
0o JrdJo o

ou A est un processus de Poisson sur RT x R* x [0, 1] d’intensité dzdtdu, et ¥
est une fonction mesurable de R? x [0, 1] dans R? telle que ¥ (2, U) ~ Q(x,dy)
si U ~U([0,1)).

Exemple 1.1.2. Nous reprenons 'Exemple 1.1.1 du processus Zig-zag (X, V),
dont on rappelle le générateur : pour (z,v) € R x {—1,+1},

Lf($7 'U) =00, f(x, 1}) + (alzp<o + blszO) (f(z, _v) - f(z, U))
Ce processus est alors solution du systéme stochastique suivant :

dX; =Vidt
d‘ft = —2V,;— f 1z§)\(XtVt_)N(dzadt)a

ot AN(zv) = algy<o + blgy>0 et ot N est un processus de Poisson d’intensité la
mesure de Lebesgue sur RT x RT.

1.1.2.2 Processus de Markov déterministes par morceaux a valeurs
dans un sous-ensemble borné de R¢

Dans cette partie, on décrit la construction des PDMPs évoluant dans un
sous-ensemble de RY.
Soit M un ouvert de R%. On note M sa frontiére et M sa fermeture. Comme
pour les PDMPs évoluant dans R? tout entier, un PDMP évoluant dans M
dépend uniquement de trois caractéristiques, que nous réintroduisons par soucis
de clarté dans les notations, et pour introduire les hypothéses nécessaires :

— le taux de saut A : M — RT, que 'on suppose mesurable et satisfaisant

>
Ve e M, Je >0, / Ae(z, s))ds < oo;
0

— le noyau de saut markovien @Q sur (M, B(M)), satisfaisant la propriété
Vo e M, Q(z, M\ {z}) = 1.

— le champ de vecteurs b : R? — R? associé au flot ¢ : R? x R — R? que
'on suppose continu et tel que pour tous ¢ € R, ¢(-,t) est un homéomor-
phisme satisfaisant la propriété de semi-groupe : (-, t+s) = @(p(-, s),t)
pour tout s,t € R;

Le fait de considérer les processus évoluant dans un sous-espace de R? nous
oblige & introduire le temps d’atteinte de la frontiére de M partant d’un point
xeM:

t*(x) =inf{t > 0: p(t,z) € IM},
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avec la convention inf @ = 4oc0.

On ne détaille pas ici la construction du PDMP (X;);>0 & valeurs dans M
de caractéristiques A, b et (). La principale différence par rapport & un PDMP
vivant dans R? tout entier est que partant de I'état z € M, le temps T} avant
le prochain saut du PDMP est donné par

Pt > 1) = e (— [ Mpteo))ds ) Lz

Le générateur de X est alors donné par

Lf(x) = b(x) - Vf(z) + A(x) / (f(y) — F(2)Q(x, dy).

M

pour les fonctions f satisfaisant la condition de bord suivante :

fa) = /M F(0)Qxdy), Vr € OM.

La forme du générateur est ici la méme que dans le cas d’'un PDMP & valeurs
dans R? tout entier, la différence se lit dans la condition de bord ci-dessus, qui
traduit les sauts forcés sur le bord de M.

Exemple 1.1.3. Le processus appelé billard stochastique peut étre décrit de la
maniére suivante : une particule se déplace a vitesse unitaire a l'intérieur d’'un
ensemble K jusqu’a ce qu’elle touche son bord, et est alors réfléchie de maniére
aléatoire, indépendamment de sa position et de sa vitesse précédente.
Décrivons plus précisément ce processus, afin d’en donner son générateur infi-
nitésimal. Soit K C R? un compact convexe & bord de classe C'.
Soit e = (1,0) le premier vecteur de la base canonique de R?. Soit « une loi sur
la demi-sphére S, = {v € S! : e - v > 0}. Soit de plus (U, € dK) une famille
de rotations de S! telle que Uye = n, oil on note n, le vecteur normal rentrant
a 0K au point x.
Soit (7, )n>0 une suite de variables aléatoires i.i.d. sur S, de loi .
Pour (zg,v9) € K xS, le billard stochastique ((X¢, V;)),» évoluant dans K x S!
peut étre construit de la maniére suivante : -
— Sizg € K\OK, on définit Ty = inf{t > 0 : zg+tvg ¢ K}. Pour t € [0, 7))
on pose alors X; = xg + tvg et V; = Vj. Si xg € 0K on définit Ty = 0.
— On pose X7, = z¢ + Tpvg, et Vg, = UXTOUO-
— Soit 7 = inf{t > 0 : Xq, +tVp, ¢ K} et T1 = Ty + 71. On pose
X = XTO + tVTO, Vi = VTO pour ¢ € [To,Tl), et XT1 = XTO + ’7’1VT0.
Puis, on définit V, = U X, M-
— Soit 79 = inf{t > 0 : Xy, +tVp, ¢ K} et Ty = T1 + 2. On pose
X = XT1 + tVTl, Vi = VT1 pour t € [Tl, Tg), et XT2 = XT1 + TQVTI.
La vitesse a I'instant T, est alors définie par Vg, = U. X, 112-
— Et ainsi de suite ...
Le générateur infinitésimal du processus ((X¢, V%)), est alors donné par : pour
(,v) € K x S,
Lf(z,v) =v-Vyf(z,v)
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FIGURE 1.2 — Evolution du billard stochastique dans un cercle et dans une el-
lipse, avec pour loi de réflexion 7 la loi uniforme sur 'ensemble {v € St : (v, e) >
cos (%)} CSe.

pour f € CHO(K x S!) vérifiant
fz,v) = / f(z, Ugu)y(u)du, V€ dK, v-ny <O0.
{yeSt : y-e>0}

Ce processus est donc un PDMP vivant dans K x S'. Il sera I'objet d’étude du
Chapitre 2 de ce manuscrit, et nous nous intéresserons en particulier & sa vitesse
de convergence & 1’équilibre dans des ensembles K assez simples.

On pourra observer sur la Figure 1.2 4 gauche une trajectoire du billard sto-
chastique jusqu’au temps ¢t = 500 dans le disque du plan centré en 'origine
et de rayon 5, avec pour position initiale le point zy = (5,0) et pour vitesse
initiale v9 = (—1,0). La trajectoire a été générée avec pour loi de réflexion ~y
la loi uniforme sur I'ensemble {v € S' : (v,€) > cos(F)} C Se. Le dessin de
droite représente quant & lui une trajectoire du billard stochastique dans 'ellipse
d’équation (%)2 +y? = 1, avec les mémes conditions initiales et la méme loi de
réflexion, et jusqu’au temps ¢ = 100.

Sur la Figure 1.3 on a représenté les positions au temps ¢ = 100 de 100 billards
stochastiques avec mémes conditions initiales et méme loi de réflexion que ci-
dessus, & gauche dans le disque, et a droite dans Dellipse.

On observe sur ces deux figures que le billard stochastique dans le cercle semble
mieux explorer I’espace que celui dans ellipse. Il est en fait facile de se convaincre
que, pour une loi de réflexion donnée, plus le domaine est « courbé », plus il sera
difficile pour le billard stochastique d’atteindre les régions du domaine & fortes
courbures. De plus, on peut également aisément conjecturer que plus la loi de
réflexion charge une grande partie de la demi-sphére S., plus le processus va
explorer le domaine dans lequel il évolue. Nous retrouverons ces résultats dans
le Chapitre 2.
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FIGURE 1.3 — Positions de 100 billards stochastiques au temps ¢ = 100 dans
un cercle et dans une ellipse, avec pour loi de réflexion « la loi uniforme sur
Iensemble {v € S' : (v,e) > cos(5)} CS..

1.2 Comportement en temps long

1.2.1 Couplage

Dans cette thése, notre principal objectif est d’étudier la convergence de cer-
tains PDMPs vers leur mesure invariante, lorsque celle-ci existe et est unique,
et d’en estimer la vitesse si c’est possible. Pour cela, on introduit la notion de
distance en variation totale, qui est la distance que I’on considérera dans la suite.

Soient v, 7 € M(E). La distance en variation totale entre v et v, notée ||v—v| v,
est définie par

lv = vllry = sup {lp(4) - o(A)[} =
AeB(R?)

sup {[v(p) —v(p)[}-
lplloo<1

| =

Il existe de nombreuses définitions équivalentes de la distance en variation totale
(voir |Lindvall, 2002]). L’égalité ci-dessus entre les deux suprema est relative-
ment facile & démontrer. Cependant, ces définitions ne sont pas trés utiles en
pratique pour notre usage. Dans la proposition suivante, nous allons donner
d’autres écritures de la distance en variation totale entre deux mesures, qui se-
ront plus adaptées pour nos études.

Un couplage de v et v est une mesure de probabilité sur E x E dont la premiére
(resp. deuxiéme) marginale est v (resp. ;), ou de maniére équivalente, un couple

(X, X) de variables aléatoires tel que X ~ v et X ~ v.

Proposition 1.2.1. Soient v,v € M(FE). Notons f, f leurs densités respectives
par rapport a une mesure . Alors on a :

lv=sllrv= it B AX) =1 [(rafdu=j [If - Fldu (2

X, X ~is
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Un couplage (X, X) qui réalise 'infimum dans s (1.2) est appelé un couplage
maximal (puisqu’il maximise la probabilité P(X = X)).

Démonstration. Remarquons d’abord que 'égalité

1= [ aPan=3 [If - flu

est facile & démontrer, puisque f et f sont des densités, donc d’intégrale 1. Nous
n’écrivons pas les détails de ce calcul.
Notons p= [(f A f)duet A={f < f}.Ona:

() = 5(A)|= [ (F=Nau=1-p.
et on obtient ainsi directement I'inégalité suivante :
v —ollrv>1-p
D’autre part, si X ~v, X ~ et B € B(R?) alors

v(B) - #(B)| = |P(X € B) - P(X € B)|
=|P(X€B,X #X)+P(X €B,X =X)
~-P(XeB,X+#X)-P(X e€B, X =X)|
=|P(X € B,X #X)—P(X € B,X # X)|
<P(X # X).

Ainsi on a finalement

1-p<|v=7pllrvs  inf P(X #X).

~v, X~
1l suffit alors d’exhiber un couplage (X,X) de v et ¥ tel que P(X # X) <

1 — p pour terminer la preuve. Pour cela, soit Y une variable aléatoire de loi de
Bernoulli de paramétre p. Alors :

— siY =1 (avec probabilité p donc), on tire X selon la loi f I 1 et on pose
X=X,

— si Y =0, on tire X selon la loi f/\f

f f/\f

1 et X selon la loi £ I

Vérifions que X et X ainsi construits forment bien un couplage de v et . Soit
B e B(RY), on a :

P(X € B)=P(X € B,Y =1)+P(X € B,Y =0)
fAS f=Ins fAf
=p [ 1244
pég}) p+(1—p) -

B 1
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et de méme, P(X € B) = #(B), donc (X, X) est bien un couplage de v et .
Enfin, puisque sur ’événement Y =1 on a posé X = X, on a

P(X #X)<PY #1)=1-p,
ce qui conclut la preuve. O

La convergence en distance en variation totale implique la convergence en
loi, mais la réciproque n’est pas vraie en général. En effet, dans R, alors que
(01/¢)1>0 converge en loi vers dp, la convergence en variation totale n’a pas lieu
puisqu’on a |61/, — do[l7v= 1 pour tout ¢ > 0, car ces deux mesures sont a sup-
ports disjoints. Notons que dans un espace de probabilité fini ou dénombrable,
I’équivalence entre la convergence en loi et la convergence en variation totale est
par contre bien vérifiée.

Enfin, terminons cette partie en évoquant comment la premiére égalité dans
(1.2) peut permettre d’obtenir des vitesses de convergence d’un processus de
Markov vers sa mesure invariante.

Les méthodes de couplage reposent sur I'idée suivante : considérons deux pro-
cessus de Markov (X¢)i>0 et (Xt)tzo suivant la méme dynamique. Pour obtenir
une borne sur la distance en variation totale entre les lois de ces deux proces-
sus partant d’états initiaux différents, on essaie de les construire jusqu’a leur
temps de couplage T, = inf {t >0: Xy = Xt}. Alors, ces deux processus étant
markovien et suivant la méme dynamique, on peut les construire de facon & ce
qu’ils restent égaux apres le temps T.. La premiére égalité de (1.2), donne alors
immédiatement :

IL(Xe) — LX) ||7v < P(T. > t).

Soit T™ une variable aléatoire stochastiquement plus grande que T¢, T, <g T,
ce qui signifie que P (T, <t) > P(T* <t) pour tout ¢ > 0. Si T* posséde un
moment exponentiel fini, I'inégalité de Markov donne alors, pour tout A tel que
la transformée de Laplace de T™ est bien définie :

1£(X,) — LX) ey < P (T* > t) < e ME {e)‘T*} .

Ainsi, pour montrer qu’un processus de Markov, dont on sait qu’il posséde une
unique mesure de probabilité invariante, converge vers cette mesure, on peut
procéder de la maniére suivante : on considére deux processus de Markov de
méme générateur mais avec des conditions initiales différentes. Si 'on réus-
sit & les construire de fagon & ce que leur temps de couplage ait un moment
exponentiel fini, alors on en déduit la convergence & vitesse exponentielle du
processus vers sa mesure invariante. De plus, si 'on sait estimer les moments
exponentiels du temps de couplage, alors cela fournit une borne pour la vitesse
de convergence. Ainsi, I'intérét des méthodes de couplage réside dans le choix
ou la construction du meilleur couplage des lois que 1’on considére, pour obtenir
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les meilleures bornes possibles sur la distance en variation totale considérée.
Cependant, en régle générale il n’est pas forcément aisé de construire un couplage
explicite dont on peut estimer le temps de couplage. Ainsi, nous introduisons
dans la partie suivante des résultats généraux qui permettent de montrer la
convergence a vitesse exponentielle d’un processus de Markov a 1’équilibre.

1.2.2 Approche de Meyn et Tweedie

Dans cette partie, on donne des conditions pour obtenir la convergence a
vitesse exponentielle d’'un processus de Markov vers sa mesure invariante en
distance en variation totale (les notions et résultats de cette section se trouvent
dans [Meyn et Tweedie, 1993a, Meyn et Tweedie, 1993b, Down et al., 1995]).
Un processus (X¢)e>0 est dit f-exponentiellement ergodique, ou f est une fonc-
tion mesurable de E dans [1,4+00], 8'il existe une mesure de probabilité 7, une
fonction M : E — Rt et 0 < p < 1 tels que

[£(Xe|Xo =) — |, < M(x)p', pourt > 0;

ou [|-||¢ est définie pour toute mesure signée p par ||u|/f= sup Ug(y),u(dy)|
lg|<f

Le processus X est dit exponentiellement ergodique s’il existe f > 1 telle que
X est f-exponentiellement ergodique.

Afin de montrer 'ergocité exponentielle d’un processus de Markov (X¢)¢>0, on
peut utiliser le critére de Foster-Lyapunov qui consiste en I’exhibition d’une
fonction de Lyapunov associée a un ensemble petit pour le processus étudié
(Xt)t>0. Nous décrivons cette méthode ci-dessous.

Un ensemble K C R? est dit petit pour le processus (X;);>o s'il existe une
mesure de probabilité v sur RT et une mesure positive non triviale p sur RY
telles que, pour tout z € K, [~ Pi(z,-)v(dt) > p(-). La Proposition 1.2.3 ainsi
que la discussion & la fin de cette section permettent de mieux comprendre cette
notion.

Si K C R? est un ensemble compact petit pour le processus (Xt)t>0, alors une
fonction H : R¢ — R est une fonction de Lyapunov associée a ’ensemble K pour
le processus (X;)¢>0 si H(x) > 1 pour tout z € RY, et sil existe des constantes
a >0 et >0 telles que pour tout = € R,

LH(z) < —aH(z) + fli(x). (1.3)

Le résultat suivant donne alors I’ergocité exponentielle d'un processus sous 1’exis-
tence d’une telle fonction.

Théoréme 1.2.1. [Théoréme 5.2 de [Down et al., 1995]] Soit (X¢)i>0 un pro-
cessus de Markov irréductible et apériodique (voir [Down et al., 1995] pour la
définition précise de ces notions).

S7il existe un ensemble petit K C R et une fonction de Lyapunov associée
lensemble K pour le processus (X¢)i>0, alors X est exponentiellement ergodique.
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Exemple 1.2.2. (voir [Bierkens et Roberts, 2017, Fontbona et al., 2016]) Re-
venons sur 'exemple du processus Zig-zag introduit dans I’Exemple 1.1.1. Nous
rappelons qu’il s’agit du processus ((X¢, V;)),~o de générateur donné par : pour
(z,v) € R x {-1,+1}, -

Lf(z,v) = 00, f(x,v) + (algy<o + blvaO) (f(x, —v) = f(z,v)),

avec 0 < a < b.

Alors il existe z; > 0 et a, 8 > 0 tels que la fonction définie pour |z|> x; et
v € {—1,+1} par H(z,v) = e®l#l+Fen(@v) ost une fonction de Lyapunov pour le
générateur L associée au compact K = [—x1,z1] x {—1,+1}.

En effet, on choisit x; assez grand de fagon & ce qu’on puisse construire H
positive et de classe C! en sa premiére variable sur R. De plus, soient o, 3 > 0
tels que a (626 - 1) <a<b (1 — e_zﬁ). On a alors, pour = > z,

LH(z,1) = (a b (1 . e_25)> H(z,1)
et
LH(z,—1) = <foz +a (626 - 1)) H(z,—-1).

De plus pour z < —z1 on a

LH(z,1) = (—a +a (ew — 1)) H(z,1)
et
LH(z,~1) = (a .y (1 - e—25)) H(z,—1).

Donc par construction de « et 3, il existe bien n > 0 tel que pour |z|> z
et v e {-1,+1}, LH(z,v) < —nH(z,v). Et pour z € [—z1,z1], LH(z,v) est
bornée. Ainsi H est bien une fonction de Lyapunov pour le générateur L.

De plus, pour tout z; > 0, on peut montrer que ’ensemble K est un ensemble
petit pour le processus Zig-zag, qui est irréductible et apériodique. On en déduit
donc I'exponentielle ergodicité de ce processus.

Enfin, on a méme l'expression explicite de la mesure invariante du processus
Zig-zag :

b— 1
p(da, dv) = Tae*@*“)'x‘ ® 5 (021 +841) (dv).

Pour le voir, il suffit de vérifier que pour toute fonction ¢ de classe C¥ sur
R x {—1,+1} et a support compact, on a [ Ly(z, v)u(dz, dv) = 0.

Mentionnons maintenant un résultat similaire au Théoréme 1.2.1, permet-
tant également d’obtenir I’ergodicité exponentielle d’un processus, sans avoir be-
soin d’expliciter une fonction de Lyapunov, mais reposant sur I’étude du temps
de retour dans un ensemble petit. Ce résultat se démontre par 'introduction
d’une fonction qui va jouer le role de fonction de Lyapunov pour une chaine
associée au processus de Markov étudié.
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Théoréme 1.2.2. (Théoréme 6.2 de [Down et al., 1995]) Soit (X¢)i>0 un pro-
cessus de Markov irréductible et apériodique. Supposons qu’il existe une fonction
f > 1, un ensemble fermé C C R% et des constantes 6,1 > 0, M < oo tels que

7o (6)
E, [/ e"tf(Xt)dt] < 00, pour tout x ¢ C
0

et

sup E,.
zeC

7o ()
/ " F(Xy)dt| < M
0

ot 7¢(0) = inf{t > §, Xy € C}.
Si l’ensemble C' est petit pour (X¢)e>0, alors le processus est exponentiellement
ergodique.

Nous ne donnons pas ici de preuves pour les deux théorémes précédents,
mais nous donnons deux résultats permettant de se faire une idée de la facon
dont fonctionnent les choses.

Dans un premier temps, remarquons le résultat suivant sur les ensembles petits :

Proposition 1.2.3. Si l’espace d’état R? du processus de Markov (X;)i>o est
un ensemble petit, alors le processus (X¢)i>0 converge exponentiellement vite en
variation totale.

Démonstration. Nous donnons ici une preuve dans un cas particulier des en-
sembles petits : le cas ot R? est un « small set », c’est-a-dire qu’il existe € > 0,
to > 0 et p une mesure de probabilité sur R tels que pour tout z € RY,
Po(Xy € ) > ep(-).

Sous cette hypothése, en notant P le semi-groupe du processus que 1’on consi-
dére, pour tout couple (z,y) € E?, il existe un couplage (X, X’) des mesures
03Py, et 0y Py, tel que

P(X =X')>e.

Cela signifie qu’en un temps tg, on peut réussir a coller deux copies du processus
partant de deux états x et y, avec une probabilité au moins €. Si ce couplage
échoue, on réessaie de coller nos processus sur l'intervalle [tg, 2tg[, et ainsi de
suite. En itérant on peut ainsi construire un couplage (X,, X)) des mesures
0z Pty et 0y Ppy, tel que

B(X, # X,) < (1— )™

On obtient ainsi la convergence exponentielle du processus de semi-groupe P en
distance en variation totale. O

Voyons maintenant le réle d’une fonction de Lyapunov a travers le résultat
suivant.
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Proposition 1.2.4. Soit (X¢)i>0 un processus de Markov. Soit K un compact,
et soit Tic le temps d’atteinte de K : 7 = inf{t > 0: X; € K}.

Si H est une fonction de Lyapunov associée a l'ensemble K, i.e. H satisfait
(1.3), alors T a des moments exponentiels. En particulier :

E, [e°™%] < H(x).

Démonstration. L’idée de la preuve est la suivante : d’aprés I'inégalité (1.3)
vérifiée par la fonction de Lyapunov, H(X};) décroit exponentiellement vite avec
un taux « tant que X; n’est pas dans K. Mais H étant minorée par 1, H(X;) ne
peut pas décroitre sans cesse, donc X; va atteindre ’ensemble K « rapidement ».
Démontrons maintenant ce résultat rigoureusement. Considérons le processus

~

(X)t>0 = (t A Ti, Xearg )t>0- Notons P son semi-groupe et L son générateur.
Soit f : Rt x E — R une fonction mesurable bornée. D’aprés la propriété de
Markov on a

~

Psf(tvx) = ;sftf(()?x)a

donc il suffit de calculer le terme de droite pour connaitre le semi-groupe P.
Soient alors z € EF et s >0 :

Pyf(0,2) = Eo [f (5 A i, Xonrye)]
— EO,:C [f (TK7 XTK) 1S>TK] + ]EO,I [f(87 XS)]'SSTK] .

Donc
E1(0,2) = i P2 000 = 10
— iy B [£(5, X)Lusr) = £(0,2)
s s

Puis en utilisant le développement de Taylor de f en sa premiére variable on
obtient :

INLf(O,x) — hmEO’x [(f(O’XS) + 5%(07)(5)) 13<TK] — f(0,2)

s—0 S

— (Lfo(x) + Z(O,@) logk,

ou on note f; : x — f(t,x).

Ainsi, grace a la propriété de Markov, 'expression générale du générateur L est :

zf(t, x) = <g‘:(t,w) + Lft(:n)> logxk-

Appliquant cette relation a f(t,x) = e H(x) avec H la fonction de Lyapunov
on en déduit :

~

Lf(t,z) =e* (aV(z) + LH(x)) 1,¢x < 0.
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Alors, la formule de Dynkin appliquée au processus X donne

~

B, [10)] = 0.0+ [ BLLf(0,2)ds < £(0.),

c’est-a-dire
E, [\ H(Xinr )] < H(z).

En utilisant le fait que H est minorée par 1, et en faisant tendre ¢ vers I'infini
griace au théoréme de convergence dominée on obtient finalement le résultat
recherché :

E, [e*%] < H(z).

O

Avec ces deux résultats, on peut alors se convaincre du Théoréme 1.2.1. En
effet, soit un processus de Markov vérifiant les hypothéses de ce théoréme, on

peut construire un couplage ((Xt, Xt)> selon 'idée suivante :
>0

— partant de lois initiales jqg et jig, I'existence de la fonction de Lyapunov
associée a I’ensemble K assure que les temps d’atteinte de ’ensemble K
par les processus X et X sont finis;

— une fois que les deux processus sont & un méme instant dans ’ensemble
K, K étant petit, avec une certaine probabilité on arrive & coupler X
et X. Cette probabilité dépend de la mesure i dans la définition d’un
ensemble petit, et le temps de couplage est lui donné par la loi v;

— si le couplage échoue, alors on recommence : on attend que les deux
processus soient au méme moment dans I’ensemble K, puis on essaie de
les coupler.

De cette maniére on a construit un couplage de ((Xt,Xt)> o’ dont on pour-
¢

rait montrer que le temps de couplage admet des moments exponentiels. D’olt
Iergodicité exponentielle obtenue dans le Théoréme 1.2.1.

1.2.3 PDMDs et échantionnage

En dehors de 'utilité des PDMPs pour la modélisation de phénomeénes bio-
logiques ou autres, un des aspects qui explique I'attrait fort des PDMPs est leur
intérét dans les problémes d’échantillonnage, les algorithmes MCMC.
Imaginons que 1’on veuille simuler une loi de densité 7(z) sur R? proportionnelle
a e V@) ou U est un certain potentiel. Les méthodes MCMC pour simuler une
approximation de la loi 7 reposent sur l'introduction d’une chaine de Markov
ergodique et de loi invariante 7. L’étude de la vitesse de convergence de cette
chaine de Markov donne alors une indication sur la vitesse de convergence de
I’algorithme sous-jacent.

Alors que la plupart des méthodes MCMC sont basées sur des chaines de Markov
réversibles, il semblerait que des chaines non réversibles donnent de meilleures
vitesses de convergence. En effet, alors que les processus réversibles peuvent
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1.2. COMPORTEMENT EN TEMPS LONG

U = cst

FI1GURE 1.4 — Lors d’un saut du Bouncy Particle Sampler, la vitesse rebondit sur
les lignes de niveau de U. Cette image provient du papier [Monmarché, 2016].

« revenir sur leurs pas », la non-réversibilité ne le permet pas, et ’exploration
de ’espace est alors plus rapide, donnant une meilleure vitesse de convergence.
Une classe de processus non-réversibles aujourd’hui beaucoup utilisés pour si-
muler la loi 7 est la classe des PDMPs sous forme d’un couple position-vitesse,
et dont la loi limite a pour premiére marginale la loi 7w. En plus de leur apparente
meilleure vitesse de convergence que d’autre processus utilisés pour les méthodes
MCMC, ces PDMPs ont pour avantage la possibilité d’étre simulés de maniére
exacte sous de bonnes conditions sur U (voir par exemple |Lemaire et al., 2018]).
De plus, considérant des PDMPs dont la deuxiéme composante est la vitesse de
la premiére, la partie déterministe du processus ne requiert aucune approxima-
tion (on pourra voir [De Saporta et al., 2015] pour des méthodes d’approxima-
tions de PDMPs dont I’évolution déterministe est générale, et qui requiert donc
parfois une approximation pour étre simulée).

De maniére générale (dans tous les travaux cités ci-dessous sur ce sujet), si la
loi cible est 7 comme ci-dessus, le taux de saut du processus ((X;, V;)),s( utilisé
pour échantillonner 7 est choisi de la forme A(z,v) = ¢ + ((v, VoU(x))),, pour
une constante ¢ > 0, de fagcon & ce que la premiére marginale de la loi limite
du processus soit 7. La vitesse, quant a elle, a une évolution qui varie selon les
modeéles.

Commencons par citer les travaux [Bierkens et Roberts, 2017] et

[Bierkens et al., 2019|, dans lesquels les auteurs s’intéressent au processus Zig-
zag, c’est-a-dire avec une vitesse dans {—1, —i—l}d, dans le cas particulier ou le
processus peut étre vu comme le produit de d processus Zig-zag en dimension
1. Dans [Bierkens et al., 2017], les résultats précédents sont généralisés puisque
les auteurs considérent un processus Zig-zag en dimension d sous forme trés gé-
nérale. Un autre PDMP utilisé pour ’échantillonnage est le « Bouncy Particle
Sampler », étudié dans [Bouchard-Coté et al., 2018, Deligiannidis et al., 2019,
Monmarché, 2016, & valeurs dans R? x R? ou RY x S'. Pour ce processus, le
mécanisme de saut est le suivant : lors d’'un saut, la vitesse est réfléchie sui-
vant la loi optique le long de la ligne de niveau de U que la position a atteinte
(voir Figure 1.4). Enfin, dans [Wu et Robert, 2018], les auteurs introduisent le
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1.3. SYSTEMES DE PARTICULES EN INTERACTION

« coordinate sampler », qui est une variante du processus Zig-zag : la vitesse du
processus vit dans la base canonique de R?, et lors d’un saut, une composante de
la vitesse est switchée. Contrairement au processus Zig-zag, entre deux sauts de
vitesse, seule une composante de la position évolue, alors que les autres restent
inactives.

Des comparaisons de l'efficacité des différents algorithmes sous-jacents & ces
processus sont faites dans [Andrieu et al., 2018, Wu et Robert, 2018].

1.3 Systémes de particules en interaction

Dans le Chapitre 4 de ce manuscrit, nous nous intéressons a un systéme de
particules en interaction. Nous introduisons donc dans cette partie la notion de
propagation du chaos, centrale dans 1’étude de systémes de particules en inter-
action. Pour plus de détails, on pourra voir le chapitre « Topics in propagation
of chaos » de Sznitman dans le livre [Burkholder et al., 1991].

Soit E un espace métrique. Si u € M(E) et f € Cp(E), on définit (u, f) = [ fdp.
On dit qu'une mesure py € M(EYN) est symétrique si pour toute permutation
o € Gy et toutes fonctions fi, -+, fnv € Cp(F) on a (un, f1 ® -+ @ fy) =
(NS fo() ® -+ @ forny)-

Soit (un)n>1 une suite de mesures de probabilité symétriques sur EN. Soit u
une mesure de probabilité sur E. On dit que (ux)n>1 est u-chaotique si pour
tous ¢1,- -, ¢ € Cp(E) et k> 1 on a

k

]\}i_r>noo<uN,¢1®"'®¢k®1"'®l>:1;[l<ua¢i>- (1.4)

La notion de u-chaotique signifie que les mesures empiriques des variables co-
ordonnées de EV, sous uy, tendent a se concentrer autour de u. C’est donc
une sorte de loi des grands nombres. Nous observons cela dans la proposition
suivante :

Proposition 1.3.1 (|Burkholder et al., 1991]). 1. (un) estu-chaotique est
équivalent au fait que Xy = %Zi:l dx, converge en loi vers u. C’est
aussi équivalent a la condition (1.4) avec k = 2.

2. Si E est un espace polonais, la suite de mesures (Xn)n est tendue si et
seulement si les lois sur B de X1 sous un sont tendues.

En général, on dispose d’une loi symétrique Py sur C'(RT, Rd)N par exemple,
décrivant un systéme de particules en interaction. Les conditions initiales sont
supposées étre ug-chaotiques, oil ug est une mesure de probabilité sur R?. Dans
le contexte de propagation du chaos, le but est alors de montrer que la suite
(Px)n>1 est P-chaotique, pour une certaine loi P sur C(RT, RH)N. La loi P est
alors la loi d’'un processus solution d’une certaine EDS, limite du systéme de
particules. Cette EDS est en général non-linéaire : 'interaction entre les parti-
cules se traduit par une dépendance du processus limite en sa propre loi.
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1.3. SYSTEMES DE PARTICULES EN INTERACTION

Un processus non-linéaire, c’est-a-dire solution d’une EDS faisant intervenir sa
loi, n’est en général pas facile & simuler. On peut alors utiliser un systéme de
particules pour lequel il y aurait propagation du chaos vers ce processus non-
linéaire pour le simuler. L’étude de la vitesse de la propagation du chaos permet
alors d’estimer I’erreur commise lors de I'approximation du processus par le sys-
téme de particules.

D’autres questions peuvent également se poser lorsque 1'on étudie un systéme
de particules en interaction. On peut par exemple étudier le comportement en
temps long du systéme de particules, avec un nombre de particules N fixé. De
plus, lorsqu’il y a propagation du chaos, on peut également s’intéresser au com-
portement en temps long du processus limite. Enfin, il peut étre intéressant de
voir si les passages & la limite quand le nombre de particules N tend vers l'infini,
et en temps long, sont commutatifs.

Dans la suite de cette partie, nous donnons des exemples, plus ou moins
détaillés, d’études de systémes de particules en interaction et du processus non-
linéaire associé, afin de faire ressortir les points importants et les difficultés dans
ce contexte.

Exemple 1.3.2. Nous commengons par donner un exemple simple d’étude d’un
systéme de particules en interaction, que I’on peut retrouver dans

[Chevallier, 2017], pour illustrer la propagation du chaos, et la méthode classique
utilisée pour la démontrer.

On considére un systéme de N particules décrites par leurs positions

th’N, e 7XtN’N pour tout temps ¢ positif, satisfaisant, pour tout i € {1,--- , N'}
1 N
i\N i\N kN ;
ax = — (X; - NZXt ) dt + dB, (1.5)
k=1

ol les (B,f)tzo sont des mouvements Browniens indépendants. On suppose que
les positions initiales X& ’N, e ,Xév N sont indépendantes et identiquement dis-
tribuées de loi pg, et indépendantes des B*, i € {1,--- ,N}.

La premiére chose & observer est qu’il y a existence et unicité trajectorielle des
solutions de 'EDS (1.5), puisqu’elle est linéaire.

Lorsque l'on fait tendre le nombre de particules N vers 'infini, on s’attend
a un effet « loi des grands nombres », et donc a ce qu’a la limite, le terme
% Z]kvzl Xf N 5ot remplacé par une espérance. On introduit donc 'EDS sui-
vante :

dX; = — (X; — E[X]) dt + dB, (1.6)

ou (Bt)t>0 est un mouvement brownien, et on considére la condition initiale Xo
distribuée selon la loi pyg.

En régle générale, le caractére bien posé de I’équation limite dans un probléme
de systéme de particules en interaction n’est pas trivial. En effet, cette équation
fait intervenir la loi du processus solution de ’'EDS.

Cependant, dans ce cas particulier, 'EDS se simplifie. En effet, supposons que
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1.3. SYSTEMES DE PARTICULES EN INTERACTION

o posséde un moment d’ordre 1, et notons alors mg = E[X(]. L’espérance de
X, étant constante au cours du temps, 'EDS (1.6) est alors équivalente a 'EDS
suivante

dXt = — (Xt — mo) dt + dB;. (17)

Ainsi, 'existence et 'unicité de la solution de I’équation non-linéaire (1.6) sont
immeédiates. On peut méme expliciter cette solution, qui est en fait un processus
d’Ornstein-Uhlenbeck :

¢
X = Xoe '+ mp(1 —e ™) + / e t=9)4B,.
0

Voyons maintenant qu’il y a propagation du chaos : & la limite quand N — oo, les
particules sont indépendantes et identiquement distribuées, de méme loi que le
processus non-linéaire solution de ’EDS (1.6). Pour cela nous allons, de maniére
classique, coupler les particules en interaction avec des copies i.i.d. du processus
non-linéaire. On considére donc

— les processus (XZ’N)tzo, i=1,---,n solutions de
i, N N_ 1 kN
ax;V = (N - L2 xPY) ae+ aB;,
Xé’N _ Yz

— les processus (X})¢>0, i > 1 solutions de

dX{ = — (X} —E[X]])dt+dB],
Xy =y

ot les conditions initiales Y sont i.i.d. de loi py.

Sous I’hypothése que o posséde un moment d’ordre 2, il y a propagation du
chaos en temps fini. Plus précisément, en notant vy = Var(Xp), on a, pour tout
ie{l,--- ,N}et T >0,

: . 1\ Te*T
E | sup | XN — X¥|| < (U + ) -
[O<£T‘ t t‘] = |\vtg N

En effet, les conditions initiales et les mouvements Browniens étant les mémes
pour XV et X% on a

. . t , . 1 X .
i -xi == [ (o - (R0 e i) e
k=1

puis par inégalité triangulaire :

i, N i
’Xt e

t
g/ (\Xg’N—Xg\ +
0

N
k:l

31



1.3. SYSTEMES DE PARTICULES EN INTERACTION

En prenant I’espérance et en notant a(t) = E [supogsgt\Xﬁ’N - X;\] , on obtient

t ¢
§2/ a(s)ds+/ ——Var(X!)ds
0

< 2/0ta(5)ds+ <v0+ 2) \/t]v

otl on a utilisé 'expression explicite de X' pour voir que Var(X}) < (vo + %)
Le lemme de Gronwall permet alors d’obtenir la borne annoncée pour a(t).
De ce résultat, on peut en déduire la convergence en loi de la trajectoire de

(XZ’N> vers celle de (X})
0<t<T
en probabilité de % Z,]ﬁvzl 5(

De plus, on a également la convergence

vers la loi de (Xf)

0<t<T”

kN .
X )o<t<T 0<t<T

Exemple 1.3.3. Citons maintenant une généralisation de ’exemple ci-dessus,
et dans lequel on s’intéresse a la propagation du chaos, mais également au com-
portement en temps long du systéme de particules et du processus non-linéaire
(voir [Malrieu, 2003]). Nous ne donnons ici que les résultats principaux, sans
donner de démonstration.

Soient (B?);ey une suite de mouvements Browniens indépendants et (X} )ien
une suite de variables aléatoires indépendantes de loi ug, et indépendante des
Bt i € N. Soit (X}Y);>0 le processus solution de :

AXp" = V2dB] - § L, VWX - X]N)dt pouri =1, N
X(Z)’N:Xé pOllI"L.Zl,"',N,

avec W : R? — R symétrique (ie pour tout z € RY, W (x) = W(—=z)), uniformeé-
ment convexe et tel que son gradient est localement Lipschitz avec croissance
polynomiale.

Le processus non-linéaire associé est le processus (Xt)tzo solution de :

L(X;) = u(dy), pourt >0,
ou x est 'opérateur de convolution VW x u(x) = /VW(ac —y)u(dy).

Pour montrer la propagation du chaos, on introduit de maniére classique la
famille (X");en+ de processus non-linéaire indépendants définis par :

dX} = V2dB} — VW * u(X})dt
L(X}) = uy(dy), pourt >0

Xb = Xi.
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1.3. SYSTEMES DE PARTICULES EN INTERACTION

On peut alors montrer le résultat suivant : si E [|Xo|?] < oo, alors il existe
une constante C telle que pour tout 7' > 0 et tout NV € N,

2
sup E || X} —Xt"ﬂ < C—T
0<t<T N
La propagation du chaos a donc bien lieu, mais n’est pas uniforme en temps.
Concernant le processus non-linéaire limite, solution de (1.8), on peut montrer
qu’il converge & vitesse exponentielle vers I’équilibre.
Par contre, le systéme de particules lui ne converge pas vers une mesure de
probabilité quand ¢ tend vers l'infini. En effet, par symétrie de W, VW est

impair, et donc la moyenne de la mesure empirique est égale a

1 AR LA

NZX;’N = ﬁZB; + NZXE).

i=1 i=1 i=1

Le premier terme est une variable gaussienne /2N (0, %), et le deuxiéme une
variable aléatoire indépendante de . Ainsi cette quantité ne converge pas vers
une mesure de probabilité quand t tend vers I'infini. Ceci suggére que la direction
(1,---,1) a une mauvaise influence sur le comportement en temps long du
systéme de particules.

On est donc conduit & introduire le processus (Y;¥)¢>0 & valeurs dans R4 défini

par

N
. : 1 ;
}/;Z7N:XZ’N_N§ Xg7N pouri:17...7N'
j=1

On peut obtenir une expression explicite de la loi invariante W) de (YN,

et une estimée de la vitesse de convergence & 1’équilibre en terme d’entropie
relative. Cela se démontre a l'aide d’une inégalité de Sobolev logarithmique sur
la matrice Hessienne de U, ott U(z1,+ ,2N) = 55 >oi; Wi — ).

Quant & la propagation du chaos pour ce systéme recentré, on peut montrer
qu’elle a lieu uniformément en temps : il existe une constante C' telle que pour
tout N € N*,

supE [|YtZN — Xf\Q] < 9
>0 N

Enfin, en utilisant cette propagation du chaos uniforme en temps et la conver-
gence a 1’équilibre du systéme de particules recentré, on aboutit & la conver-
gence a ’équilibre & vitesse exponentielle du processus non-linéaire, en distance
converge a Ws.

Pour finir, mentionnons le fait que dans [Carrillo et al., 2003, les auteurs montrent
la convergence exponentielle & I’équilibre du processus non-linéaire par une ap-
proche analytique.

Cet exemple illustre les différentes questions qui peuvent se poser lors de
I’étude d’un systéme de particules en interaction : la propagation du chaos,
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uniforme ou non en temps, et I’existence du processus non-linéaire, ainsi que la
convergence en temps long du systéme de particules et du processus non-linéaire
associé.

Dans les deux exemples ci-dessus, on voit que 'interaction entre les particules
peut conduire a une non-linéarité du processus limite par rapport a sa moyenne,
ou 4 sa loi. Mais on peut également imaginer des systémes de particules qui in-
teragiraient par leur médiane par exemple.

Citons maintenant quelques travaux sur les systémes de PDMPs en interaction,
puisque c’est dans ce cadre que le Chapitre 4 se place.

Exemple 1.3.4. Dans [Thai, 2015] l'auteur considére N particules
XUN oo X NN qui évoluent dans N, et dont le générateur du systéme de par-
ticules est

N
=3 (oo + (@i, MY)) (f (& + €)= f(2))
i=1
+ (do; + ¢ (2, MY)) (f(z — &) — f(2))],  (L.9)

oil les e; sont les vecteurs de la base canonique, MY = M (z) = % Zf\i 1 T4, et
ou b; > 0, d; > 0 pour tout i, et dy = ¢~ (0, m) = 0 pour tout m.

Sous de bonnes hypothéses sur b, d, ¢* et ¢~ (hypothése de convexité et lip-
schitzianité), 'auteur montre plusieurs points :

— le systéme de particules converge a vitesse exponentielle en distance de
Wasserstein W1,

— il y a propagation du chaos uniforme en temps;

— le processus non-linéaire, limite du systéme de particules quand N —
400, converge a l’équilibre a vitesse exponentielle en distance de Was-
serstein ;

— les limites ¢ — 400 et N — 400 sont commutatives : la limite en temps
du systéme de particules converge quand IV tend vers 'infini vers la limite
du processus non-linéaire.

Dans cet exemple, on obtient donc toutes les convergences que 1’on peut espérer
dans ’étude d’un systéme de particules.

Exemple 1.3.5. Dans [Monmarché, 2018|, Monmarché s’intéresse a des sys-
témes de particules en interaction ainsi qu’au processus non-linéaire associé, en
les étudiant & partir des équations intégro-différentielles associées. Ses résultats,
trés généraux, incluent en particulier le cas de PDMPs en interaction, 'inter-
action ayant lieu dans le mécanisme de saut. Ses objets d’intérét sont d’abord
I’existence et I'unicité de la solution d’une équation intégro-différentielle asso-
ciée & un processus non-linéaire, ainsi que le comportement en temps long d’un
tel processus, ou du systéme de particules associé. Pour cela, il se place dans un
régime perturbatif, c’est-a-dire dans le cas ou l'interaction est faible par rapport
a leffet mélangeant du processus sans interaction.

Pour obtenir ce comportement en temps long en distance en variation totale,
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Monmarché utilise des méthodes de couplage, en ne travaillant pas sur les tra-
jectoires des processus mais sur les lois. Cependant, alors que dans le cas de
processus de Markov, si I’on réussit & coupler deux processus, on peut les laisser
égaux ensuite grace a I'absence de mémoire des processus markoviens, cela ne
se passe pas si bien pour des processus non-linéaires. En effet, si deux processus
en interaction avec leur loi sont égaux & un instant, leur non-linéarité fait qu’ils
n’ont pas la méme loi, donc pas la méme dynamique, et sont donc susceptibles
de se séparer aprés le temps de croisement. Néanmoins, tant qu’ils restent égaux,
leurs lois se « rapprochent ». Ainsi, si 'interaction est assez faible par rapport a
I'effet mélangeant des processus, la contraction due a ce mécanisme de base va
I’emporter sur la probabilité qu’ils se séparent.

Citons en particulier une application de son travail : la convergence du proces-
sus Zig-zag en interaction en champ-moyen, c’est-a-dire le processus associé a

équation intégro-différenti uivante :
I’équation intégro-différentielle suivante

Orme(x,v) + yopgme(z,v) = A, (2, —v)me(x,v) — A, (T, V)M (2, V),

avec A, = r(v(x —0x,)), ou z, = fo{—l,H} zv(de,dv), 8 € (0,1) et r :
R — RT est une fonction Lipschitz telle que limg_, o 7(s) < limg_y 400 7(s) et
infser 7(s) > 0.

Cette équation décrit un processus Zig-Zag en dimension 1, & valeurs dans R x
{=1,+1} donc, qui au lieu d’étre attiré par l'origine, est attiré par une moyenne
entre l'origine et sa propre moyenne en espace.

Monmarché montre que pour 6 assez petit, c’est-a-dire lorsque 'attraction vers
la moyenne du processus n’est pas trop forte, le processus converge a 1’équilibre
A vitesse exponentielle.

La littérature sur les systémes de particules en interaction est trés riche, il
n’est donc pas possible d’en donner une description exhaustive. Nous finissons
donc par citer quelques travaux, étudiant différents types de systémes de parti-
cules en interaction, sans rentrer dans les détails.

Nous mentionnons d’abord deux travaux sur des PDMPs en interaction. Dans
[Fournier et Locherbach, 2016], les auteurs s’intéressent a un systéme de neu-
rones en interaction, dont I’évolution du potentiel de membrane est décrite par
des PDMPs en interaction a travers le taux de saut, mais également 1’évolution
déterministe entre les sauts. Dans [Graham et Robert, 2009] les auteurs étudient
un systéme de PDMPs en interaction décrivant l'interaction de plusieurs classes
de connexions dans un réseau, ainsi que le processus non-linéaire associé.

Dans [Andreis et al., 2018], Andreis et ses co-auteurs s’intéressent & la propa-
gation du chaos d’un systéme de particules en interaction par leur moyenne,
pouvant modéliser des systémes de neurones. Ces particules sont des diffusions
avec sauts simultanés.

Finissons par citer l'article [Fontbona et al., 2009], dans lequel les auteurs s’in-
téressent & des processus non-linéaires solutions d’EDS dirigées par des bruits
blancs espace-temps. Leur but dans ce travail est de construire un systéme de
diffusions en interaction facilement simulable, et approchant le systéme non-
linéaire de départ.
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1.4 Présentation des résultats principaux de la thése

Dans cette section, nous résumons les trois chapitres qui constituent cette
thése, en décrivant dans chaque cas le travail qui est fait, et en donnant les
résultats principaux.

1.4.1 Chapitre 2 : Explicit speed of convergence of the stochas-
tic billiard in a convex set

Dans le Chapitre 2, nous étudions le comportement en temps long du billard

stochastique ((Xy, Vi)),>( dans un convexe K de R?, décrit dans ’'Exemple 1.1.3
dont nous gardons les notations, et nous nous intéressons plus particuliérement
a sa vitesse de convergence a 1’équilibre.
Rappelons que ce processus décrit le mouvement d’une particule dans un convexe
de R?, qui avance & vitesse unitaire constante jusqu’au moment ot elle touche
le bord du convexe. A cet instant, la particule est alors réfléchie aléatoirement
a l'intérieur du convexe, indépendamment de sa position et de sa vitesse précé-
dente. Les instants de rebond de la particule sont alors notés T,,, n > 0, avec
To = 0 si la position initiale de la particule est sur le bord du convexe.

Pour x € 9K, 0K désignant la frontiére de K, il est équivalent de considérer la
vitesse aprés un saut dans S, = {v € S' : (v,ny) > 0} ou I'angle dans [—%, ]
entre ce vecteur vitesse et la normale rentrante n,. Pour n > 1, on considére donc
0O,, la variable aléatoire a valeurs dans [—g, g] telle que rx,. o, (nx;, ) £ V1,
ou pour z € 0K et 0 € R, r; ¢ est la rotation de centre = et d’angle 6.

Nous faisons alors une hypothése sur la loi v, que 'on peut écrire de maniére

équivalente sous I'une des deux formes suivantes (H) ou (H’) :

Hypothése (H) :

La loi v a une densité p par rapport a la mesure de Haar sur S, qui
vérifie : il existe J C S., symétrique par rapport a e, et pmin > 0
tels que :

p(u) > pmin, pour tout u € J.

Hypothése (H') :

Les variables ©,, n > 0, ont une densité commune f par rapport a

la mesure de Lebesgue sur [—E 3] satisfaisant : il existe fin > 0

272
et * € (0,7) tels que :

f(0) > fmin, pour tout 0 € [—0 i ] .

272
L’équivalence de ces hypothéses implique que
Pmin = fmin et |\7’: 0.
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L’une ou l'autre des descriptions du processus seront utilisées en fonction de
leur praticité dans les différentes études.

Le comportement en temps long de tels processus a beaucoup été étudié, et
sous différentes hypothéses. Citons le travail d’Evans [Evans, 2001], dans lequel
il s'intéresse a la convergence du billard stochastique évoluant dans une région
bornée a bord C' en dimension d, ainsi que dans des régions polygonales du
plan, et avec une loi de réflexion uniforme. Dans [Dieker et Vempala, 2015], les
auteurs étudient eux la trace du billard stochastique sur le bord d’un convexe
& courbure minorée, et avec pour loi de réflexion la loi du cosinus. Dans ce
papier, ils obtiennent une borne sur la vitesse de convergence de ce processus
vers la mesure uniforme sur le bord du convexe. Enfin, mentionnons 'article
[Comets et al., 2009], dont le Chapitre 2 est en partie inspiré. Dans ce travail,
les auteurs s’intéressent a la convergence du billard stochastique ainsi que sa
chaine incluse, dans un cadre trés général, puisqu’ils considérent des domaines
de R? 3 bord localement Lipschitz et presque partout C*, et une loi de réflexion
absolument continue par rapport a la mesure de Haar sur la sphére unité, et dont
la densité est strictement positive sur la demi-sphére des vecteurs pointant vers
I'intérieur du domaine. La convergence exponentielle de ces deux processus est
obtenue en décrivant un couplage astucieux. Cependant, le domaine dans lequel
vivent ces processus étant tellement général, les vitesses de convergence obte-
nues par leur méthode dans des domaines plus particuliers ne sont pas bonnes.
Le but du Chapitre 2 est donc de construire des couplages adaptés pour obtenir
des bornes sur les vitesses de convergence du billard stochastique et de sa chaine
incluse, dans un premier temps dans un disque, puis plus généralement dans un
convexe du plan & courbure minorée et majorée.

Décrivons briévement et de maniére informelle les stratégies utilisées pour ob-
tenir nos vitesses de convergence. Pour la trace du billard stochastique sur le
bord du domaine considéré, nous estimons le nombre de pas nécessaires ngy pour
que la position de la chaine charge plus de la moitié du domaine dans lequel elle
évolue. Ainsi, considérant deux processus partant d’états initiaux différents, on
peut les construire de fagon & ce qu’aprés ng pas, ils aient une probabilité stric-
tement positive d’étre égaux. Aprés un nombre géométrique d’essais, on réussit
alors & coupler nos deux processus, et ’estimation de ce temps donne une borne
sur la vitesse de convergence de la chaine incluse.

Pour le processus en temps continu, c’est plus compliqué puisque, considérant
deux billards stochastiques partant d’états initiaux différents, on doit réussir
& coupler leurs positions et vitesses au méme instant, pour pouvoir ensuite les
laisser égaux. Nous faisons alors cela en deux temps. D’abord on construit les
deux processus jusqu’a ce qu'’ils touchent le bord du domaine & un méme instant,
mais pas nécessairement au méme endroit. Puis, partant du bord, on essaye de
les faire toucher le bord au méme endroit et au méme instant, aprés deux re-
bonds. Avec une certaine probabilité cet essai échoue, et on recommence alors le
couplage depuis le début, jusqu’a ce que la deuxiéme étape soit un succes. L’esti-
mation de ce temps de couplage permet alors d’estimer la vitesse de convergence
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du billard stochastique.

1.4.1.1 Billard stochastique dans un disque

On s’intéresse dans un premier temps au cas particulier du billard stochas-
tique évoluant dans un disque, ou autrement dit une boule de R? de la forme
K = B(0,7), pour un certain r > 0 fixé.

Dans ce cas, pour n > 0, le couple (X1, Vz,) € 0B(0,7) x S! peut étre repreé-
senté de maniére équivalente par le couple (®,,0,) € [0,27) x [fg, g] défini
comme suit :
— & une position x sur 9B(0,7) correspond un unique angle ¢ € [0,27). La
variable ®,, désigne donc cet unique angle associé a X, , i.e. (r, ®,) sont
les coordonnées polaires de X7, .

— a la vitesse V7, on associe la variable ©,, introduite précédemment, et
satisfaisant 'hypothese (H').

Il est alors immédiat d’observer les relations suivantes, en rappelant que les
variables 7,, n > 1, sont définies par 7, =1, — 1,1 :

Proposition 1.4.1. Pour toutn >1 on a :

Tn =2rcos(0p_1) et D, =1+20,_1+ P,_;.

Ces relations entre les différentes variables décrivant le billard stochastique
dans le disque permettent de faire des calculs explicites. Ainsi, en utilisant les
hypothéses (H) ou (H'), on obtient des estimations des densités de la position
X7, , des temps T),, ou encore des couples (X7, ,T).

On observe alors que si 'angle 6* (qui décrit la longueur de l'intervalle que
charge la loi ) est strictement plus grand que 7, on peut espérer coupler deux
versions de la chaine incluse en un pas. Pour 6* plus petit, le nombre de rebonds
nécessaires (no dans le théoréme suivant) pour avoir une probabilité strictement
positive de coller deux billards stochastiques sur le bord du disque est alors plus
élevé. On obtient finalement le résultat suivant.

Théoréme 1.4.1. Soit (®,,)n>0 la chaine de Markov associée au billard sto-
chastique dans la boule B(0,1), satisfaisant 'hypothése (H').

Il existe une unique mesure de probabilité v sur [0, 2m) invariante pour la chaine
((I)n)nZO, et on a :

1. 510" > 5, pour tout n > 0,
IP (@, € ) = vl|lzv< (1= frnin (20" —7))" 7,
2. i 0* < 5§, pour tout n > 0 et tout € € (0,0%),
no_q
[P (®n € ) —vlrvs (1 —a)mo
ou

m—2¢ g\no—1
N (= .m0 * _ e —
ng = {2(9* — E)J +1 et « (2> fmin"® (200" — 2(ng — 1)e — 7).
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Pour le processus en temps continu, utilisant encore les relations de la Pro-
position 1.4.1 et ’hypothése (), on observe que si 8* est strictement plus grand
que %’T, la probabilité de coupler les deuxiémes temps de rebonds de deux billards
stochastiques est strictement positive. De plus, pour un tel 8*, la probabilité de
coupler deux billards stochastiques partant du bord du cercle en deux rebonds
est également strictement positive. Ainsi, on peut construire un couplage de
deux billards stochastiques comme décrit & la fin de la section 1.4.1, et dont on
peut estimer le temps de couplage. On obtient alors le résultat suivant donnant
la vitesse de convergence a 1’équilibre du billard stochastique dans un disque.

Théoréme 1.4.2. Soit ((X¢, V1))~ le billard stochastique évoluant dans B(0, )
satisfaisant Uhypothése (H') avec 0% € (2, ).

Il existe une unique mesure de probabilité invariante x sur B(0,7) x St pour le
processus (Xt, Vi)i>0-

De plus, soit n € (0,r (1 — 2cos (%))) ete e (Ov 20*8_7r)'

1l existe §, h, o > 0 tels que pour tout t > 0 et tout X < A\ps on a

IP(X; €, Vi €)= xllrv< Cre™™,

ol

. 1 1
Ap = m1n{4rlog (1 — 5h) ;

Lo, (—(=don)+ V(1 =6h)2 + 45h(1 — «)
ar °® 251 (1 — ) '

4r

et
a(ShelO)\r

T 1= W (1= 6h) — SVoh(l - a)

Cx

1.4.1.2 Billard stochastique dans un convexe du plan a courbure
majorée et minorée

On considére ensuite un cas plus général : le billard stochastique évoluant
dans un convexe a courbure majorée et minorée. On introduit donc I’hypotheése
suivante :

Hypotheése (K) :

K est un convexe compact du plan & courbure majorée par C' < oo
et minorée par ¢ > 0.

Cela signifie qu’en tout point x € 0K, il existe une boule B; de rayon % incluse
dans K et une boule By de rayon % contenant K, telles que les tangentes & K,
B et By au point x coincident.

On introduit également D le diamétre de K :

D = max{||z — y||: z,y € 0K }.
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Dans ce cadre, puisque le convexe K n’est pas explicite, on ne peut pas obte-
nir de relations entre les temps et positions de rebond, comme on avait obtenu
dans la Proposition 1.4.1 pour le disque. Il faut donc utiliser ’hypothése (K)
et des arguments géométriques élémentaires pour estimer les densités des diffé-
rentes variables, ou plutdt pour estimer la taille des intervalles que ces densités
chargent.

Comme pour le disque, nous nous intéressons d’abord & la chaine incluse

(X1, )n>0. Son noyau de transition est connu (on peut le trouver dans

[Comets et al., 2009] par exemple), et on peut alors en déduire une borne sur
sa vitesse de convergence & 1’équilibre :

Théoréme 1.4.3. Soit K C R? satisfaisant I’hypothése (K), de diamétre D.
Soit (X1, )n>0 la chaine de Markov associée au billard stochastique évoluant
dans K, et vérifiant Uhypothése (H).

Il existe une unique mesure de probabilité invariante v sur 0K pour (X, )n>0-
De plus, rappelant que 0* = |J| dans Uhypothése (H), on a :

1. si60* > C'ZK‘, pour tout n > 0,

80"

n—1
PO, €)= vlrv< (1- 0 (S~ 10K1))

2. s10* < C'gK‘, pour tout n > 0 et tout € € (O, %),

no_q
IP(Xz, € ) —vllrv< (1 —a)m

ng = 40*726 +].

o

ou

46* 2n00*
et a= (?)noflqminno <4 < nCO, — (no — 1)5) - !8K|>

avec o
~ cpmincos ()
qmln C_D .

Enfin, on s’intéresse a la vitesse de convergence du processus en temps
continu. Dans ce cas, nous arrivons & estimer, en fonction de 8*, le nombre de
rebonds nécessaires pour pouvoir coupler les temps de rebonds de deux billards
stochastiques. Cependant, pour ensuite coller les positions et temps de rebonds
de nos deux processus aprés deux sauts, nous utilisons un couplage dans lequel
le saut intermédiaire des deux processus peut avoir lieu partout sur le convexe.
Ainsi, nous avons besoin de supposer que 0* = w, c’est-a-dire que la vitesse
lors d’un rebond charge tout le convexe, pour que ce rebond intermédiaire soit
possible.

On obtient donc finalement le théoréme suivant donnant la convergence du pro-
cessus en temps continu, sous ’hypothése 68* = 7.
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Théoréme 1.4.4. Soit K C R? satisfaisant I’hypothése (K), de diamétre D.
Soit ((X¢, Vi))y>o le billard stochastique évoluant dans K et satisfaisant I’hypo-
these (H) avec |[T|= 7.

Il existe une unique mesure de probabilité x sur K x St invariante pour le pro-
cessus ((Xt, Vi) i>0-

De plus, il existe k,p > 0 tels que pour tout t > 0 et tout A < Aps -

IP(X; €,V €)= x|lrv< Che ™™,

ol
1 1 1 —(1—p)+ /(A —p)2+4p(1 — k)
AM mm{zD °g<1—p>’2D °g< 29(1 — k)
et
C}\ p/{e5/\D

—1_ e2AD(1 — p) — e Dp(1 — k)’

Nous terminons le Chapitre 2 par une discussion expliquant comment géné-
raliser ces résultats a la dimension n > 2.

1.4.2 Chapitre 3 : Long-time behaviour of generalized Zig-Zag
process

Dans le Chapitre 3, on s’intéresse au comportement en temps long du PDMP
((X¢, Vi))ez0 & valeurs dans E = R? x B(1), ot B(1) = {v € R%,|v| <1} est la
boule euclidienne de rayon 1, dont le générateur infinitésimal L est donné par,

pour h € D(L) et (x,v) € R? x B(1) :

Lh(z,v) = v -V h(z,v)+ A(z,v) /8(1) (h(z,v") — h(z,v)) Q(z,v,dv"), (1.10)

ot Q(z,v,-) est un noyau de transition sur B(1).

On appelle ce processus le « processus Zig-Zag généralisé » puisqu’il est une
généralisation du processus Zig-Zag étudié dans [Bierkens et Roberts, 2017],
[Bierkens et al., 2019| et [Fontbona et al., 2012]. Un cas particulier du processus
de générateur (1.10) a été étudié de maniére analytique dans [Calvez et al., 2015] :
les auteurs s’intéressent dans ce papier au cas particulier de la dimension 1, et
avec un noyau de saut @ uniforme sur [—1, 1]. Les résultats du Chapitre 3, don-
nant la convergence exponentielle du processus de générateur donné par (1.10)
sous de bonnes hypothéses, sont une généralisation des articles cités ci-dessus
puisqu’on considére ici un processus en dimension d dont la premiére compo-
sante est dans R? et la seconde dans la boule unité.

Dans ce modéle, X; représente la position d’une bactérie & l'instant ¢, et V;
sa vitesse. La forme du générateur indique que la composante X est continue

dX;y

et évolue suivant I'équation gt = V4, tandis que V' est constante pendant un

temps aléatoire, puis saute selon le noyau ) avec un taux de saut A(x,v) quand
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(X, Vi) = (@, v).

Dans cette étude, nous cherchons & modéliser le mouvement d’une bactérie dans
R?, attirée par un nutriment positionné a l’origine. Nous traduisons cela par les
hypothéses (Hg) et (H4) décrites ci-dessous.

Les hypothéses que 'on fait sur notre modéle sont les suivantes :

(Hq) : II existe Apin > 0 tel que pour tout (z,v) € E, A(z,v) > A\min ;

)
(H2) : La quantité Amax = SUP{(3.v)eE : z-v<o} M@, v) est finie;
(Hz) : 1 existe p > 0, o, 6 € (0, 1] tels que pour tout (x,v) € E satisfaisant

v > —f
/ Q(z,v,dv) > p
{v'ev : zv < gy}

||
B

(Hq) : Il existe 0, € [O (pho)? "““) B > oo A > 0 tels que

inf )\(x,v) > BAmax-
{£2>0. |21>A}

Les hypothéses (H1) et (H2) signifient que le taux de saut A est uniformément
minoré, et qu’il est majoré lorsque la bactérie se dirige vers le nutriment situé
a lorigine. L’existence de la borne Ay, permet d’assurer l'irréductibilité du
processus.

Comme mentionné plus haut, les deux derniéres hypothéses reflétent 'attraction
de la bactérie vers 'origine. Plus précisément, I'hypothése (H3) traduit le fait
que si la bactérie ne se dirige « pas assez » vers l'origine, lorsqu’un saut de vitesse
a lieu, elle a une probabilité uniformément minorée de ramener la bactérie dans
la direction du nutriment. De plus, dans ’hypothése (H4), on suppose une sorte
de monotonie du taux de saut : on suppose que lorsque la bactérie est loin de
l'origine, et se dirige dans une « trop mauvaise » direction, son taux de saut est
toujours plus grand que lorsque la bactérie de dirige vers le nutriment.

Le résultat principal du Chapitre 3 est le suivant :

Théoréme 1.4.5. Soit ((X¢,V4)),;5q le PDMP sur E =R x B(1) de générateur
infinitésimal donné par (1.10).

Si A et Q satisfont les hypothéses (H1), (Ha), (H3) et (Ha), alors le processus
(X, V) est exponentiellement ergodique.

Pour montrer ce résultat, nous introduisons une fonction de Lyapunov pour
le processus (X, V), pour ensuite pouvoir appliquer le Théoréme (1.2.1).

Puis, la théorie des processus régénératifs nous permet d’obtenir I'existence de
moments exponentiels de la mesure invariante du PDMP (X, V) :

Théoréme 1.4.6. Soit ((X, V1)), le processus Zig-zag généralisé satisfaisant
les hypotheéses (H1), (Ha), (H3) et (Ha).
1l existe n > 0 tel que pour tout 0 < 8 < n et tout v >0, :

/ Al (de, dv) < 0o
E
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ot  est l'unique mesure de probabilité invariante pour (X, V).

Enfin, dans une derniére partie, nous nous intéressons au processus Zig-zag
généralisé dans la cas particulier de la dimension 1, cas dans lequel on montre des
résultats similaires, avec une approche un peu différente. Cette étude particuliére
est faite sous des hypothéses différentes du cas de la dimension d, et lui est donc
complémentaire.

On considére donc le PDMP, que 'on note encore ((X¢, V;))e>0, & valeurs dans
R x [—1, 1], de générateur infinitésimal donné par

1

Lh(x,v) = vozh(x,v) + Nz, v) /_1 (h(z,v") = h(z,v)) Q(z,v,dv), (1.11)

ot Q(z,v,-) est un noyau de transition sur [—1,1].
Dans ce cas particulier de la dimension 1, nous faisons les hypothéses suivantes
sur le modéle :

(A1) @ Q(z,v,dv) = q(v,v")(v(dv') + p(dv’)) avec v une mesure discréte et
i une restriction de la mesure de Lebesgue. On note V le support de
@ et on suppose qu'il existe gmin > 0 tel que ¢(v,v") > gmin pour tout
v, v € V;

(As2) : Le processus est symétrique : V est symétrique par rapport a 0 et
Az, v) = A=z, —v) pour tout (z,v) € R x V;

(As) : Il existe Apin > 0 tel que pour tout (z,v) € R X V, Apin < A(z,v),
et la quantité sup,>q ,<o A(@,v) est finie;

(Ay) :
dI, C [0, inf M) an interval I, 30 < J, < 1,
z>0,0€(0,1] v
1
Va € I,V € V,/ G(a,v)Q(V,dv) < J,,
-1
ou
supA(z, v) inf A\(z,v)
x>0 x>0

(;(Q,U)ZZ ly<o + 1,>0

supA(z,v) — av
x>0

ig%/\(x’ v) —av
pour @« > 0 et v e V.

L’hypothése (A2) qui suppose la symétrie du processus n’est pas indispen-
sable pour obtenir les résultats qui suivent. Elle permet simplement de réduire
les calculs nécessaires dans les preuves. L’hypothése (A4) est celle qui traduit
I’attraction de la bactérie vers 'origine. Cette hypothése apparait naturellement
dans les calculs, mais on n’y lit pas directement sa signification. Nous donne-
rons dans le Chapitre 3 des conditions plus fortes qui permettent de mieux la
comprendre.

Une étude poussée du temps de retour en 0 de notre PDMP (X, V) et 'appli-
cation du Théoréme 1.2.2 permettent alors d’obtenir le résultat suivant :
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Théoréeme 1.4.7. Soit ((Xi,V4));>¢ le PDMP sur R x [—1,1] de générateur
infinitésimal donné par (1.11). Sous les hypothéses (A1), (As2), (As) et (Ag), le
processus est exponentiellement ergodique.

Puis, de la méme maniére qu’en dimension d, la théorie des processus régé-
ratifs permet d’obtenir I'existence de moments exponentiels de la mesure inva-
riante m du processus :

Théoréme 1.4.8. Soit ¥ > 0 tel que P2 J, < 1.
Pour tout 0 < a < v et tout >0, on a :

/ Bl 7 (d, dv) < oo
Rx[—1,1]

1.4.3 Chapitre 4 : Zig-zag processes in interaction

Enfin, dans le dernier chapitre, on s’intéresse & un systéme de processus
Zig-zag uni-dimensionnels en interaction par leur moyenne, et au processus non-
linéaire associé. Le générateur du systéme de particules que ’on étudie est donné
par, pour (x,v) = ((z1,--- ,oN), (v1,--- ,on)) € RY x {1, +1}V,

Ly f(x,v) szamf z,v —i—Z)\ i — T)v;) (f(w,v(i)) —f(x,v)), (1.12)

J

oit ' = { ijvi :njozé etz = % Zgzl x;, et ol A est une fonction positive
sur R.

L’écriture du taux de saut sous la forme A ((x; — T)v;) impose une symétrie par
rapport a la moyenne spatiale des particules. Ainsi, sous des conditions clas-
siques sur le taux de saut A, les N particules sont attirées par leur position
moyenne.

Autrement dit on s’intéresse aux couples ((Xti’N, VfN)) . pouri € {1,--- N},
t>

solutions du systéme stochastique suivant :

axp™ =vNa
vy — oyt g Ni(dz,d (1.13)
t —_— = f Z<A XZN NZN X]N)VzN)) ( Z, t)
ott les N%, i =1,---, N, sont N processus de Poisson indépendants sur (R*)?2,

d’intensité la mesure de Lebesgue.

Le processus non-linéaire associé, attendu comme étant la limite du systéme de
particules, est alors le processus ((X¢, V;)),~( solution (si elle existe) du systéme
non-linéaire suivant : -

{ dX; =Vdt

1.14
dV; = =2V~ [ Laxx,-rxgyv, )N (dz, db), (1.14)

ot N est un processus de Poisson sur (R*)? d’intensité la mesure de Lebesgue.
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Nous faisons une premiére hypothése sur le taux de saut A\, pour assurer 'exis-
tence et unicité du processus non-linéaire, ainsi que la propagation du chaos. Il
s’agit d’une hypotheése classique permettant de montrer des résultats d’existence
et d’unicité des solutions d’'une EDS standard.

Hypotheése (H,) :

On suppose que A est une fonction positive lipschitzienne sur R, et
on note K sa constante de Lipschitz :

Ve,y € R, A (z) = A(y)] < Kz -yl

De plus, nous avons besoin d’une hypothése sur les conditions initiales du pro-
cessus non-linéaire pour assurer sa bonne définition (cette hypotheése est forte,
et nous espérons pouvoir U'affaiblir par la suite).

Hypothése (H,) :

La variable aléatoire X a valeurs dans R satisfait 'hypothése (H)
s’il existe a > 0 tel que E [e‘”XO'] < 00.

On peut alors montrer I’existence et I'unicité des solutions du systéme (1.14)
sous ces deux hypothéses, ainsi que la propagation du chaos, en temps fini. On
appelle alors processus Zig-zag non-linéaire la solution de (1.14). Ces résultats se
montrent de maniére classique : on commence par s’intéresser au systéme (1.14)
ou l'on remplace E[X;] par une fonction ¢ — m; déterministe, et on montre
la continuité de la solution en les conditions initiales et en cette fonction m.
Puis on utilise une méthode d’itérations de Picard pour en déduire I'existence
et l'unicité des solutions du systéme non-linéaire (1.14). La propagation du
chaos se démontre ensuite en couplant N particules en interaction avec N copies
indépendantes du processus Zig-zag non-linéaire, partant des mémes conditions
initiales i.i.d. Les résultats sont alors les suivants.

Théoréme 1.4.9. Si X satisfait la condition (Hy), et sous Uhypothése (M),
il y a existence et unicité trajectorielle d’une solution du systéme (1.14) avec
conditions initiales (Xo, Vp), Vo étant une variable a valeurs dans {—1,+1}.

De plus, soient ((Xt,Vi))>o et <(Xt,f/t)>t>0 deuz solutions de (1.14) avec

conditions initiales respectives (Xo, Vo) et (Xo, Vo) satisfaisant (He). Alors, pour
tout T > 0, il existe des constantes Cp, Cl. > 0 telles que :

E[IX = Xllz+IV = V]
<E [ (1X0 — Xol+[Vo — Vol ) e”¥I] (1+ Cr exp (G [0l | ) B [e¥0]] ).
Théoréme 1.4.10. Considérons <<Y;7N’W7N))t>o’ i€ {l,---,N}, N copies

indépendantes du processus non-linéaire, dirigés par les mémes processus de
Poisson que les ((XZ’N,V?’ND o On suppose que pour i € {1,--- N}, les
>
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. N . N 77/7N 77,,N A g e . .
processus ((XZ o )) et ((Xt Vs )) ont les mémes conditions ini-
>0 >0

tiales (Xé’N,VOi’N>.
Supposons de plus que :

— les variables aléatoires ((XS’N, V(;L"N>>1<‘<N sont indépendantes et iden-
_Z_
tiquement distribuées ;

— les variables aléatoires (XS’N) satisfont (Hy).
1<i<N

Alors, pour tout t > 0, il existe une constante Cy, indépendante de N, telle que
pour tout i € {1,--- ,N}
C
Wik

Ces deux résultats sont démontrés sous 'Hypothése (H)) qui suppose que
le taux de saut est Lipschitz, hypothése classique dans ce genre de preuves.
Cependant, on peut penser, bien que nous ne ’ayons pas encore démontré, que

I’existence et unicité du processus non-linéaire ainsi que la propagation du chaos
restent vraies avec un taux de saut de la forme A(2) = al,<o + bl.>0.

B[ =+ v -7 ) <
t t

Une fois ces résultats prouvés, notre but est d’étudier le comportement en temps
long du processus Zig-zag non-linéaire, sous de bonnes hypothéses sur le taux
de saut (hypotheéses traduisant I'attraction vers la moyenne). Cependant, alors
que dans le cas diffusif, 'espérance de processus non-linéaires similaires reste
constante au cours du temps (voir [Malrieu, 2003] par exemple), le comporte-
ment de la position moyenne du processus Zig-zag non-linéaire n’est pas trivial.
Ainsi, pour se placer dans un cadre plus simple, nous introduisons un nouveau
systéme de particules, dans lequel on a recentré les positions par rapport au
systéme (1.13). Nous introduisons également le processus non-linéaire associé a
ce nouveau systeme de particules. '

Posant, pour i € {1,--- , N}, Yf’N = XZ’N — Zszl th’N, on s’intéresse donc au
processus (YZVN VN ) solution du systéme

QN = (VN - v ) a

) ) ) 1.15
thZ’N = —QVZ_’N f 1Z<)\(thi,NviiN))NZ(dZ, dt). ( )
L’EDS non-linéaire associée est alors la suivante :
@, = (V, - E[V)])dt
(1.16)

d‘/;g = —2f‘/;57]12§/\()/t‘/]57)./\[(d2,dt)

Les preuves d’existence et d’unicité et de propagation du chaos se font alors de
la méme maniére que dans le cas non-recentré, et on a donc le résultat suivant.

Théoréme 1.4.11. Supposons que (H)) est satisfaite et que Yy vérifie (Hq).
Alors il y a existence et unicité trajectorielle pour le systéme stochastique (1.16)
de condition initiale (Yp, Vo) € R x {—1,1}.

De plus, il y a propagation du chaos du systéme de particules (1.15) wvers la
solution du systéme (1.16), & vitesse \/N.
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On appelle processus Zig-zag non-linéaire centré I'unique solution du sys-
téme non-linéaire (1.16). L’objet d’étude est alors maintenant le comportement
en temps long de ce processus.

Nous faisons alors I’hypothése suivante, classique pour démontrer 'ergodicité
d’un processus Zig-zag (voir [Bierkens et Roberts, 2017] et [Fontbona et al., 2012]
par exemple) :

Hypotheése (A) :

Il existe yo > 0 et Apin > 0 tels que A(y) > Apin pour tout y > yo
et tels que

Ao := inf A(y) > sup A(y) =: A.
Yy=yo y<—yo

Nous discutons alors du résultat suivant, qui est une conjecture pour le moment.

Conjecture. Supposons que les hypotheéses (Hy) et (A) sont satisfaites.

Soit (Y, V) le processus Zig-zag non-linéaire centré, c’est-a-dire la solution de
(1.16), avec E[Yp] = 0. Alors (Y, V) posséde une unique mesure de probabilité
invariante vy définie par :

vo(dz, dw) = Cl,oe_FO(Z)dz ® % (01 +9-1) (dw)
Fo(z) = /0 TN = A—u)du et Cp= /R exp(—Fy(2))dz.

De plus, il converge en temps long vers cette mesure de probabilité.

Ce travail étant encore un travail en cours, nous donnons a la fin du Chapitre
4 des pistes pour démontrer cette conjecture, et nous discutons des perspectives
de travail sur ce sujet.
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Chapitre 2

Explicit speed of convergence of
the stochastic billiard in a
convex set

This Chapter is the reproduction of the paper [Fétique, 2019], accepted in
the journal Séminaire de Probabilités..

In this paper, we are interested in the speed of convergence of the stochastic
billiard evolving in a convex set K. This process can be described as follows :
a particle moves at unit speed inside the set K until it hits the boundary, and
is randomly reflected, independently of its position and previous velocity. We
focus on convex sets in R? with a curvature bounded from above and below. We
give an explicit coupling for both the continuous-time process and the embedded
Markov chain of hitting points on the boundary, which leads to an explicit speed
of convergence to equilibrium.

2.1 Introduction

In this paper, our goal is to give explicit bounds on the speed of convergence
of a process, called "stochastic billiard", towards its invariant measure, under
some assumptions that we will detail further. This process can be informally
described as follows : a particle moves at unit speed inside a domain until it hits
the boundary. At this time, the particle is reflected inside the domain according
to a random distribution on the unit sphere, independently on its position and
previous velocity.

The stochastic billiard is a generalisation of shake-and-bake algorithm (see
[Boender et al., 1991]), in which the reflection law is the cosine law. In that case,
it has been proved that the Markov chain of hitting points on the boundary has
a uniform stationary distribution. In [Boender et al., 1991], the shake-and-bake
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algorithm is introduced for generating uniform points on the boundary of boun-
ded polyhedra. More generally, stochastic billiards can be used for sampling
from a bounded set or the boundary of such a set, through the Markov Chain
Monte Carlo algorithms. In that sense, it is therefore important to have an idea
of the speed of convergence of the process towards its invariant distribution.

Stochastic billiards have been studied a lot, under different assumptions on the
domain in which it lives and on the reflection law. Let us mention some of these
works. In [Evans, 2001|, Evans considers the stochastic billiard with uniform re-
flection law in a bounded d-dimensional region with C'' boundary, and also in po-
lygonal regions in the plane. He proves first the exponentially fast total variation
convergence of the Markov chain, and moreover the uniform total variation Cé-
saro convergence for the continuous-time process. In [Dieker et Vempala, 2015],
the authors only consider the stochastic billiard Markov chain, in a bounded
convex set with curvature bounded from above and with a cosine distribution for
the reflection law. They give a bound for the speed of convergence of this chain
towards its invariant measure, that is the uniform distribution on the boundary
of the set, in order to get a bound for the number of steps of the Markov chain
required to sample approximatively the uniform distribution. Finally, let us men-
tion the work of Comets, Popov, Schiitz and Vachkovskaia [Comets et al., 2009,
in which some ideas have been picked and used in the present paper. They study
the convergence of the stochastic billiard and its associated Markov chain in a
bounded domain in R? with a boundary locally Lipschitz and almost everywhere
C'. They consider the case of a reflection law which is absolutely continuous
with respect to the Haar measure on the unit sphere of R%, and supported on
the whole half-sphere that points into the domain. They show the exponential
ergodicity of the Markov chain and the continuous-time process and also their
Gaussian fluctuations. The particular case of the cosine reflection law is discus-
sed. Even if they do not give speeds of convergence, their proofs could lead to
explicit speeds if we write them in particular cases (as for the stochastic billiard
in a disc of R? for instance). However, as we will mention in Section 2.2.3, the
speed of convergence obtained in particular cases will not be relevant, since their
proof is adapted to their very general framework, and not for more particular
and simple domains.

The goal of this paper is to give explicit bounds on the speed of convergence of
the stochastic billiard and its embedded Markov chain towards their invariant
measures. For that purpose, we are going to give an explicit coupling of which
we can estimate the coupling time.

In a first part, we study the particular case of the billiard in a disc. In that case,
everything is quite simple since all the quantities can be explicitly expressed.
Then, in a second part, we extend the results for the case of the stochastic
billiard in a compact convex set of R? with curvature bounded from above and
below. In that case, we can no more do explicit computations on the quantities
describing the process, since we do not know exactly the geometry of the convex
set. However, thanks to the assumptions on the curvature, we are able to esti-
mate the needed quantities.
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2.2. COUPLING FOR THE STOCHASTIC BILLIARD

In both cases, the disc and the convex set, we suppose that the reflection law has
a density function which is bounded from below by a strictly positive constant
on a part of the sphere. The speed of convergence will obviously depend on it.
However, for the convergence of the stochastic billiard process in a convex set,
we will need to suppose that the reflection law is supported on the whole half
sphere that points inside the domain.

At the end of this paper, we briefly discuss the extension of the results to higher
dimensions.

Notations

We introduce some notations used in the paper :

— for A C R, 14 denotes the indicator function of the set A, that is 14(x)
is equal to 1 if x € A and 0 otherwise;

— for z € R, [z] denotes the floor of the real z;

— for x,y € R?, we note by ||z|| the euclidean norm of x and we write (x, %)
for the scalar product of x and y;

— for A C R%, A denotes the boundary of the set A;

— B, denotes the closed ball of R? centred at the origin with radius 7,
ie. B, = {z € R?: |z||<r}, and S' denotes the unit sphere of R?, i.e.
St = {x eER?: |z|= 1};

— for Z C R, |Z| denotes the Lebesgue measure of the set Z;

— for K C R? a compact convex set, we consider the 1-dimensional Haus-
dorff measure in R? restricted to K. Therefore, if A C 0K, |A| denotes
this Hausdorff measure of A;

— for A C R?, if z € A, we write n, the unitary normal vector of A at
x pointing to the interior of A and we define S, the set of vectors that
point to the interior of A : S, = {U eSt: (v,n,) > 0} ;

— if two random variables X and Y are equal in law we write X £ Y, and
we write X ~ p to say that the random variable X has p for law, or
simply £(X) to nominate the law of X ;

— we denote by G(p) the geometric law with parameter p.

2.2 Coupling for the stochastic billiard

2.2.1 Generalities on coupling

In order to describe the way we will prove the exponential convergences and
obtain bounds on the speeds of convergence, we first need to introduce some
notions.

Let v and  be two probability measures on a measurable space E. We say
that a probability measure on E x E is a coupling of v and v if its marginals
are v and v. Denoting by I (v, ;) the set of all the couplings of v and v, we

say that two random variables Y and Y satisfy (Y, EN/) € I'(v,v) if v and v are
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2.2. COUPLING FOR THE STOCHASTIC BILLIARD

the respective laws of Y and Y. The total variation distance between these two
probability measures is then defined by

lv—v|ry=_inf P(Y #Y).
(Y,)Y)€er(v,v)

For other equivalent definitions of the total variation distance and its properties,
see for instance [Lindvall, 2002].

Let (Yi)i>0 and (Y);>0 be two Markov processes. A coupling ((V, Yy))i>o is
called a coalescent coupling if there exists an almost surely finite random time
T, such that Y, = ffTJrS for all s > 0. In that case, T, = inf {t >0:Y = Yt}

is called the coupling time of Y and Y, and from the definition of the total
variation distance, it immediately follows that

1£(Ye) = L) llrv< B(Te > 1),

Therefore, let T* be a random variable stochastically bigger than T, T, <
T*, which means that P (7, <t) > P (7" <t) for all ¢t > 0. If T* has a finite
exponential moment, Markov’s inequality gives then, for any A such that the
Laplace transform of T is well defined :

£V = LED v < B(T* > 1) < e ME[7].

Thus, if we manage to stochastically bound the coupling time of two stochastic
billiards by a random time whose Laplace transform can be estimated, we get
an exponential bound for the speed of convergence of the stochastic billiard
towards its invariant measure.

Let us now speak about maximal coupling, a result that we will use a lot in the
proofs of our main results. Let us consider p and v two probability distributions
on R¢ with respective density functions f and g with respect to the Lebesgue
measure. Let us suppose that there exists a constant ¢ > 0 and an interval [
such that for all z € I, f(x) > ¢ and g(x) > ¢. Then, there exists a coupling
(X,Y) (called a maximal coupling) of p and v such that P (X =Y') > ¢|I|. For
more details, see for instance Section 4 of Chapter 1 of [Thorisson, 2000].

We end this part with a definition that we will use throughout this paper.

Definition 2.2.1. Let K C R? be a compact convex set.
We say that a pair of random variables (X, T') living in 9K x R™ is a-continuous
on the set A x B C 0K x R* if for any measurable A1 C A, By C B :

]P)(X S Al,T € Bl) > a]A1HB1]
We can also adapt this definition for a single random variable.
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K

Xr,

FIGURE 2.1 — A trajectory of the stochastic billiard in a set K, starting in the
interior of K

2.2.2 Description of the process

Let us now give a precise description of the stochastic billiard ((X¢, Vi)),~¢
in a set K. -
We assume that K C R? is a compact convex set with a boundary at least C'!.
Let e = (1,0) be the first coordinate vector of the canonical basis of R%. We
consider a law ~ on the half-sphere S, = {v € S! : e¢-v > 0}. Let moreover
(U, x € OK) be a family of rotations of S such that U,e = n,., where we recall
that n, is the normal vector of K at x pointing to the interior of K.

Let (nn)n>0 be a sequence of i.i.d. random variables on S, with law ~.
Given (zg,v9) € K x S', we consider the process (X, V4));»¢ living in K x S!
constructed as follows (see Figure 2.1) : -

— Ifzxg € K\OK, let (Xo, Vo) = (z0,v0) and let Ty = inf {t > 0: o + tvg ¢ K }.
For ¢t € [0,Tp) let then X; = x¢ + tvg and V; = vg. Else, i.e. if zy € K,
let T(_) =0.

— Let XTO = xg + Tovg, and VTO = UX0770.

— Let 7 = inf{t > 0: X7, +tVp, ¢ K} and define 71 = 7 + Tp. We put
X = XTO -+ tVTO, Vi = VTO fort € [To,Tl), and XT1 = XTO + TIVTO-
Then, let Vp, = UXT1 1.

— Let o = inf{t > 0: X1, +tVp, ¢ K} and define 7o = T} + 12. We put
Xy = Xp, +tVp, Vi =Vp for t € [Th,T3), and Xp, = Xy + 12V,
Then, let Vg, = UXT2 7.

— And we start again ...

As mentioned in the introduction (X7, )n>0 is a Markov chain living in 0K and
the process ((X, V1)), is a Markov process living in K x S*.

For x € OK, it is equivalent to consider the new speed in S, or to consi-
der the angle in [—g, g} between this vector speed and the normal vector ng.
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FIGURE 2.2 — Tllustration of Assumptions (H) and (A)

For n > 1, we thus denote by ©, the random variable in [fg, %] such that

TXr, 00 (MX7, ) £ Vr,,, where for x € 0K and 6 € R, 7,9 denotes the rotation
with center x and angle 6.
We make the following assumption on v (see Figure 2.2) :

Assumption (H) :
The law v has a density function p with respect to the Haar measure

on S, which satisfies : there exist J an open subset of S, containing
e and symmetric with respect to e, and pyin > 0 such that :

p(u) > pmin, forallu e J.

This assumption is equivalent to the following one on the variables (0,,),>0 :

Assumption (H') :

The variables ©,,, n > 0, have a density function f with respect to

the Lebesgue measure on [—g, g] satisfying : there exist fin > 0

and 6* € (0, ) such that :

* o*
0) > fmin, for all @ -, —.
f(0) > f, or a E[ 5 2}

In fact, since these two assumptions are equivalent, we have
Pmin = fmin and |j|: 0"

In the sequel, we will use both descriptions of the speed vector depending on
which is the most suitable.
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2.2.3 A coupling for the stochastic billiard

Let us now informally describe the idea of the couplings used to explicit the
speeds of convergence of our processes to equilibrium. They will be explained
explicitly in Sections 2.3 and 2.4.

To get a bound on the speed of convergence of the Markov chain recording the
location of hitting points on the boundary of the stochastic billiard, the strategy
is the following. We consider two stochastic billiard Markov chains with different
initial conditions. We estimate the number of steps that they have to do before
they have a strictly positive probability to arrive on the same place at a same
step. In particular, it is sufficient to know the number of steps needed before
the position of each chain charges the half of the boundary of the set on which
they evolve. Then, their coupling time is stochastically smaller than a geometric
time whose Laplace transform is known.

The case of the continuous-time process is a bit more complicated. To couple
two stochastic billiards, it is not sufficient to make them cross in the interior of
the set where they live. Indeed, if they cross with a different speed, then they
will not be equal after. So the strategy is to make them arrive at the same place
on the boundary of the set at the same time, and then they can always keep the
same velocity and stay equal. We will do this in two steps. First, we will make
the two processes hit the boundary at the same time, but not necessarily at the
same point. This will take some random time, that we will be able to quantify.
And secondly, with some strictly positive probability, after two bounces, the two
processes will have hit the boundary at the same point at the same time. We
repeat the scheme until the first success. This leads us to a stochastic upper
bound for the coupling time of two stochastic billiards.

Obviously, the way that we couple our processes is only one way to do that,
and there are as many as we want. Let us for instance describe the coupling
constructed in [Comets et al., 2009]. Consider two stochastic billiard processes
evolving in the set K with different initial conditions. Their first step is to make
the processes hit the boundary in the neighbourhood of a good x; € 0K. This
can be done after ng bounces, where ng is the minimum number of bounces
needed to connect any two points of the boundary of K. Once the two processes
have succeeded, they are in the neighbourhood of x;, but at different times.
Then, the strategy used by the authors of [Comets et al., 2009] is to make the
two processes do round trips between the neighbourhood of x1 and the neigh-
bourhood of another good 1y, € K. Thereby, if the point y; is well chosen, the
time difference between the two processes decreases gradually, while the posi-
tions of the processes stay the same after one round trip. However, the number
of round trips needed to compensate for the possibly big difference of times
could be very high. This particular coupling is therefore well adapted for sets
whose boundary can be quite "chaotic", but not for convex sets with smooth
boundary as we consider in this paper.
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A\

FIGURE 2.3 — Definition of the variables ®,, and ©,, in bijection with the va-
riables X, and V7,

2.3 Stochastic billiard in the disc

In this section, we consider the particular case where K is a ball : K = B,
for some fixed r > 0.
In that case, for each n > 0, the couple (X7, V) € 0B, xS! can be represented
by a couple (®,,,0,) € [0,27) x [—F, 5] as follows (see Figure 2.3) :
— to a position z on OB, corresponds a unique angle ¢ € [0,27). The
variable ®,, nominates this unique angle associated to X, , i.e. (r,®,)
are the polar coordinates of X7, .
— at each speed V7, we associate the variable ©,, introduced in Section
2.2.2, satisfying Assumption (H').
Remark that for all n > 0, the random variable ©,, is independent of ®;, for all
k € {0,---,n}. We also recall that the variables ©,,, n > 0, are all independent.

In the sequel, we do not care about the congruence modulo 27 : it is implicit
that when we write ®, we consider its representative in [0, 27).

Let us state the following proposition that links the different random va-
riables together.

Proposition 2.3.1. For alln > 1 we have :

Tn =2rcos(0p,-1) and P, =71+4+20,_1+ P, (2.1)

Proof. The relationships are immediate with geometric considerations. O
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2.3.1 The embedded Markov chain

In this section, the goal is to obtain a control of the speed of convergence
of the stochastic billiard Markov chain on the circle. For this purpose, we study
the distribution of the position of the Markov chain at each step.

Let &y = g € [0,27).

Proposition 2.3.2. Let (®;,),>0 be the stochastic billiard Markov chain evol-
ving on OB, satisfying assumption (H'). Let us denote by fg, the density func-
tion of ®y, forn > 1.

We have

fmin

2 9y
Moreover, for all n > 2, for all na,--- ,n, such that ny € (0,20%), and for
ke{2,--- ,n—1}, np1 € (O,min {29*; ko* — Z?:Q 77@}), we have

foutw = (75%) TLn.

n(w—@*)+¢0+an,n(7r+9*)+¢0—an] :

k=2 k=2

fél(u)z Vuele[ﬂ—9*+¢o,7r+9*+¢o].

Yu e, =

Proof. Since the Markov chain is rotationally symmetric, we do the computa-
tions with ¢g = 0.
— Casen=1:
We have, thanks to (2.1), &1 = 7 + 20 + ¢g = 7 + 20¢. Thus, for any
measurable bounded function g, we get :

We deduce :

— Induction : let us suppose that for some n > 1, fg, (u) > ¢, for all
u € [ap,by]. Then, using the relationship (2.1) and the independence
between ©, and ®, we have, for any measurable bounded function g :

E [g((I)n-I—l)] =K [g(ﬂ' + 2@n + (I)n)]

o b,
> fmincn/ :* / g(7r + 260 + x)dxdﬁ
& Jan
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Using the substitution w = 7 + 20 + z in the integral with respect to x
and Fubini’s theorem, we have :

E[g(q>n+l)]
T4+60*+by, e
2 fmincn/ﬂ /9* L1 (yrb) <0< (u-r—ay) 40 | 9(w)du,

—0*+an — 5

and we deduce the following lower bound of the density function fe,_,
of ®pyq:

f<1>n+1 (U) > fmincn

)

{_0;92*] N [;(u—w—bn),;(u—ﬂ—an)}

for all u € [m — 0* + ap, ™+ 0" + by].

When u is equal to one extremal point of this interval, this lower bound is
equal to 0. However, let n,11 € (O, min {26*; %(bn — an)}). Then the in-
tersection [—%, %] N[5 (u—m—byp),%(u—m—ay)] is non-empty, and
we have, for

u € [W_9*+an+nn+1777+9*+bn_nn—l—l] :

f‘bn+l(u) 2 fmincn Hlin {9*7 7717,24»1} — fmincn%.

The result follows immediately. O

By choosing a constant sequence for the ng, k > 2 in the Proposition 2.3.2,
we immediately deduce :

Corollaire 2.3.3. For alln > 2, for all € € (0,0%), we have

f@n(u) > (fn211n> 6n—17

Vu € Jpn = [n(m —0%) + ¢o + (n — Ve, n(m + 0*) + ¢po — (n — 1)e].

Let (Jn)n>2 defined as in Corollary 2.3.3. We put J; = Z; with Z; defined
in Proposition 2.3.2.

Theorem 2.3.4. Let (®,)n>0 be the stochastic billiard Markov chain on the
circle 9B,., satisfying Assumption (H').

There exists a unique invariant probability measure v on [0,2m) for the Markov
chain (®y,)n>0, and we have :

1. 4f 0* > 3, for allmn >0,
IP (5 € ) = vllrv< (1= fmin(20° —m)"
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2. if0* < T, for alln >0 and all € € (0,6%),

1P (@ € ) = vllry< (1—a)mo ",

where

_ no—1
ng = {MJ +1anda = (%) ’ fmin"® (2n00" — 2(ng — 1)e — 7).
Proof. The existence of the invariant measure is immediate thanks to the com-
pactness of 0B, (see |Ethier et Kurtz, 1986]). The following proof leads to its
uniqueness and the speed of convergence.

Let ((®n,01)),50 and ((®5,,0,))n>0 be two versions of the process described
above, with initial positions ¢g and ¢y on 9B,

In order to couple ®,, and ®,, at some time n, it is sufficient to show that the
intervals J, and J,, corresponding to Corollary 2.3.3 have a non empty intersec-
tion. Since these intervals are included in [0, 27), a sufficient condition to have
TIn N T # & is that the length of these two intervals is strictly bigger than 7.

Let € € (0,60%). We have )
|J1|= | |= 267,
and for n > 2, }
|Tn|= |Tn|= 200" —2(n — 1)e.
Therefore the length of 7, is a strictly increasing function of n (which is intui-
tively clear). )
— Case 1: 6* > T. In that case we have |Ji|= |J1|> 7. Therefore we can
construct a coupling (@1, @1) (see the reminder on maximal coupling in

Section 2.2.1) such that we have, using Proposition 2.3.2 :
fmin

2

f r;in2(29* — )

= fmin (20" — 7).

IP’<<I>1 - <i>1> >

j1ﬂj1‘

>

— Case 2 : §* < 5. Here we need more jumps before having a positive
probability to couple ®,, and ®,,. Let us thus define

ng =min{n > 2:2n0* —2(n —1)e > v} = {QETH*_QZ)J + 1.

Using the lower bound of the density function of ®,,, obtained in Corol-

lary 2.3.3, we deduce that we can construct a coupling (@no, (i)no) such
that :

~ f .\ "o
P (q)no _ (I)no) > ( r;m) gno—1
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N
> (fI;m> 0712 (2n00* — 2(ng — 1)e — )

- (%)no_l (fmin)"® (2n00" — 2(ng — 1)e — 7).

To treat both cases together, let us define

m—2¢

[VE]

and

* g\mo—1 m *
o= fmin(29 — 7T)19*>g + (5) (fmin) 0 (2m00 — 2(m0 — 1)5 — 7T) 19*§%'

Since our processes (®,)n>0 and (‘i)n)nzo are Markovian processes, once they
are equal, we can let them equal afterwards. And then we get :

IB(@ €)= vliry <P (@, # &,)
<P <‘1>Lm’—;Jmo a q’Lm’—;Jmo)

<(1-a)m

2.3.2 The continuous-time process

We assume here that the constant 8* introduced in Assumption (H') satisfies

2
0 € <;,7r) .

This condition on 6* is essential in the proof of Theorem 2.3.7 to couple our
processes with "two jumps". However, if 0* € (O, %”] we can adapt our method
(see Remark 2.3.9).

Notation : We define a sequence (Sy,)n>0 of random times by
So=0 andforn>1, S,=1T,—1Tp.

By this way, we avoid the presence of the time Ty in the computations, and the
law of the random time S, is the law of the instant of the n'® bounce, when
starting on the boundary of B,. If Ty = 0, that is if the process starts on the
boundary of B,, then (Sy,)n>0 = (Tn)n>0-

We observe that thanks to the rotational symmetry of the process, for all

m,n,p > 0 we have the following equality in law : Sy 4m — Sm £ n £ ntp—Ip.
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Proposition 2.3.5. Let ((X¢,V4));> be the stochastic billiard process in the
ball B, satisfying Assumption (H') with 0* € ( 3 ,7r)

We denote by fs, the density function of Sa. Let n € (0, 2r (1 — cos (%))) We
have

fsy(x) >0 for all x € [4r cos <02> +n,4r — ),

where
212 0* 0* n n
§= —min i JY )+ ). (1_7> (2.2
— (92 ] mln{ 5 ~arccos <cos ( 5 > + 27“) arccos o (2.2)
Proof. If the density function f is supported on [ 92*, 92* ], it is immediate to

observe that 47 cos ( ) < S5 < 4r. But let us be more precise.

Let g : R — R be a bounded measurable function. Thanks to (2.1) we have
Sy = 2r (cos(©g) + cos(©1)) with Oy, 01 two independent random variables
with density function f. Therefore, using Assumption (H’) we have :

E[g(S2)] = Eg (2r (cos(©0) + cos(01)))]
> 2 [ i / : g (2r (cos(u) + cos(v))) dudv

- / / (2r (cos(u) + cos(v))) dudv.

The substitution x = 2r (cos(u) + cos(v)) in the integral with respect to u gives
then :

2r(1+cos( 1
(52)] > 4 dzdv.
E [9(52)] fmm/ /2 (cos( +cos(»u)g(x)27“sm (arccos (£ — cos(v))) o

Fubini’s theorem leads to

E[g(S2)] > 251“1 /44002 / \/1 — cos(v))”

1——1<cos(v)<——cos( )d'U) ()dm

We then deduce a lower-bound for the density function of S5 :

2f§nn
felo) = / \/ 1- — cos(v ))2

1 dvl

—1<cos(v)< 5= —cos( o )

(4r cos( ) 4r> :
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Let x € (4r cos (%) ) Cutting the interval (4r cos ( ) 4r) at point
2r (1 + cos (%)), we get :

2.
Joal@) 2 T ac(areos() r (1eos()]

7 1
51 -1 <con()< g —cos(5 ) 1V
V1 (£ —cos(v)
22,
+ 2/ min o*
. xe[2r(1+005(7))74”")
/ 2 1%—1<Cos(v)<%—cos(%)dv
\/1 £ — cos(v))
_ 2fr%11n1

- a:e(4rc*08( 5 ):2r (14cos(%))]

2 1

dv
arccos(;—cos(%)) \/1 — (% — COS(’U))Z

I%lin achcos(2 —1) 1
+7"/0 \/1 G _Cos(v))zdlee[%(l-ﬁ—cos(e;))747”)'

2r

Then, for v € (arccos( 5 — COS (92*)) , 92 ) we have cos(v) < &= — cos (%), and

for v € (0,arccos (2 — 1)) we have cos(v) < 1. We thus have :

fs,(z) > 7&?&‘%) <92* — arccos (29? — cos (f))) Lie(arcos( %) 2r(14cos(%))]

2f2. arccos (2£ 1)

Toia-3)

27“ 1+cos( )) 47")

We can observe that the lower bound of fg, is strictly positive for
(4r cos (9*) ) but is equal to 0 when x is one of the extremal points of
thlb interval. Let us therefore introduce n € (0 2r (1 — cos ( ))) We have :

— for z € [47‘605( ) +n,2r (1+ cos (02*))] we have

o (7 - ares (5 -0 (7))
— =\ | 5 —arccos | -— —cos | -
rsin (7) 2 2r 2
2 * 4 o* *
rsin (7) 2 2r 2
2 * 3
= %% <H — arccos (cos (9) + 77>>
rsin (7) 2 2 2r
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—forxG[Qr(l%—cos( )) 4r — ]Wehave

dr—
2y, arccos (£ 1) _ 273, weees (5 - 1)
r z(1- ) r \/QT(HCOS(G;)) (1 B (Hzos(z)))
T T
C2f2 arccos (1 — 34)

T cos (%)) (1 cos (%))

92 2
= % arccos (1 - i)
Tsm(z) 2r

The result follows then immediately.
O

Notation : For x € 9B,, we denote by ¢, the unique angle in [0,27) des-
cribing the position of z on 9B,. Moreover, we write @ for the position of the
Markov chain after n steps, and that started at position xz on 0B,.

Let us remark that thanks to the rotational symmetry of the process in the disc,
we do not have to take care of the starting position on 0K when we look at the
inter-jump times.

Proposition 2.3.6. Let ((Xt,‘/}))tzo be the stochastic billiard process in B,

satisfying Assumption (H') with 6* € (2%, 7).

Foralle € (0, ﬁ) the pair (9%, S2) is %:fz‘ﬁ-contmuous on (py—0*+4e, pp+
* — 4e) x (4r cos ( ) 4r cos (% —¢)) for all z € OB,

Proof. By symmetry of the process, it is sufficient to prove the lemma for
x € 0B, such that ¢, = 0, what we do.

Lete € (0, %*)7 A C (—0*+4e,0*—4¢e) and (r1,72) C (2r cos ( -, 2r cos (% —¢)).
Let us recall that ®) = 207+20; and Sy = 2r(cos(Og)+cos(01)), where Og, O1
are independent variables with density function f. We thus have :

]P)( S A, S € (7”1,7‘2))
=P (200 +20; € A, 2r(cos(0g) + cos(©1)) € (r1,r2))

5
/7T / . 12“""2"’614lcos(u)—&-cos(v)e(r—l Q)f(u)f(v)dUdv
272

2r 7 2r

0* 0*

2 2 2
L B

2 2

Let us consider
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We have
_@@QC AN
17 g 2° 2| |

|det Jacy| = =

and

With this substitution, and using Fubini’s theorem, we get :

P (‘I)O S A Sy € (7‘1,7“2))

> fmm/;/_ er COb(iU)cos(y)e(ﬁ r2)2dxdy

2 T
_4fmin/_9*/0 1cos(x)cos(y)e(""1 V“Q)dy]. Adl‘.

We now do the substitution z = cos(z) cos(y) in the integral with respect to

%%

P ((I)g € A, SQ S (7"1, 7"2))

o*

> 412 / ) /COS(I) 1 _ dz1 dx
min ror2 A
% cos(%) cos(x) Z€(47' ’47') cos? (l‘) — 22 7€

> 4f2 94*/008() 1 LI
i 1 2\ T e dZ AdT
el min 7% cos(%) (@) z€(4fl 472)811’1 (%) HASH
4 2 ——5 cos( 2
= fmeln / / ( )lzé(rl Tz)dZ]_ adx
Sin ( i ) _ﬂ_i_a COS(%) 4r4r
2

= —H__(ry — 1) |A],
47“8111(94)(2 D14

where we have used for the last equality the fact that A C [—0* + 4e, 0" — 4¢)
and (r1,72) C (4rcos (&), 4rcos (4 —¢)).

This ends the proof. O
) Let us fix n € (0,7 (1 — 2cos (92*))) and € € (0, WT_”) (the condition 6* >

% ensures that we can take such 7 and ¢).
Let us define

0* 0*
h = 4r (1 — CoS <2>) —2n—2r=2r (1 — 2cos <2>) -2n>0 (2.3)

and
a= in (40" — 2w — 16¢)4r <cos <9* 5) cos <6*>>
— Jmin__ —or LA 7
2r sin (9 ) 4 4

= sifl(%éf) (40" — 27 — 16¢) <cos <i* - 5> — cos <94>) (2:4)
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Theorem 2.3.7. Let ((X¢, V}i)),>o be the stochastic billiard process in B, satis-
fying Assumption (H') with 6* € (%’r,ﬂ).

There exists a unique invariant probability measure x on B, x S! for the process
((Xt, V2))>0-

Moreover let n € (0,7 (1 — 2 cos (%))) and ¢ € (0, 29*8_”). For allt > 0 and all
A < Ay we have

IP(X: €, Vi€:) = xllrv< Cre™™,

where
) 1 1 —(1=38h) ++/(1 = 5h)2 + 45h(1 — a)
)\M_mm{élr 10g<1—5h> 47 k’g( 25h(1 — ) ‘
(2.5)
and

adhelorr
1—e* (1 —6h) —e8Moh(l —a)’
with §, h and « respectively given by (2.2), (2.3) and (2.4).

Cy=

Remark 2.3.8. The following proof of this theorem is largely inspired by the
proof of Theorem 2.2 in [Comets et al., 2009].

Proof. The existence of the invariant probability measure comes from the com-
pactness of the space B, x S!. The following proof shows its uniqueness and
gives the speed of convergence of the stochastic billiard to equilibrium.

Let ((X¢,Vi))ss0 and ((X¢, V4))i0 be two versions of the stochastic billiard with
(X0, Vo) = (z0,v0) € B x St and (XO,%) = (Zo,70) € B, x St. We are going
to construct these two processes until they become equal.

We recall the definition of Ty and T} :

To=inf{t > 0:zg+tvg ¢ K}, and Ty =inf{t >0: Zg +tiy ¢ K}.

We are going to couple (X;,V;) and (Xy,V;) in two steps : we first couple the
times, so that the two processes hit 9B, at a same time, and then we couple
both position and time.

Step 1. Proposition 2.3.5 ensures that Sy and Sy are both 4-continuous on
[4r cos (%) + n, 4r — n]. Therefore, the variables T» and T3 are d-continuous on
[To + 4r cos (%) +n,To + 4r — n| N [Ty + 4r cos (%) +n,To + 4r — n], with
[Ty + 4rcos (%) +n,To +4r —n] N [To + 4rcos (%) +n.To +4r — )| > h
since [Ty — To|< 2r. Note that the condition 6* > %’r has been introduced to

ensure that this intersection is non-empty.
Thus, there exists a coupling of T» and 75 such that

P (El) > (Shv

where

E, = {T2 :T}}.
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On the event F; we define Tc1 =1T5.

On the event EY, we can suppose, by symmetry that Tp < Ty. In order to try
again to couple the hitting times, we need to begin at times whose difference is
smaller than 2r. Let us thus define

mlzmin{n>2:Tn>TQ} and mp = 2.

Tmy — Tii,

We then have, by construction of m; and my, < 2r. Therefore, as

previously, there exists a coupling of T}, 12 and Tm1+2 such that
P (E2|EY) = 6h,

where .
Es = {Tm1+2 = Tm1+2} .

On the event E¢ N Ey we define T} = Ty, 4o
We then repeat the same procedure. We thus construct two sequences of stopping
times (myg)r>1, (Mi)k>1 and a sequence of events (Ej)g>1, with

Ep = {ka71+2 = kafﬁr?} )

satisfying
P(Ex|EfN---NE;_;) > 6h.

On the event ES N ---N ES_ | N Ey we define T} = T, 2. By construction, T}
is the coupling time of the hitting times of the boundary.

Since the inter-jump times are directly linked to the speeds of the process, and
thus to its positions, we can construct both stochastic billiards (X, V;) and
(X,,V;) until time T}, and along with T}

We observe that by this construction of T}, we have

Gl
T! <aTo+» S (2.6)
=1

with G* ~ G(6h) and S™!, [ > 1, independent random times with distribution
fs,, and independent of G*.

Step 2. Let us now suppose that T}, ((Xtvvt))ogthf and ((X, %))OStSTf are
constructed as described above, .
We define y = X1 and y = XT1 which are by construction of T} on 9B,. We
also define N! = min {n > 0: XTn =y}, which is deterministic conditionally to
T}
Proposition 2.3.6 ensures that the couples (XT 1, ,TN1+2 — TN;> and

~ ~ ~ 2
<XTN(}+2’TNCI+2 — TNC1> are both ﬁ—contlnuous on the set

4
((soy—e +de, oy + 0" —de) N (p — 0" + de, 5 + 0" — 4e))
(4rcos( ) 47"005(94 5)),With
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|(py — 0" +4e,py + 0% —4e) N (g — 0" +4e, o5 + 6% — 4e)| > 40* — 21 — 16¢
(let us mention that these intervals are seen in [0, 27]/(27Z) since they are
intervals of angles). Note that the condition * > 2% implies in particular that
the previous intersection in non-empty.

Therefore we can construct a coupling such that

P (F]E‘f N NES, ﬂENcl,Tcl) > a,

where

F= {XTN01+2 = Xr,, and Ty, =Ty, +2}.
On the event F' we define T.. = Tiy1,9, and we construct ((Xt, Vt))Tclgthc and
(X:, %))TQStSTC along with the coupling of (XTN61+27TN61+2) and (XTNCl+2,TNC1+2).
If F' does not occur, we can not directly try to couple both position and time

since the two processes have not necessarily hit 0B, at the same time. We thus
have to couple first the hitting times, as we have done in step 1.

Let us suppose that on (Ef N--NEG_; N EN&) NF€, we have Ty1 9 < TN}+2

(the other case can be treated in the same way thanks to the symmetry of the
problem). Let us define

szin{n>Ncl+2:Tn>TNC1+2} and g:NCl—}—Q

We clearly have )T v — TE‘ < 2r. Therefore, we can start again : we try to couple

the times at which the two processes hit the boundary, and then to couple the
positions and times together.

Finally, the probability that we succeed to couple the positions and times in
"one step" (Step 1 and Step 2) is :

P((kgl (Efn---NE;_, mEk)> mF>

=P F E{n---NES FE P Efn---NES E
< kLZJl( 1N NEL_1N k)) <kLZJ1( 1N NEE_1N k))
=P(F|U (ESN---NES  NE

( kzl( ! k=1 k)>
>«

Therefore, the coupling time T of the couples position-time satisfies :

G Gk
IEITT ol P
k=1 =1
where G ~ G (a), G, G?,--- ~ G (6h) are independent geometric variables, and
(Sk’l)k I>10 (Sk)k>1 are independent random variables, independent from the
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geometric variables, with distribution fg,.

Let A € (0,A\pr), with A\ys defined in equation (2.5). Since all the random va-
riables S*! and S*, k,1 > 1, are almost surely smaller than two times the dia-
meter of the ball B,., and since Tj is almost surely smaller than this diameter,
we have :

[ G Gk
< MTE |exp ()‘Z Zsk,l L gk

k=1

— A2t ﬁ AAr(GF41) }] ‘

Now, using the expression of generating function of a geometric random variable
we get :

G
< MR H( Hexp (Mr) | exp (Mdr)
E (e

G 00
P (T > t) < A= [H <Z e4,\r(l+1)5h(1 . 6h)ll>]

k=1 \l=1
r G
_ Aerp el
1 — e (1 —6h)
_ e)\(QT_t) aeg)""cSh 1

1— (1= 6h) 1—%((11:%

xt aelO)\réh
1 —e* (1 —6h) —eSMin(l —a)’

=e

This calculations are valid for A > 0 such that the generating functions are
well defined, that is for A > 0 satisfying

SMEh(1 — a)

4Ar1
e (1 —-6h) <1 and = ot (1= oh)

<1.

The first condition is equivalent to A < 4*17« log (ﬁ)

The second condition is equivalent to 6h(1—a)s?+(1—6h)s—1 < 0 with s = .
It gives s1 <s<82withslz%ﬂ<0and32:%>1where
A = (1—6h)? +46h(1 — @) > 0. And finally we get A < L log (s2).

Therefore, the estimation for P (T > t) is indeed valid for all A € (0, Aps). The
conclusion of the theorem follows immediately.

O
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Remark 2.3.9. If 6* € (0, %’r], Step 1 of the pr00~f of Theorem 2.5.7 fails :
the intervals on which the random variables Sy and Ss are continuous can have
an empty intersection. Similarly, in Step 2, the intersection of the intervals
on which the couples (XTN&+2,TNCI+2 — TN3> and (XTN&H,TNCMFQ — TN3> are
continuous can be empty depending on the value of 6*.

However, instead of trying to couple the times or both positions and times in two
Jumps, we just need more jumps to do that. Therefore, the method and the results
are similar in the case 0% < %’r, the only difference is that the computations and
notations will be much more awful.

2.4 Stochastic billiard in a convex set with bounded
curvature

We make the following assumption on the set K in which the stochastic
billiard evolves :

Assumption (K) :

K is a compact convex set with curvature bounded from above by
C < oo and bounded from below by ¢ > 0.

This means that for each x € K, there is a ball By with radius % included in
K and a ball By containing K, so that the tangent planes of K, B; and By at x
coincide (see Figure 2.4). In fact, for € 0K, the ball By is the ball with radius
é and with center the unique point at distance % from x in the direction of

ng. And By is the one with the center at distance % from x in the direction of n,.

In this section, we consider the stochastic billiard in such a convex K.
Let us observe that the case of the disc is a particular case. Moreover, Assump-
tion (K) excludes in particular the case of the polygons : because of the upper
bound C on the curvature, the boundary of K can not have "corners", and
because of the lower bound ¢, the boundary can not have straight lines.

In the following, D will denote the diameter of K, that is

D = max{||z — y||: z,y € 0K }.

2.4.1 The embedded Markov chain

Notation : We define [, , = £ l,y » and we denote by ¢, , the angle

o=yl = —
between [, ,, and the normal n, to K at the point x (see Figure 2.5).

The following property, proved by Comets and al. in [Comets et al., 2009], gives
the dynamics of the Markov chain (X7, ),>0 defined in Section 2.2.2
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FIGURE 2.4 — Illustration of Assumption (K)

FIGURE 2.5 — Definition of the quantities ¢, , and [, , for z,y € 0K
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Proposition 2.4.1. The transition kernel of the chain (X, )n>0 15 given by :

P (XTn+1 € AlXp, = a:) = /AQ(:L',y)dy

where _—
vzl_ '1:7 COS 7'T
|z =yl

This proposition is one of the main ingredients to obtain the exponentially-
fast convergence of the stochastic billiard Markov chain towards its invariant
probability measure.

Theorem 2.4.2. Let K C R? satisfying Assumption (K) with diameter D. Let
(X7, )n>0 be the stochastic billiard Markov chain on 0K verifying Assumption
(H).

There exists a unique invariant measure v on 0K for (X1, )n>0-

Moreover, recalling that 6* = |J| in Assumption (H), we have :

1.if 6 > 9K for alin >0,

80* n-l
IP (X7, €)= v|lrv< | 1 = Gmin o |OK | ;

2. if 0 < C‘Zm, foralln >0 and all € € (0, %),

IP(Xg, € ) —vllpv< (1—a)mo !

where
0 42, — 2¢
40* 2n09*

d a=(—)""""gmn"™ (4 — (ng —1)e | — |0K
and o= () (4 (25" - (o - 1) - joxc))

with .

_ Cpmin cos (%)

len— C_D .

Proof. Once more, the existence of the invariant measure is immediate since
the state space 0K of the Markov chain is compact. The following shows its
uniqueness and gives the speed of convergence of (X7, )n>0 towards v.

Let (X7, )n>0 and (XTn)nZO be two versions of the Markov chain with initial
conditions xg and Zy on JK. In order to have a strictly positive probability to
couple X7, and XTn at time n, it is sufficient that their density functions are
bounded from below on an interval of length strictly bigger than WQ—K‘ Let us
therefore study the length of set on which the density function fx, of Xr, is
bounded from below by a strictly positive constant.
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x

FIGURE 2.6 — Worst scenario for the length of h,(U,J)

Let x € OK. For v € S,, we denote by h,(v) the unique point on K seen from
x in the direction of v. We firstly get a lower bound on |h,(U,J)|, the length
of the subset of 0K seen from x with a strictly positive density.
It is easy to observe, with a drawing for instance, the following facts :

— |he(UpJ)| increases when ||z — hy(n;)|| increases,

— |he(UzJ)| decreases when the curvature at hy(n;) increases,

— [he(UzJ)| decreases when [py, (n,),»| increases.
Therefore, |hy (U, J)| is minimal when ||z —hg(ng)|| is minimal, when the curva-
ture at hy(n,) is maximal, and then equal to C, and finally when ¢y, (). = 0.
Moreover, the minimal value of ||z — hy(ng)]| is % since C' is the upper bound
for the curvature of 0K. The configuration that makes the quantity |hy(UzJ)|
minimal is thus the case where x and h,(n,) define a diameter on a circle of dia-
meter Z (see Figure 2.6). We immediately deduce a lower bound for |hg (U7 )| :

2 40*

> 20" x = =
|ha (U T )| > 20 x - c

This means that the density function fXT1 of X7, is strictly positive on a

subset of K of length at least %.

Let now € € (O, %) As it has been done in Section 2.3 for the disc, we can
deduce that for all n > 2, the density function fx, is strictly positive on a set
of length at least 2nf*2 — 2(n — 1)e = 22~ — 2(n — 1)e.

Let us define, for z € OK and n > 1, J;* the set of points of 0K that can be
reached from z in n bounces by picking for each bounce a velocity in J.

We now separate the cases where we can couple in one jump, and where we need
more jumps.

— Case 1: 6* > %. In that case we have, for all z € 9K, | T}|> % >

m—f', and we can thus construct a coupling (X7,, X7, ) such that :

P (XT1 = XT1> > Guin | Ty N T2y
(419K
- qmln C 2
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FIGURE 2.7 — Illustration for the calculation of a lower bound for cos (¢ ) with
a € 0K and b € ho(UyJ)

80"
= gmin — — |OK )
)

where g¢min is a uniform lower bound of Q(a,b) with a € 0K and b €
ha(UaJ), i.e.

in < i b).

Imin = oK beha(Ua7) @(a;0)

Let us thus give an explicit expression for ¢min. Let a € 0K and b €
ha(UaJ). We have

Q(a.p) > Lo oS (Fra)

D
We could have cos (¢p,) = 0 if a and b were on a straight part of 0K,
which is not possible since the curvature of K is bounded from below
by c. Thus, the quantity cos(¢p,) is minimal when a and b are on a
dc

part of a disc with curvature c. In that case, cos (o) = %, where § is

the distance between a and b (see the first picture of Figure 2.7). Since

2005(%) .
b € ho(UgJ), we have 0 > Opin 1= o (see the second picture of
Figure 2.7). Finally we get

0*
€Pmin €OS (5
Q(aa b) > mmc,l)(Q) = 4min-
— Case 2:0* < %. In that case, we need more than one jump to couple
the two Markov chains. Therefore, defining

nozmim{nZQ:429 —2(n—1)5>8K}: \\”J +1,

2 42* — 2
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we get that the intersection J;0 N ja%o is non-empty, and then we can
construct Xr, ~and XTnO such that the probability P (XTnO = XTno is

strictly positive. It remains to estimate a lower bound of this probability.
First, we have

jﬁ)o N j%;o

C
2n0*
—4 ( ”g — (no — 1)5) — |0K].
Moreover, let € {xq,Zo} and y € J;1° N jgoo. We have :
Q" (x,y)
N
) e U T) Jhe, (UL L)

Q(x,21)Q(21, 22) - - - Q(2ng—1,y)dz1dza - - - dzpy—1

no

> 9 (4"00 — 2(ng — 1)e — \3;(>

4"

> ()

Gmin
We thus deduce :

40*

P (= K1) 2 (1 |00

> (g (1 (28— (no — 1)) ~ ok ).

We can now conclude, including the two cases : let us define
mo = 19*>C|ZK\ + ﬂ +1 19*§C|ZKI

86*
& = Qmin (C — ‘8K’> 19*>C\¢ZK|

40 (2meb”
+ g a2 — (g~ 1)) - 0K1) 1, g

and

We have proved that we can construct a coupling (XTm07XTm0> such that
P (XTmO = XTm()) > «, and then we get

IP (X7, €)= vllpv< (1—a)m '
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2.4.2 The continuous-time process

In this section, we will work in the case | J|= 6* = 7.

Notations : We still use the following notation, already introduced in the case
of the disc :
So=0 and forn>1, S,=1T,—T.

Moreover, for x € K, we write S; an X§ respectively for the n'™® hitting time
of 0K and the position of the Markov chain after n steps, and that started at
position x € 0K.

Thereby, we have the following equalities : L(Xg ) = L(Xr,|X1, = 7) and
L(SE) = L(T, —To| X7, = x).

Proposition 2.4.3. Let K C R? satisfying Assumption (K). Let (X1, Vi))>0
the stochastic billiard process evolving in K and verifying Assumption (H) with
|T]= .

For all x € OK, the random time ST, which is the first hitting time of 0K when
starting at point T, 1S Cpmin-continuous on [0, %]

Proof. Let z € OK. Let us recall that the curvature of K is bounded from
above by C, which means that for each x € 9K, there is a ball B with radius
% included in K so that the tangent planes of K and By at x coincide. Therefore,
starting from x, the maximal time to go on another point of K is bigger than
% (the diameter of the ball By).

That is why we are going to prove the continuity of ST on the interval [0, %]
LetthusOSrSRS%.

Let © be a random variable living in [—%, g] such that the velocity vector
(cos(©),sin(0)) follows the law ~.

The time ST being completely determined by the velocity Vz, and thus by its
angle with respect to n,, it is clear that there exist —% <O <0 <63<0, < g
such that we have :

]P)(Sf € [T‘, R]) = ]P)(@ € [91,92] U [93,94]) .

Then, thanks to Assumption (#) on the law v, and since we assume here that
|7|= m, the density function of O is bounded from below by ppin on [—g, g]
It gives :

]P)(Slx € [7’, R]) > Pmin (92 _91 +04 — 93) .

Moreover, since the curvature is bounded from below by ¢, there exists a ball
By with radius % containing K so that the tangent planes of K and By at x
coincide. And it is easy to see that the differences 65 — 01 and 0, — 0, are larger
than the difference ag — a7 where a7 and a9 are the angles corresponding to
the distances r and R starting from = and to arrive on the ball Bs.

The time of hitting the boundary of Bs is equal to d € [O, %} if the angle
between n, and the velocity is equal to arccos (%l) We thus deduce :

P (ST € [r, R]) > 2pmin (arccos (%) — arccos (?))
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cr  cR
> 2pmin 5 7
= PminC (R - T) y

where we have used the mean value theorem for the second inequality.
O

Let us introduce some constants that will appear in the following results.
Let 8 > 0 and § > 0 such that @ —max{26; 5+ 6} > 0.
Let € € (0, min{/; %}) such that h > 0 where

5 (Be)?
h_D<2) —eM, (2.7)

M:2<11+1+C>. (2.8)

with

o—¢ PB-e

Let us remark that M is non decreasing with ¢, so that it is possible to take
€ small enough to have h > 0.

Proposition 2.4.4. Let K C R? satisfying Assumption (K) with diameter D.
Let ((X¢,Vi))y>q the stochastic billiard process evolving in K and verifying As-
sumption (H) with |J|= .

Let x,2 € OK with x # .

There exist Ry > 0, Ry > 0 and J* C 0K, with |J*|< he, such that the couples
(X5,,55) and (X;:Q,S'g) are both n-continuous on J* X (Ry, Rg), with

_ 1 7epmin\2 (1
1=5(%p") <cs)(55)'
Moreover we have Ry — Ry > 2 (he — |J*|).

Remark 2.4.5. The following proof is largely inspired by the proof of Lemma
5.1 in [Comets et al., 2009/.

Proof. Let x,% € OK, © # Z. Let us denote by A,z the bisector of the segment
defined by the two points x and Z. The intersection A,z N JK contains two
points, let us thus define  the one which achieves the larger distance towards x
and Z (we consider this point of intersection since we need in the sequel to have
a lower bound on ||z — g|| and [|Z — gl|).

Let t € I — g(t) be a parametrization of 0K with g(0) = g, such that ||¢'(¢)||= 1
for all t € I. Consequently, the length of an arc satisfies length(g)s ) = |[g(t) —
g(s)|| = |t — s|. We can thus write I = [0, |0K]], and ¢g(0) = ¢g(|0K|). Note that
the parametrization g is C? thanks to Assumption (K).

In the sequel, for z € K, we write s, (or t,) for the unique s € I such that
g(s) = z. And for A C 0K, we define I, = {t € I : g(t) € A}.

Let us define, for s,t € I and w € {x,Z} :

pu(s,t) = [[w = g(s)[[+llg(s) = g(@)]-
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Lemma 2.4.6. There exists an interval If s C I, satisfying \I§6|< he, such
that for w € {z,z} :

05w (s,t)[> h,  fors€ By and t € I,
where By = {s € I;[s — sg|< e}.

We admit this lemma for the moment and prove it after the end of the
current proof.
Let us suppose for instance that dspy(s,t) is positive for s € By and t € I% 5,
for w = x and w = Z. If one or both of dsp,(s,t) and sz (s,t) are negative,
we just need to consider |p,| or |pz|, and everything works similarly.
We thus have, by the lemma :

Ostpw(s,t) > h, forse€ By and t€ I,
Let us now define :

r1 = sup inf @,(s,t) and 7o = inf sup @.(s,t)

tels s 5€By tels 5 seBg
and
1= sup inf pz(s,t) and 7= inf sup pi(s,?).
ter; ; 5€By Lel; 5 se B

Since s > @z (s,t) and s +— pz(s,t) are strictly increasing on B for all ¢ € 1% 5,
we deduce that, considering By as the interval (s1, s2),

71 = sup ¢z(s1,t), r2= inf pu(s2,?)
tery s telp s

1= sup pi(s1,t), 2= inf pz(s2,t).
ters tels s
Lemma 2.4.7. We have r1 < r9 and 11 < r3.
Moreover, there exist Ry, Ro with 0 < Ry < Ra satisfying Re — Ry > 2(he —
115 1), such that (r1,m2) N (r1,72) = (R, R2).

We admit this result to continue the proof, and will give a demonstration
later.
We can now prove that the pairs (X 5095 ) and (X §2> S%) are both n-continuous
on If 5 X (R1, R2) with some 7 > 0 that we are going to define after the com-
putations.
We first prove that (X§2,S§) is 7)-continuous on I ; X (r1,72). By the same
way we can prove that (Xi, 5’5) is n-continuous on I 5 X (71,72). These two
facts imply immediately the continuity with (Ry, R2) since the interval (R;, R2)
is included in (r1,72) and (71, 72).
Let (u1,u2) C (r1,r2) and A C 1575. We have :

P (XE, € 4,55 € (w,w)) > /1 | Q@ 9()Q9(5), 90 L 5.0 ) s
APy
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FIGURE 2.8 — Upper bound for the distance |w — g||, w € {z, Z}

Let s € B; and t € Ij;. We now give a lower bound of Q(z,g(s)) and
Qg(s),9(1)).

Proposition 2.4.1 gives :

T $)) = p(Um_llx,g(s)) COS (Sog(s),m)
Qw96 = =1, =5

> CPmin l —e),

- 2D \C
where we have used the same method as in he proof of Theorem 2.4.2 (with
Figure 2.7) to get that cos (gog(s)’z) > w, and then the fact that ||z —

g(s)|[= & — e. Let us prove this latter. With the notations of Figure ??, by
—7 2 _
Pythagore’s theorem we have, for i € {71,%2}, |7 — 9|/*= (LQQUU + [lu — g]|2.

Moreover, since the curvature of K is bounded by C, it follows that |71 —72||> 2,
and then max{||u—g[[; [u—72(|} > &. We deduce : max{||z—a[; |[z—7(} > &.
Therefore, by the definition of 7, we have ||z —g[|> &. Thus, the reverse triangle
inequality gives, for s € B, ||z — g(s)[> % — €.

By the same way, since ||g(t) — g(s)||> 5 — ¢, we have :

Q(9(s),9(t)) = (B—e).

CPmin
2D

Therefore we get :

IP (ng € A? S% € (u17u2)) Z a/ / 1@z(s,t)€(u1,u2)d8dt7
Ig 5

a= (cg“l;“)Q(é—g) (B—e). (2.9)
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Let us define, for t € IZ; 5"

My (ug,uz) == {S € B} : pu(s,t) € (ul,u2)}.

Using the fact that s — (s, ) is strictly increasing on Bg for t € IE 5 we get
(01 (s,t) stands for the inverse function of s — . (s,t)) :

| Myt (u1,u2)| = ‘{s €B;:s€ ((pgl(ul,t), go;l(ug,t))}‘
= ’(51’52) n (‘p;l(ulvt)a@z_l(u%t))‘ :

By definition of 71 and r9, and since (u1,u2) C (r1,72) we have :
pu(s1,t) <7 <wuyp and  pp(se,t) > 1o > ug,
and since s — @z (s,t) is strictly increasing :
51 < (pgl(ul,t) and  s9 > <p;1(uQ,t).
Therefore we deduce :

| Myt (ur,u2)| = | (0 (1, 1), 05 " (u2, 1))

= |§0;1 ((uh u2)7 t)‘
1

> §(U2 —uy).

For the last inequality we have used the following property. Let ¥ : R — R a

function. If for all = € [a1, as] we have ¢1 < /() < ¢g with 0 < ¢1 < ¢2 < 00,

then for any interval I C [1(a1),%(az)], we have c; ' |I|< [~ H(I)|< ¢ ).

In our case, the Cauchy-Schwarz inequality gives s, (s,t) < 2 (see Equation

(2.10) for the expression of Js¢p.(s,t)).

Finally we get, with a given by (2.9) :

1
P (X%, € A, 55 € (u1,u2)) > a/ 5('&2 —up)dz
A
a
= 5 (uz —u1)|A],

2

which proves that (XgQ, S%) is %-continuous on I5 5 x (T1,T2).
Thanks to the remarks before, the proof is completed with n = § and J = IE, 5
O

Let us now give the proofs of Lemma 2.4.6 and 2.4.7 that we have admitted
so far.

Proof of Lemma 2.4.6. We use the notations introduced at the end of the proof
of Proposition 2.4.4.
We have, for s,t € I :

e g -a)
Ouipuls: 1) <||g<s>—w||+ug H’g()>' (2.10)
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By the definition of g, we note that ¢’(s) is a director vector of the tangent line
of 0K at point g(s).

It is easy to verify that for w € {z,Z}, there exists a unique ¢t € I\ {sy} such
that

Ospuw(sy,t) = 0. (2.11)

For w = x (resp. w = %), we denote by t,, (resp. t.,) this unique element of I.
With our notations we thus have g(¢,,) = 2z, and g(t,.) = 2z.
Let w € {z,z}. We have :

DO0spu(s,t) = O (<||g(s) g@®)|’ gle )>>
1 /
~m g O SO

<Mvg’<t>><uiii§-§€iiu’g’<s>>)’

Let us look at the term in parenthesis. Let us denote by [u, v] the oriented angle
between the vectors u,v € R2. We have :

0960+ <||98—§8| /()><HZ§2—8H )
— —cos ([g/(£), g ()]) + cos (Ig(t) — g(s), ' (1)]) cos ([g(t) — g(s). g ()])
= —cos (Ig(1), ¢ (5)]) + 5 cos ([g (1) — g(s). g/ ()] — [9(t) — g(s). 4/ ()]
+ 5 o5 (l9() — 9(),6/ (9] + [g(0) — 9(s), ¢/ (5)])
= —cos (Ig/(1).9/(5)]) + 5 cos ([/(5).9 (1))
+ 5 cos ([o() — 9(),6/ (0] + [o(0) — a(s). ¢/ (5)])
= 5 c0s (Ig'(1), g (5)]) + 5 cos (1a(t) — g(s), ()] + [o(t) — g(5), ¢ (5)])

= —sin <; (lg(t) = g(s), g’ O] + [g(t) — g(s), 4" ()] + [g’(t),g'(8)1)> X

sin (5 (lo) = 9(5): 9/ (0] + lat) ~ 9(5). o (9] - /0.4 01
= —sin ([g(t) — g(s),4'(s)]) sin ([g(t) — g(5), 9’ (1)]) -

Therefore we get

OpOspu(s,t) = — sin ([g(t) — g(s), 9" (s)]) sin ([9(t) — g(s), g'(1)]) ,

v
lg(®) = g(s)I

and then

0105w (s, )] = : Bl [sin ([9(t) — g(s),9'(s)]) sin ([9(t) = g(5), 9'()])|

lg(t) — g(s)
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1
= a7 =@ 1% (Patonate)) <05 (2o(0.a06))|

Let t € I such that |t — s5|> [ (we recall that  is introduced at the beginning
of the section). Using once more Figure 2.7, we get, as we have done in the proof
of Theorem 2.4.2 :

|0:0s0w (5, 1) > M (520>2
- % <%>2 (2.12)

Using Equations (2.11) and Equation (2.12), the mean value theorem gives : for
t € I such that |t — sy|> S and |t —t,,|> d (6 is introduced at the beginning of
the section),

Zw

1 /Bec 2 0 [ Be 2
’aSSOw Sy7 )’ - |8590w(5y7 ) - as@w(sﬂatzw)’ 2 5 ? ‘t - tzw|2 5 ?
(2.13)
We want now such an inequality for s € I near from s;. We thus compute :

2w (s, 1)
1 g(s) —w 9(s) — g

B 1 Ol
‘wm—g@w+na@—gmu+<mwwww+wag oI (»
) -
=

_ 1 w—g(s) /(s 2_ 1 g(s) —g(t) (s 2
uw—g@w<ww—man”‘)> TOE ()H<M( ol (»

We immediately deduce, using the Cauchy-Schwarz inequality, and the fact that
lg'(s)||=1forall s €I :

|8390w(5>t)‘
DS S S ) [ S———
= Tw—g@1 T Te® - @1 T —g@N o) — 9@

<2 (o +
= =9GN o)

—mwu*c)’

where we recall that C' is the upper bound on the curvature of K.

Let now ¢ € I such that |t — sy|> 5 and |t —t,,|> 0, and let s € I such that
|s — sy|< e. With such s and t we have |t —s|> §—¢e. Moreover, we have already
seen in proof of Proposition 2.4.4 (with Figure ??) that ||w — g(s)||> & — € for
s € Bg. Therefore, for such s and ¢ :

|02 pu(s, )< 2 11 L1 i) =mso (2.14)
&—¢ B-e¢

Using once again the mean value theorem with Equations (2.13) and (2.14), we
deduce that for all ¢ € I such that |t —sz|>  and |t —t,,|> 6, and for all s € T
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such that |s — sz|< e :

§ (Bc\?
|0spw (s, t)] > ) <2> —eM =h>0.
Let us now take I3 5 C I\ {sg,t.,,t., } an interval of length strictly smaller than
he (this condition on the length of I} 5 1s not necessary for the lemma, but for
the continuation of the proof of the proposition), and such that for all ¢ € I;’é,
[t—t:,|> 6, [t—t.;|> d and [t —sy|> B. In order to ensure that I3 s is not empty,
we take 8 and ¢ such that % —max{20; 5+d} > 0. Indeed, it is necessary that
one of the intervals 7 (t,,,t..)”, " (t.,, sy)” and ”(sy, t,,)” at which we removes a
length 5 or § on the good extremity, is not empty. And since the larger of these
intervals has a length at least 8?[{, we obtain the good condition on S and §.

We thus just proved that [0spuw(s,t)| > h for s € By and ¢ € I} 5, which is the
result of the lemma. O

Proof of Lemma 2.4.7. Let us first prove that vy < ro. We do it only for r; and
rq9 since it is the same for 77 and 75. We have :

ro —r1 = inf ¢;(s2,t) — sup @u(s1,1)
tels s tely s

= Inf q(s2,t) — Inf @o(s1,t) — <Sup Pa(s1,t) — inf sox(81,t)>

tel? s s tely s 5,5

> h(sg —s1) — (Sug |3t90x(81at)|> |15 5

tEIBﬁ

2 2he — ‘IE,(S

)

and this quantity is strictly positive since |I 27 5|/< he by construction.

For the first inequality, we have used the mean value theorem twice, and for the
last inequality, we have used the fact that

SUpgers |Orpz(s1,t)| = SUPers | <%, g'(t)>‘ < 1 thanks to the Cauchy-
Schwarz inequality.

Let us now prove that the intersection (r1,72) N (71, 72) is not empty.

Let t € I[’g,é, we have :

ro — pr(sl%t) = tEHIlf ng(SQ,t) - S%(Sz%t)
B,6

= inf po(s,t) — Inf @u(sy,t) - (SOI(Syvt)_teiI}*f sow(sy,t)>

tels s 5.6 5.6
> h(s2 — sy) — |15]
= he — ’.[275’
> 0,
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once again thanks to the mean value theorem. Similarly we have

©z(s5,t) — 11 = pu(s5,t) — sup pu(s1,t)
te]é,é

= @u(s5,t) — sup @g(sy,t) — <Sup @z(51,t) — sup ‘Pz(sz%t))
tEIE,é tGI;’é tEI;y(S

> —|Ij s|+h(sy — s1)

= he — ]I;ﬁ]

> 0.

Moreover, since § € Az 3, we have ¢ (sg,t) = pz(sg,t), and we thus can prove
the same inequalities with 71 and 75 instead of r{ and rs.

Finally we thus get that the interval (Ry, Ra) = (r1,72) N (771, r2) is well defined
and

Ry — R1 > 2 (h{-: — ‘IEM) .
O

Remark 2.4.8. The fact that | J|= m is here to ensure that the process can go
from x and T to y in the proof of Proposition 2.4.4. If |J|< w, since x and &
are unspecified and y can therefore be everywhere on 0K, nothing ensures that
this path is available.

We can now state the following theorem on the speed of convergence of the
stochastic billiard in the convex set K.

Theorem 2.4.9. Let K C R? satisfying Assumption (KC) with diameter D. Let
((Xt, Vi))y>( the stochastic billiard process evolving in K and verifying Assump-
tion (H) with |J|= .

There exists a unique invariant probability measure x on K X S for the process
(X1, Vi) isor

Moreover, let us define ng and p by (2.15) and (2.16) with ( € (0, %). Let us
consider 1, Ig),é, R1, Ry as in Proposition 2.4.4 and Lemma 2.4.6, and let us
define k by (2.17).

For allt >0 and all X\ < Ay

IP(X; €, Vi €)= xllrv< Cre™™,

where
1 1 1 —(1—p)+ /(@ —p)2+4p(1l — k)
Ay = — Jog [ ——):—1
M mm{zD Og(l—p>’2D °g< 29(1 — k)
and
p/ﬁ?e5)\D

C

—1_ e2AD(1 — p) — e Dp(1 — k)’
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Proof. As previously, the existence of an invariant probability measure for the
stochastic billiard process comes from the compactness of K x S'. The following
proof ensures its uniqueness and gives an explicit speed of convergence.

Let (X, Vi))i>0 and (X, Vi))i>0 be two versions of the stochastic billiard with
(Xo, V()) = (:ZJ(), Uo) e K x Sl and (XQ, Vb) (x(),’l)o) € K x Sl

We define (or recall the definition for Ty and Tp) :

ToZinf{tZO,$0+tvo¢K}, w = x9 + Tovg € K,

and
Tp = inf{t > 0,&0 +tip ¢ K}, W = &+ Toio € IK.

Step 1. From Proposition 2.4.3, we deduce that for all z € 0K and all { €
(O, C) ST is (cpmm) ¢"~1-continuous on the interval

r, = [( )C> 2 (n_l)g]
Let thus ¢ € (0, %) and let us define

no =min{n >1:|I',|> D} = \‘21()1__2%J + 1. (2.15)
C

The variables T;,, and Tno are both (cpmin)™¢™~-continuous on
[To + (no — 1)¢, T + % — (ng — 1)¢] N {To + (no — 1)¢, To + %€ — (ng — 1)¢|.
Since ‘T o — T 0’ < D, this intersection is non-empty and its length is larger that

20 — 2(ng — 1)¢ — D.
Let us define

pzwhmmwr%i?—mm—noiﬁ. (2.16)

Using the fact that the for all x € K, S < noD almost surely, we deduce
that we can construct a coupling such that the coupling-time T of T}, and Ty,
satisfies :

T} <g Ty + noDG?
with G ~ G (p).

Step 2. Let us now suppose that T}, ((Xt,Vt))ogthlc and ((X;, %))OStSTf are
constructed as described above, .
We define y = X1 and y = XT1 which are by construction of T on dK. We
also define N! = min {n > 0: XTn = y}, which is deterministic conditionally to
T,
By the Proposition 2.4.4, we can construct a coupling of (Xg , S3) and (Xg ,SY)
2

such that . 3

P (Xg2 = X1 and S} = Sg) > |15 (Rs — Ry).

Therefore we can construct ((Xy, V;)) and ((X;, X;)) until time T'n1 4o such that

P(Xry,,, = Xry,,, and Tappo = Tapia) 2 0l 4l (Re = Ra).

Nd 42 Nd+2

84



2.5. DISCUSSION

Defining
k=l 5|(Ry — Ry), (2.17)

we get that the entire coupling-time of the two processes satisfies :
G G
T<uTo+ Y (nDG' +noD) =Ty + Y (neD(G' + 1)
=1 =1

where G as a geometric distribution with parameter x and the (G');>; are
independent geometric random variables with parameter p, and independent of
G.

Finally, we get

for all A € (0, Apr).

2.5 Discussion

All the results presented in this paper are in dimension 2. However, the ideas
developed here can be adapted to higher dimensions. Let us briefly explain it.

Stochastic billiard in a ball of R4

Let us first look at the stochastic billiard (X, V) in a ball B ¢ R¢ with d > 2.
As we have done in Section 2.3, we can represent the Markov chain (X7, , V1, )Jn>0
by another Markov chain. Indeed, for n > 1, the position X7, € OB can
be uniquely represented by its hyperspherical coordinates : a (d — 1)-tuple
(®L,---  ®41) with &}, ---  ®9=2 € [0, 7) and &L~ € [0, 27).
Similarly, for n > 1, the vector speed Vr, € {v eStt:uy. nxg = O} can be
represented by its hyperspherical coordinates.
Thereby, we can give relations between the different random variables as in
Proposition 2.3.1, and in theory, we can do explicit computations to get lo-
wer bounds on the needed density function. Then the same coupling method
in two steps can be applied. Nevertheless, it could be difficult to manage the
computations in practice when the dimension increases.

Stochastic billiard in a convex set K C R¢

To get bounds on the speed of convergence of the stochastic billiard (X, V)
in a convex set K C RY, d > 2, satisfying Assumption (K), we can apply exactly
the same method as in Section 2.4. The main difficulty could be the proof of
the equivalent of Proposition 2.4.4. But it can easily be adapted, and we refer
to the proof of Lemma 5.1 in [Comets et al., 2009], where the authors lead the
proof in dimension d > 3.
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Chapitre 3

Long-time behaviour of
generalized Zig-Zag process

This Chapter is the reproduction of the paper [Fétique, 2019].

We study the long-time behaviour of a class of piecewise-deterministic Mar-
kov processes which are an extension of some recent works. These d-dimensional
processes, d > 1, can especially be used to model the motion of a bacterium in
presence of a chemo-attractant, with parameters depending both on the posi-
tion and the velocity of the bacterium. Using the method of Meyn and Tweedie
([Meyn et Tweedie, 1993a, Meyn et Tweedie, 1993b|), we show that under some
good assumptions on the parameters of the model, such a process converges ex-
ponentially fast towards its invariant measure. We also establish the existence of
exponential moments of the invariant measure using results on semi-regenerative
processes. The one-dimensional case is studied separately since complementary
results can be obtained in that particular case.

3.1 Introduction

Piecewise-deterministic Markov processes (PDMPs) have been introduced
by Davis ([Davis, 1984]) to distinguish these particular processes from diffu-
sive processes. They are the subject of much current work in various domains,
since they are a simple alternative to diffusions to model stochastic systems
(see [Azais et al., 2014| for an overview of recent results on PDMPs). In this
paper, we study a PDMP that comes from biological modeling for the motion of
flagellated bacteria which are in presence of a chemo-attractant. The motion of
such a bacterium has been described as run-and-tumble, which means that the
bacterium alternates sequences of linear runs with periods of random reorien-
tation (tumbling). The tumble-periods being typically much shorter than the
run-periods, we can suppose them to be instantaneous. Moreover, the presence
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of a chemo-attractant in the environment of the bacterium influences the rate
at which the bacterium changes its direction, and also the new direction it takes
(see [Othmer et al., 1988] for more details on the model).

More precisely, we consider the PDMP ((Xy, V;))i>0 with values in E = R? x
B(1), where B(1) = {v € R% [v] <1} is the Euclidian ball of radius 1, with
infinitesimal generator given by, for h in the domain of L (see [Davis, 1984] for
a definition of the domain of the infinitesimal generator) :

Lh(z,v) = vV h(z,v)+ \z,v) /B(l) (h(z,v") — h(z,v)) Q(z,v,dv"), (3.1)

where Q(z, v, ) is a probability kernel on B(1). We call this process "generalized
Zig-Zag process" since it is a generalization of the Zig-Zag process studied in
[Bierkens et Roberts, 2017] and [Bierkens et al., 2019], in the sense that we do
not any more have a velocity with values in {—1,1}¢, but in B(1).

In our model, X; represents the position of a bacterium at instant ¢, and V;
its velocity. The form of the generator indicates that the first component X
is continuous and evolves according to % = V;, whereas V is constant du-
ring a random time, and jumps according to the kernel @ at rate A(z,v) when
(Xt, Vi) = (z,v). The fact that the motion of the bacterium is biased by the
presence of a chemo-attractant will be taken into account in the assumptions
we will make further on the jump rate A and the velocity kernel Q.

In this paper, we are interested in the long-time behaviour of the process driven

by (3.1) under some good assumptions.

Many special cases of this process, driven by (3.1), have already been studied
in different ways and under different assumptions. Let first mention some works
on the process in dimension 1 with a modeling point of view : in
[Fontbona et al., 2012], Fontbona, Guérin and Malrieu have shown the expo-
nential ergodicity of the process with a jump rate equal to alz,<o+blzy>0 With
b > a > 0, and the velocity taking its values in {—1,41}. For this, they give
an exact description of the excursions of the process away from the origin and
give an explicit construction of a coalescent coupling for both velocity and po-
sition. In [Fontbona et al., 2016] and |Bierkens et Roberts, 2017], the previous
result has been extended by considering a more general jump rate, depending
on the position and the velocity of the bacterium. Calvez, Raoul and Schmeiser
have shown in [Calvez et al., 2015] by an analytical method the exponential er-
godicity of the process driven by (3.1) in the particular case where the kernel
@ is the uniform kernel on [—1, 1], and under similar assumptions to the ones
introduced here (see Section 3.5).

Furthermore, there exist also results for this process in high dimension. We
can for instance cite |Bierkens et al., 2019], in which Bierkens, Fearnhead and
Roberts study the Zig-Zag process, that is the process with values in R¢ x
{—1,+1}¢. They prove its ergodicity in the case where it can be seen as a
product of independent one-dimensional Zig-Zag processes. Then, Bierkens, Ro-
berts and Zitt generalize these results in [Bierkens et al., 2017|, not considering
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only the case of a product of one-dimensional Zig-Zag process. In
[Bouchard-Coté et al., 2018], [Deligiannidis et al., 2019] and [Monmarché, 2016],
the authors are interested in the ergodicity of the bouncy particle sampler,
with values in R x R? or R? x S 1, where S ! is the unit sphere of RY.
This PDMP is a particular case of the process driven by (3.1) : for instance in
[Monmarché, 2016], the jump rate is given by A(x,v) = (v- V,U(x)) ., where U
is a potential, and at each jump, the velocity is reflected according to optical laws
on the level set of U it has reached. Recently, a new model has been studied : in
[Wu et Robert, 2018], Robert and Wu introduce the coordinate sample, which
is a variant of the Zig-Zag process, since the velocity does not live in {—1,4+1}¢
but in {e;,1 < i < d} the canonical base of R<. For this process, only one
component of the position evolves between the jumps. The authors show in the
paper the exponential ergodicity of this process under some conditions.

Finally, let us mention that the study of this kind of processes has an in-
terest not only for biological modelling, but also for simulating a target dis-
tribution. In fact, almost all of the recent study in dimension d do this for
the sampling. Let us refer to [Bierkens et al., 2019], [Bierkens et Roberts, 2017],
[Bierkens et al., 2017|, [Bouchard-Coété et al., 2018]|, [Deligiannidis et al., 2019],
[Durmus et al., 2018], [Monmarché, 2016] and [Wu et Robert, 2018], where the
authors want to sample from a distribution with a density proportional to eV,
where U is a potential on R?. For a jump rate A and a jump kernel Q well chosen
(with respect to U), the PDMP converges towards the targeted distribution. The
estimation of the speed of convergence to equilibrium of these processes gives
then information on the efficiency of the corresponding algorithms to sample
from the target distribution. Comparisions of the efficiency of the different sam-
plers are done in [Andrieu et al., 2018] and [Wu et Robert, 2018] for instance.
An interest of considering PDMPs to catch a distribution is the irreversibility
of PDMPs. Indeed, while many Markov chain Monte Carlo (MCMC) methods
rely on realisations from a discrete reversible ergodic Markov chain, it has been
observed that non-reversibility often implies favourable convergence properties
(see for instance [Hwang et al., 2005, Leliévre et al., 2013]). Moreover, PDMPs
have the advantage to be easy to sample, and can even in some cases being
simulated without discretization error.

Framework

Let us now introduce the framework of the paper. Denoting by z - v the
scalar product of x € R? and v € R?, and |z| the Euclidean norm of the vector
x, the assumptions made on the model are the following :

(H1) : There exists Ayin > 0 such that for all (z,v) € E, A(z,v) > Amin ;

(Hz2) : The quantity Amax = SUP{(zv)cE : z-v<0} AT, v) is finite;

(Hs) : There exists p > 0,0,6 € (0, 1] such that for all (x,v) € E satisfying

T

T > —0,
/ Q(x,v,dv") > p;
{v'ey : ¥ <_p,}
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)\max

(H4) : There exists 0, € [O, (pbo)? )‘mi“), B> m and A > 0 such that

inf Az, v) > BAmax-
{2220, |21>A}

Assumptions (H1) and (H2) mean that the jump rate is uniformly bounded
by below, and that it is bounded from above when the bacterium is moving
towards 0, where the chemo-attractant is assumed to be. The existence of the
lower bound A, is here to ensure the irreducibility of the process. We refer
to Section 1.3 of |Bierkens et al., 2017| for illustrations of the difficulties if the
switching rate A can be zero.

Assumptions (Hs) and (Hy4) reflect the attraction of the bacterium to the ori-
gin. Indeed, in Assumption (Hs), we suppose that if the bacterium does not
"enough" go towards the origin, when a jump happens, it has a chance to go
towards it. Moreover, in Assumption (H4), we assume a kind of monotonicity
of the jump rate. Roughly speaking, we suppose that when the bacterium is
far from the origin, and goes in a too bad direction, its jump rate is strictly
bigger than Apax, which is the maximum of the jump rate when the bacterium
is coming closer the origin.

Assumptions (H1), (H2) and (Ha4) appear in the works [Bierkens et Roberts, 2017,
Fontbona et al., 2012, Fontbona et al., 2016]. However, in these papers, there is
no assumption equivalent to (Hs). But it is in fact normal : the Zig-Zag process
has a velocity in {—1,1}, and thus, as soon as the bacterium goes in a bad
direction, the jump makes it go towards the origin, and the assumption is in
fact satisfied.

All of these assumptions seem to be reasonable for the modelling of the motion
of bacteria as described above.

Remark 3.1.1. We only consider the case of the speed in the ball unit ball of
R?, but the results can easily be adapted if the speed lies in a compact set K of
R

Moreover, although we could hope to obtain similar results with an unbounded
velocity (with probably other assumptions on the jump rate), we do not deal with
this case since it is not really relevant from a modelling point of view.

Under these assumptions, we can show the exponential ergodicity (see Sec-
tion 3.2 for the definition) of the generalized Zig-zag process (X, V).

Theorem 3.1.2. Let (X, Vi)i>0 be a PDMP on E = R x B(1) with infinitesi-
mal generator given by (3.1).

If X and Q satisfy Assumptions (H1), (H2), (H3) and (Ha), then the process is
exponentially ergodic.

In Figure 3.1, we can observe the convergence of the empirical law of (X;):>0
in the case A(x,v) = 1zp<0 + 214050 and v € {—1, 41}, that is Q(x,v,dv’) =
d_»(v")dv’; and in Figure 3.2, we observe it with the same jump rate and initial
conditions, but with Q(x,v,dv’) = %1[_171] (v)dv'.
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Ficure 3.1 — Empirical

distribution of X; starting at (5,—1) for
{1,3,6,10, 16,22} with A(z,v) = lyueo + 21z050 and v € {—1,+1}.
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{1, 3,10, 30,40,100} with

%1[_1’1] (Ul)d'l),.

distribution of X; starting at (5,—1) for t €

Az, v)

lov<o + 21450 and Q(z,v,dv’)
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The interest of this convergence result in relation to those already existing
is that it concerns a very general class of PDMPs.
The approach we will carry out in Section 3.3 to prove Theorem 3.1.2 is the clas-
sical method of Meyn and Tweedie (|[Down et al., 1995, Meyn et Tweedie, 1993a,
Meyn et Tweedie, 1993b]), by showing the existence of a Lyapunov function for
the process, and the existence of petite sets. In Section 3.2, we thus first briefly
recall the generalities about ergodicity of Markov processes.
Then, we will study in Section 3.4 the existence of exponential moments for the
invariant measure in Theorem 3.4.2. For this purpose, we will use a convergence
result on semi-regenerative processes, since our PDMP is such a process.
Finally, we will go back to the particular case of the dimension 1 in Section
3.5, in which we study our process with a different approach than in Section
3.3. In particular, in this section, we will assume that the jump kernel does
not depend on the position of the bacterium. Thus, only the jump rate will fa-
vour the return towards the origin, and therefore the ergodicity of the process.
We will establish in Theorems 3.5.3 and 3.5.9 the exponential ergodicity of the
process and the existence of exponential moments for its invariant probability
measure. The results obtained in this section can be linked with the previous
works [Calvez et al., 2015|, [Fontbona et al., 2012] and [Fontbona et al., 2016],
since they are in fact a generalization of these latter.
We mention at the end of the paper that the two studies applied in dimension 1
are complementary, since one can be applied at some process whereas the other
can not, and conversely.

3.2 Preliminaries

3.2.1 About ergodicity

In this paper, we study the convergence of our process with the total varia-
tion distance. Let us recall its definition. Let v and v be two probability mea-
sures on a measurable space E. We say that a probability measure on ¥ x F
is a coupling of v and V if its marginals are v and v. Denoting by I'(v,v) the
set of all the couplings of v and v, we say that two random variables X and

X satisfy (X, X) € I'(v,v) if v and v are the respective laws of X and X. The
total variation distance between these two probability measures is then defined
by

lv—v|ry= inf P(X#X). (3.2)
(X, X)er(v,v)
For other definitions of the total variation distance and its properties, see for
instance |Lindvall, 2002].

Let us now introduce some usefull results to study the convergence of a
Markov process towards its invariant measure (see [Down et al., 1995],
[Meyn et Tweedie, 1993a], [Meyn et Tweedie, 1993b]).
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Let (Y:):>0 be a Markov process on the state space E, and denote by P its
semi-group and L its infinitesimal generator. We say that the Markov process
Y is exponentially ergodic if there exists a probability measure 7, a function
M : E — R, and a constant 0 < p < 1 such that

IPe(z,-) — ||l < M(x)pt, for all t >0, (3.3)

where Py(z, ) =P, (Y; € -).
A set K is said to be petite for the process Y if there exists a probability measure
v on Ry and a nontrivial measure g on F such that, for all x € K,

/O By () > (). (3.4)

This notion is weaker than the notion of small sets : K is said to be a small set
for the process Y if there exists tg > 0 and a non trivial measure p on E such
that, for all x € K,

Pio () = p(-). (3.5)

Let K C E be a compact set, and let H : E — R be a function. We say that H
is a Lyapunov function (associated to the set K') for the process Y if H(z) > 1
for all x € E and if there exists some constants o > 0 and S > 0 such that for
all x € E,

LH(z) < —aH(z) + f1li(z). (3.6)

Finally, we recall that the Markov process Y is called p-irreducible if there
exists a o-finite measure ¢ such that for all measurable set A with p(A) > 0 we
have, for all x € E, E, UOOO ly;seAdt] > 0. In that case, there exists a maximal
irreducibility measure 1 such that for any other irreducibility measure v, v
is absolutely continuous with respect to 1. We then write BT (E) = {A C
E measurable, ¥)(A) > 0}. The process Y is said to be aperiodic if for some
small set C' € B*(F), there exists T' > 0 such that for all ¢ > T and all x € C
we have Py(z,C) > 0.

We can now recall the main result we will use in Section 3.3.2 to prove
Theorem 3.1.2.

Theorem 3.2.1. ([Down et al., 1995]) Let Y be an irreducible and aperiodic
Markov process. If there exists a petite set K for the process Y and a Lyapunov
function associated to this set K (i.e. (3.4) and (3.6) hold) , then the process Y
s exponentially ergodic.

3.2.2 Description of the process

Let us now describe the dynamics of the process.
The variables 0 = Ty, 11,715, ... refer to the successive jumping times of the
process, and for n > 1 we denote by 7, the inter-jump time : 7, =T, — T},_1.
In order to make the paper easier to read, we note V; the velocity on the time
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interval [T}, Tj+1), instead of V7.

Finally, we denote by F((-,x,v) the survival function of Ty with initial data
(X0, Vo) = (z,v) : F(-,z,v) =Py o(Th > ).

The time T} satisfies, when (Xo, Vo) = (z,v) :

t t
Ty :inf{tzo,/ /\(Xs,Vs)dszE} :inf{tZO,/ )\(x—l-vs,v)dszE}
0 0

where E is an exponential variable with unit mean, because the process is de-
terministic between jump times. We then get :

F(t,.’L‘,’U) = PI,U(TI > t)

t
=P, </ Az + vs,v)ds < E)
0

~ exp ( /Ot Az + vs, v)ds> .

The conditional distribution of the inter-jump times is then given by, for all
n>0:

t
P (Tn+1 >t ’XT", Vn) = exp <—/ /\(XTn + Vas, Vn)ds) .
0

3.3 Main result

In this section we prove our main result, Theorem 3.1.2, using Theorem
3.2.1. We first need to find a Lyapunov function for the process.

3.3.1 A Lyapunov function

Let us introduce some constants which will appear in the definition of our
Lyapunov function. Thanks to Assumptions (H1), (Ha), (Hs) and (Ha), the
following quantities are well defined :

9* )\max 1 . n
f; € | max ;—— ¢, min {phy, 0} |;
! ( {peo)\min pgoﬂ} {p 0 }>

0 )\min )\max )\max
o€ (0 ) min{p 0 - ;pHO/B)\maX - }) ;

0. 01 01
ae 1+ Amax 7 min peo)\min; pHOﬁAmax ]
abq b, «

We then consider the function H defined on E = R? x B(1) by

Hiw = (g (M1)),
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where ¢ is a non-decreasing function of class C* on [—1,1], with ¢(0) = 0 if
0 € [-1,-01], and ¢(0) = 0 if § € [0,1]. We introduce m the supremum norm
of the derivative of ¢, that is :

m= sup | (0)].
0e[—1,1]

Then, we have the following result :

Proposition 3.3.1. There exist some constants R > 0, n > 0 such that for all
(z,0) € (RN\B(R)) x B(1),

LH(z,v) < —nH(z,v).

The function H is then a Lyapunov function associated to the set B(R) x B(1)
for the process (X, V') driven by the generator L.

Remark 3.3.2. This function H can be compared to the one of

[Bierkens et Roberts, 2017, Fontbona et al., 2016/ in dimension 1. It is also

qualitatively equivalent to the ones of [Bierkens et al., 2017, Durmus et al., 2018,
Deligiannidis et al., 2019/, but here it is written in terms of the jump rate A,

while in the papers cited before, they give a Lyapunov function depending on

their potential U.

Proof. We can check that H is in the domain of the generator L. For (z,v) € F
we have :

LH(z,v) = el (A] + Ay + A3) (3.7)

with

s [ (o () -+ (5

Let first remark that since the derivative of ¢ is bounded by m, we always

have

A, <
|z|

Moreover, thanks to Assumption (#3) and the definition of the function ¢, if =

and v are such that ;I%Ij > —f, we can bound As as follows :

. / .
Ay < Az, v) / so(x ”)Q(wdv’)—so(”” “)
(weB)/ = <—gy} || |z|

[z]
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< Az, v) [—90/ / Qz,v,dv)) — ¢ <“>]
{v'eB(1) /24 <~} |z

< =A@, ) [p% T <x:r:|v>] '

We can now study Equation (3.7) depending on the different values taken by
T
El -

o If m € [—1,—91] :

LH(z,v) < e [—a@l(a - 1)+ n

+ )\max:| .
B

o If % S (—91,0) :

LH(z0) < < [ < Xavo) (o — )

x

< ea|:c| |:’1" — Amin (p@o 91)] .

° If% €[0,0.] :
LH(z,v) < o1zl {aﬁ*a + % — )\minZJ@o] .
x
o If 77 € (04, 1], and if |x| > A, with A defined in Assumption (H4) :

LH(:Ea U) < ealﬂ |:Oéa + % - pGO/B)‘max:| .
X

Let us now take R > r where

m m

_ a m . . A.
e 04‘91 (CL - 1) - )\max7 >\min (p90 - 01) 7 pHO)\min - ae*a’ ’

... m
peO/BAmax —aa )’

Thanks to the assumptions made on each parameter, the constant r is well
defined and finite. Therefore, the previous calculations give the existence of a
constant 7 > 0 such that for all (z,v) € (RN\B(R)) x B(1) :

H(z,

ne®®l.

v) <
Finally, the function (y,w) — a+ ¢ (%) being bounded from above by a, we
get :

<

LH(z,v) < —naH (z,v),

which ends the proof. O
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3.3.2 Proof of Theorem 3.1.2

Since we have already found a Lyapunov function, we still have to review
three points in order to use Theorem 3.2.1 : the irreducibility and the aperiodi-
city of the process, and the existence of petite sets. These are the object of the
following proposition.

Proposition 3.3.3. All compact sets of the form K x B(1), with K a compact
set of R, are petite for the process (X, V).
Moreover, the process is irreducible and aperiodic.

Proof. We do not detail the proof since we just have follow the ideas of the proof
of Lemma 2 in [Deligiannidis et al., 2019]. It is indeed enough to show that for
all M > 0, for all (z,v) € B(M) x B(1), for all positive bounded function
¢ : E — R, there exist a constant C' > 0 and a compact set A C R? x B(1),
both independent of M and ¢, such that :

| e B el = ¢ [ [ pyu)dyde.
0 A

to deduce the first result of the proposition. Let us mention that the proof is
based only on Assumptions (H1), (Hz2) and (Hs).

Then, the irreducibility of the process follows easily, and we refer once more to
[Deligiannidis et al., 2019|, Lemma 3, for the aperiodicity. O

Remark 3.3.4. Let us mention different proofs of this result in some particular
cases.

In dimension 1, a proof has been given in [Bierkens et Roberts, 2017] for the
process with a velocity equal to —1 or +1, with the same main ideas that in
[Deligiannidis et al., 2019] and [Monmarché, 2016].

For the process in dimension 2, if the jump kernel has a density with respect to
the Lebesgue measure which is bounded from below by a strictly positive constant,
and if the jump rate is bounded, the previous proposition can be proved by geo-
metric considerations, as in the proof of Lemma 4.5 in

[Champagnat et Villemonais, 2017].

Proof of Theorem 5.1.2. By Proposition 3.3.1 and 3.3.3, all conditions of 3.2.1
are satisfied, so that the stated result follows. O

3.4 Exponential moments for the invariant measure
In this section, we want to study the existence of exponential moments for

the unique invariant probability measure of the process (X, V), that we denote
by 7, whose existence follows from Theorem 3.1.2.

Let first say that if the lengths of the consecutive excursions away from the
origin were independent and identically distributed, the process (X, V') would
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be a regenerative process, and we could then apply standard results on regene-
rative processes (see [Asmussen, 2003| or [Cocozza-Thivent, 2018| for instance)
to collect some information on the invariant measure of the process. This is for
instance what is done in [Fontbona et al., 2012, since the simple Zig-zag pro-
cess is a regenerative process when we look at it at the successive hitting-times
of the origin. However, the excursions away from the origin of the generalized
Zig-zag process do not satisfy this assumptions of independence and identical
distribution because of the dependence in speed between two consecutive excur-
sions.

Nevertheless, the generalized Zig-zag process is a semi-regenerative process (see
[Asmussen, 2003| or [Cocozza-Thivent, 2018 for the definition). Indeed, let Zy =
0 and (Zy)n>1 be the successive times at which the process X enters the ball
B(R) (with R defined in Proposition 3.3.1). The PDMP (X,V) is a semi-
regenerative process associated to the renewal process ((Xz,,Vz,), Zn)n>0-

Before stating the result on regenerative process that we will use in this part,
let us first briefly speak about Harris-recurrence and non-arithmetic process (see
for instance [Alsmeyer, 1997, Asmussen, 2003, Cocozza-Thivent, 2018]). The Mar-
kov chain Y with state space F' is called Harris-recurrent if there exists a mea-
surable set A C F, ¢ >0, m > 1, and a distribution ¢ such that

1. forally € F, Py (14 < 00) =1, where 74 = inf{n > 0,Y,, € A};
2. forally € A, Py (s, € ) > cp(+).

Then, we recall that the process (Y, T),)n>0 is non-arithmetic if the laws of the
variables T;, — T,,_1, n > 1 have a part which is absolutely continuous with
respect to the Lebesgue measure (see [Cocozza-Thivent, 2018] for the definition
of an arithmetic process).

We have the following result concerning the convergence of semi-regenerative
process, that we can found in [Alsmeyer, 1997, Asmussen, 2003| or
[Cocozza-Thivent, 2018] :

Theorem 3.4.1. Let (Uy)i>0 be a semi-regenerative process associated to the
renewal process (Y,T) = (Yo, Tn)n>0-
We suppose that (Y, T) is non-arithmetic and that Y is Harris-recurrent, and
let v be an invariant measure for this chain.
Let f : FF — R be a measurable positive function such that (z,t) — E[f(¥,)|Yy = 2]
is bounded on F x [0,t] for all t. We define g : FF x Ry — R by g(z,t) =
E[f(U)1per, Yo = 2.
We suppose :

1. for v-almost all z € F, t — g(z,t) is almost everywhere continuous with

respect to the Lebesque measure ;

2. there exists A > 0 such that

/ Z sup lg(z,t)|v(dz) < cc.
F S nA<t<(n+1)A
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Then for v-almost ally € F' :

[-E [ T F(0,)ds|Yo = 2| v(dz)
JRrE[T|Yy = 2] v(dz)

E[f()[¥o =] — (38)

Consequently, the previous theorem can be applied to our process, and it
implies the existence of exponential moments for the invariant measure 7 of the
PDMP (X, V). More precisely we have the following result :

Theorem 3.4.2. Let (X¢, Vi)i>0 be the generalized Zig-zag process satisfying
Assumptions (H1), (H2), (Hs) and (Ha).
Let n be as in Proposition 3.3.1. Then for all0 < 8 < n and all v > 0, we have :

/ ef3|x|+7|”‘7r(dw,dv) < 00,
E

where we recall that w is the unique invariant probability measure of the process

(X,V).

Remark 3.4.3. This result ensures that at the equilibrium, the process is concen-
trated around the origin. From a modelling point of view, it means that in long
time, the bacterium evolves around the chemo-attractant and does not go too far
from it.

This theorem is a consequence of Proposition 3.3.1, which implies the exis-
tence of exponential moments for the hitting time of the compact set B(R)
associated to the Lyapunov function. Let us precise this fact :

Proposition 3.4.4. Let us note 7p(p) = inf{t > 0, X; € B(R)} the hitting time
of B(R). For all (x,v) € E,

E;, [eT8®] < H(z,v),
where n and H are defined in Proposition 3.3.1.

Proof. In order to make the proof easier to read, we note 7 instead of 75(g).
For (z,v) € E, Dynkin’s formula gives :

Em,v {en(t/\'r)} < Ex,v {H (Xt/\Ta W/\T) en(t/\'r)}
tAT
= H(z,v) + E,\ [ / (n+ LYH (Xsnr, Vapr) € ds
0
< H(z,v),

the last inequality resulting from Proposition 3.3.1.
Then, when ¢ goes to infinity, the monotone convergence theorem gives :

E, ., [e"] < H(z,v).
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Proof of Theorem 3./4.2. Let first remark that the chain (Xz, , Vz, )n>0 is Harris-
recurrent. Indeed, let A = S}d%_l x B(1) be the state space of (Xz,, Vz, )n>0 (Sj‘é_l
denotes the sphere of R? with radius R). We obviously have, for all (z,v) € A,
P (74 < 00) = 1. The second point in the definition of the Harris-recurrence can
be proved with ¢ the Lebesgue measure on R, using in particular the fact that
Zm is almost-surely finite for each m > 1 thanks to Proposition 3.4.4.
Moreover, the chain ((Xz,,Vz,), Zn)n>0 is non-arithmetic because the law of
the times Z,11 — Z, has a part which is absolutely continuous with respect to
the Lebesgue measure.

Let us now introduce f : (z,v) € R% x B(1) — ePl#1+71Ul for 0 < 8 < 5 and
v = 0.

We first observe that f is a positive measurable function, and that

((I’U)vt) —E [f(Xt7 ‘/;5)|(in7 VZn) = (‘rvv)]

is bounded on (S;l{l X B(l)) x [0,¢] for all ¢.
Let v be the unique invariant probability measure of the chain (Xz,,Vz, )n>0,
which exists since the chain is positive Harris-recurrent.

Let us define the function g on (8%_1 X B(l)> x Ry by

9 ((2,0),8) = gy |AXWIT, [

and let us check if g satisfies the assumption of Theorem 3.4.1 :

1. For v-almost all (z,v) € S}Oé_l x B(1), the function ¢t — g((x,v),t)
is almost everywhere continuous with respect to the Lebesgue measure
since it is right-continuous and has thus an at most countable set of
discontinuities.

2. Let A > 0. According to Markov inequality we have
Poyw (Z1 > t) < e "By, [e"7].

Using Proposition 3.4.4 and the fact that the Lyapunov function H is uni-
formly bounded on S}i%_l x B(1), we get the existence of a finite constant
M such that for all (z,v) € Sj‘é_l x B(1),

Pyy(Z1 >t) < Me ™.

Moreover, let remark that if (Xo, Vo) € Sﬁ{l x B(1), since | Xo|= R and
the velocity of the process lives in B(1), then for all t > 0, | X|< R +t.
Therefore we have

/ S swp (@ v),8) [v(da, dv)
Sa-1xB(1) neN nA<t<(n+1)A

:/ Z sup oo [eﬁlXtHlet\lKZl v(dz, dv)
S4=1xB(1) ey nA<t<(nt1)A
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< / sup SERHIP(Z) > t) v(de, dv)
Sa-1xB(1) neN A< (n+1)A

< / sup SEFHY ey (dz, do)
Sd-1xB(1) ST nA<t<(n+1)A
< MPRH Y SlrtDa-ma
neN
= M 3 (eA(ﬂ—n))n_

neN
This quantity is finite since 8 < 7.
The function g satisfying all the required assumptions, we can apply Theorem
3.4.1 : for v-almost all (zg,vg) € Sj'f{l x B(1) we have

21 B Xs|+7|Vs
E [ ﬁlXt|+’7|Vt‘:| fsé_lxli(l) Ezw [fg LeflXsl Vel s v(dz, dv)
zo,v0 | © —

t—00 fsg—lxlg(l) Ey o [Z1] v(de, dv)

The quantity on the right is clearly finite thanks to the previous calculations.
Moreover, the ergodic theorem gives :

Exo V0 |:65|Xt|+7|vt‘] — / emx|+’y‘vl7r(d$,d'v).
’ R x B(1)

t—o0
We then deduce that

fsﬁfle(l) Ezv [ OZ1 emXSH’YlVSIdS] v(dz, dv)

fsﬁ*lxgg)Ez,v [Z1] v(dz, dv) ’

/ Al (. o) =
Rd xB(1)

and we have proved the theorem. O

3.5 The particular case of dimension 1

In this section, we study PDMPs in dimension 1, but in a different way, and
under some different assumptions (see Section 3.5.4 for a comparison between
the two approaches in dimension 1). This section is thus complementary to the
previous study applied at the one-dimension.

We consider here the PDMP ((X¢, V4))t>0 with values in R x [—1,1] with infi-
nitesimal generator given by
1
Lh(z,v) = v0zh(z,v) + A(z,v) / (h(z,v") — h(z,v)) Q(z,v,dv'),  (3.9)

-1

where Q(z,v,-) is a probability kernel on [—1,1]. This process is the one-
dimensional version of the process driven by (3.1).

The framework of this section is the following :
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(A1) : Q(z,v,dv") = q(v,v)(v(dv') + p(dv')) with v a discrete measure and
1 a restriction of the Lebesgue measure. We denote by V the support of
@ and suppose that there exists a constant g, > 0 such that ¢(v,v’) >
Gmin for all v,0" € V;

(Az) : The process is symmetric : V is symmetric with respect to 0 and
Mz, v) = N—z, —v) for all (z,v) e R xV;

(As) : There exists 0 < Apin such that for all (z,v) € R XV, Apin < A(z,v),

and the quantity sup,~q ,<o (¥, v) is finite.

The importance of the existence of ¢min in Assumption (Ap) will not ex-
plicitly appear in the following since we are not going to give all the proofs in
detail, but we note that it is useful in Proposition 3.5.8 and Theorem 3.5.9.
Assumption (Az) implies that the process is spatially symmetric with respect
to the origin, which will allow us to reduce the number of computations. Never-
theless, the following results are still available without this symmetry.

The fact that we suppose the kernel @ to be independent of the position of the
bacterium implies that the chain composed by the velocities at the jump times
is a Markov chain with kernel @). In particular, contrary to what is assumed in
higher dimension, the attraction of the bacterium by the origin is not favored
by the jump kernel since it does not take care of the position of the bacterium
with respect to the origin.

We make thus an additional assumption (LA4) that takes into account this at-
traction to the origin, because of the presence of a chemo-attractant there. This
assumption is the one that makes the process ergodic.

(A9 :3L c lo, mf A&V

> an interval , 340 < J, < 1,
>0,v€(0,1] v

1
Va € I,V € V,/ G(a,v)Q(V,dv) < J,,
-1

where

SupA(z,v) inf A(z, v)
= Lyco + —n 1,> (3.10)
V<o iI;f[;)\(ZE, v) —av "7 '

Gla,v) = supA(z,v) — av
x>0

for a >0 and v € V.

Before stating the theorem that gives the exponential ergodicity of the pro-
cess, we make some remarks on Assumption (Ay).

Remark 3.5.1. Let us give a sufficient condition to satisfy Assumption (Ay)
when the jump kernel QQ does not depend on the previous velocity.
Let us write Jy(a) = fil G(ao,v)Q(V, dv).
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For all v' € [~1,1], the function J, is C' on [0, inf )‘(f}’v)), is convexr and

>0,v€]0,1]
/ ! v /
v’ = 1 B ’ 0 - 711} .717) 7d
Jur(0) Jur(0) /1 supA(z,v) <o+ inf A(z,v) >0 | Qv, dv)
>0 x>0
and lim Jy (@) = 4o00.
a— inf Mzv)

z>0,v€]0,1] Y

If we assume that J},(0) < 0, we get that there exists a unique

a e (0, >0inf]0 1]@) such that J(&) = 1, and then there exists an interval
=z ,’UE )
Ic (0, ) such that for all o € I, J,U/A(a) is uniformly bounded by a constant

strictly smaller than 1 on the interval I.
Consequently, for all v' € [—1,1],

Az, v)

3 c (0, inf

1
: ),30 < K < 1,\mef,/ Gla,v)Q(v',dv) < K.
z>0,v€(0,1] ]

In Assumption (Ay), we suppose in addition that the interval I and the constant
K are uniform inv'. In particular, if Q(v', dv) = Q(dv), the assumption J'(0) <
0, that is

! v v
/1 supA(zx, v) Loco + inf Az, v) Lizo | Qdv) <0
>0 >0
is sufficient for Assumption (Ay4) to be satisfied.
This assumption is the equivalent of Assumption (H3) made by Calvez, Raoul
and Schmeiser in [Calvez et al., 2015]. The probability study carried out in this
section covers thus the framework of [Calvez et al., 2015].

Remark 3.5.2. Let see that in the case where the kernel (Q does not depend
on the previous velocity and is symmetric in the sense that q(v) = q(—v) for
all v € V, Assumption (A4) holds in the particular case where iI;%A(CE,U) >
x>
supA(z,v) for all v € [0,1], i.e. when the velocity tends to jump even more

<0
when the bacterium goes away from 0 than when it moves towards the ori-

gin. This case is the one considered for instance in [Bierkens et Roberts, 2017],
[Fontbona et al., 2012] and [Fontbona et al., 2016/, with a velocity taking its va-
lues in {—1,+1}

Let us prove this fact. Under this assumption on the jump rate, with the same
notations as in the previous remark, and using the symmetries of the process we
have :

1

, v v

(0) = —1, ——1, d

Jr(0) /1 supA(z, v) <o+ inf \(z,v) "=° a(v)dv
>0 >0
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0 v ! v
- /_1 sup/\(x,v)q(v)dv—i_/o nf)\(x,U)Q(U)dv

i
x>0 >0
1 1
v v
- — Y 4w Y 4w
/0 supA(z, _U)q(v) U+/0 inf)\(x,v)q(v) v
z>0 z20

1 " 1 v
—— [ Y% ) Y% 4w\
/0 sup)\(x,v)q(v) v+/0 inf)\(ac,v)q(v) v
<0 x>0

< 0.

And the end of Remark 3.5.1 ensures that Assumption (Ay) is satisfied.

Let us now give the main theorem of this section.

Theorem 3.5.3. Let (X¢, Vi)i>0 be the PDMP on Rx|[—1, 1] whose infinitesimal
generator is given by

1

Lh(z,v) = v h(z,v) + Az, v) /_1 (h(z,v") = h(z,v)) Q(z,v,dv").

Under Assumptions (A1), (Az2), (As) and (A4), the process is exponentially
ergodic.

3.5.1 The hitting time of the origin

As mentioned before, we are going to estimate the exponential moments of
the hitting times of compact sets in order to prove Theorem 3.5.3. We introduce
two new notations.

We denote by Z the first hitting time of 0, i.e.

Z =inf{t > 0, X; = 0}, (3.11)

and S is the index of the first jump-time at which the position of the process
has changed its sign : S = inf{n > 1, X7, Xo < 0}.
Our goal in this section is to get information on the exponential moments of Z.
For this purpose, we will first study the random variable .S. Then, the inequality
Z < Zle 7; a.s. will allow us to come back to Z.

Proposition 3.5.4. For all (zp,v9) € R x V and all o such that |o|€ I, we
have, for allm > 1,

Pao,v0 (S>n)< “a,xo,vo‘]*n_l’

with
Ra,xqg,09 = e|o¢xo\G (|Oé|, ’U()) R

where G and J, are defined by Assumption (Ay).
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Proof. In order to make the proof easier to read, we distinguish the cases where
xo and vy are positive or negative. We first look at the case zg > 0 and
vo € YN 0,1], and the other cases are similar because of the symmetry of
the process.

Let zp > 0 and v € VN[0, 1].
We have S = inf{n > 1, X1, <0}, and X7, = Xo + Z?:_()l ViTis1 = xo +vo71 +
S ViTig.

Let a € [0, inf M)
z>0,0e(0,1] "

Since x¢ is positive, on the event {S > n}, X7, is also positive, and the sign of
« implies :

P00 (S > 1) < Eag g [eaXT" 1S>n]

M n—1y,
= e®0Ey, 4o ea(UOTl+Zi:1 Vzn+1)1s>n}

n—1
ax QU T ViTi
=€ OE:c(),vo S H S 1S>n]

L i=1
i n—1
az QU T Viti
= "By |Eapup [€*°7 [] " Lgonl X0y, VA, .o X1y, Vi
L i=1
Since the inter-jump times 71, . . ., 7, are independent conditionally to the couples

(X0, Vo), (X1, V1), ..., (X1, ), Vao1),and since {S > n} = {Xp, >0,---, X7, >
0} we have :

Puy o (S > n)

< o Emo,vo

n—1

auoT aViT;

Eeo,v0 [e*0™] H Ez,v0 [e ' ZH‘XTNVZ'] 1XT1>07"'7XTn>0] :
=1

Moreover, we know that
P (Ti—l-l Z t‘XTiv ‘/;) - F(t XTi? ‘/’L)a
which gives, for 1 <i<n—1:
E [ea‘/iTH—l ‘XTZ" V’Z]
+o00o ¢
— / eo‘Vit)\(XTi + Vit, Vi)e_ Jo A(XTZ‘"!‘Vi&Vi)dsdt
0

_ /+°° MX7, + Vit, Vi)
o AMXrp 4 Vit, Vi) —aV;

e~ fot(A(XTﬁ-Vit,Vi)—OéVi)dsdt
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Furthermore, for @« € R and v € [—1,1] the function A € Ry +— ﬁ is
increasing if av < 0 and decreasing otherwise. Therefore, if V; > 0, since on
{S > n} the position of the bacterium is positive, we get :

E [ea‘/iTH—l |XT ’ V]
mf)\(x Vi)

1XT1 >05 X T >0

+oo ,
(X — JENXr, +Vit Vi) —aV; ) ds
< ir;%A(a;,V —av / 1, + Vit,Vi) —aVi)e  Jo dt

;ggk(w, Vi)

inf ANz, V;) — aV;’
x>0

In the case V; < 0 we get in the same way :

supA(z, V;)

x>0
sup)\(l’, ‘/Z) - a‘/i .
x>0

aV;;
E [e ’ 2+1|*X:’1'7V’i] 1XT1>07‘“7XTn>0 <

We have thus obtained the following inequality :
E [ea%Ti+l|XTiv Vi, S] 1XT1>07"’7XTn>0 < G(aa VZ)7

where G is given by (3.10).
Getting back to (3.12), we get :

n—1

[I G V)

=1

IP)xo,Uo (S > n) < eaxoG(O‘v UO)Exoﬂio

Using now the fact that (V;);>o is a Markov chain with kernel @, we have :

n—1
20,v0 H G(o, Vi)
/ G(a,v1) / G(a, v3-1)Q(vn—2,dvn-1) . .. Q(vo, dvy).
We deduce from Assumption (Ay), that if o € I, we have
n—1
Z0,V0 H G(Q7 ‘/l) S J*Tb—l.
i=1
And finally :
Py o (S > n) < ™G (e, v)J," 1, (3.13)

for all « € I, , o > 0 and v9 € VN[0, 1].
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For zp > 0 and v € VN [—1,0), the calculations are exactly the same.
The case zg < 0 can also be made in the same way. The symmetry of the process
and Assumption (LA44) ensure that, for all a such that —« € I, for all g < 0
and all vy € V,
Prowe (S > 1) < e0G(—a,vg) J" L. (3.14)

Finally, we have proved in (3.13) and (3.14) that for all (z¢,vp) € R x V and
all o such that |a|€ I,

Pyovp (S > 1) < el220lG(|al, vo) J" L, (3.15)

which is the result of the proposition.
O

Proposition 3.5.5. For all (zg,v9) € R x V, all 0 < p < Amin(1 — Jx) and all
a such that || we have :

1
Z
Eao,v0 [ep ] < Kagowo
1- I.mipJ*
where - -
- Jx — Jx
Ko ,zo00 = Ka,z0,v0 5 = e‘am'G(‘O‘LUO) —
J Jy

Moreover, Kq 4.0, s uniformly bounded from above for (zo,vo) € [—x1,21] X V
for all x1 > 0.

Proof. As mentioned before, we are going to use the inequality Z < Zle T; a.8.
to get some information on the hitting time of the origin.

Let us notice the variables 7;,7 > 1 are stochastically smaller than i.i.d. expo-
nential variables F;,7 > 1 with mean ﬁ Indeed, the survival function of the
variable 7;41, conditionally to X7, and V;, is

F(-, Xr1,,V;) = exp (fot MNXr, + Ws,V,;)ds), and the jump rate X\ is uniformly
bounded from below by Amin. The variables (E;);>1 can be taken as independent
because of the independence of the variables (7;);>1 conditionally to (Xr,, V;),~ s
and can also be taken as independent of the variables (7;)i>1.

Thanks to this comment and the previous proposition, we get, for p > 0 and «
such that |a|€ I :

E [¢77] < By [orZi017]

_ s =
< Eazo,vo epzi=1 Ez}

B 5520

B |[[E [em}]
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=K [( Amin )S]

+oo n
)\min
S|
n=0

)\min —p

+o0o )\ . n
= Z <mm> (P(Sxo,vo >n— 1) - ]P)(SxOv'UO > ’I’L))
n=0

Amin — P
+o0 n
1—J Ami
< e\axo|G al, v * < min J*> .
Finally, for all p > 0 such that /\:;f;iﬁp Je <1, we get :
1—J, 1
E [e"] < el®IG(|al, vo) N < o0, (3.16)
min —P
which ends the proof of the proposition. O

3.5.2 Exponential ergodicity of the process

In this section, we are going to give a proof of the exponential ergodicity
of our process based on Proposition 3.5.5. For this purpose, we recall another
result on the exponential ergodicity of a Markov process.

Theorem 3.5.6. (Theorem 6.2 in [Down et al., 1995]) Let Y be an irreducible
and aperiodic Markov process. Suppose that there exists a function f > 1, a
closed measurable set C € E and some constants ,n > 0, M < oo such that

Ey

7o (6)
/ " f(Y;)dt| < oo, forallx ¢ C
0

and

Tc(9)
sup E, / " f(Y)dt| < M
0

zeC

where 7¢(9) = inf{t > 6,Y; € C}.
If the set C is petite for Y, then the process is exponentially ergodic.

Remark 3.5.7. The proof of this theorem relies on the introduction of the func-
tion

Hy(z) :=14+E, [fOTC((S) e”tf(Yt)dt], which plays the role of a Lyapunov function
for a Markov chain linked to the process Y .

To apply this theorem, we need then, as previously, to find a petite set.

The following proposition states that all compact sets are petite for the process
(X, V), and is just a consequence of Proposition 3.3.3.
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Proposition 3.5.8. For all x1 > 0, the set C' = [—x1,x1] X V is petite for the
process (X, V).

We can now prove Theorem 3.5.3 :

Proof of Theorem 5.5.3. Let 1 > 0. Proposition 3.5.8 ensures that the closed
set C' = [—x1,21] X V is petite for the process (X, V).

Moreover, let us consider the quantity E; , [e”TC (5)] with 1,9 > 0. It satisfies the
assumptions of Theorem 3.5.6 (we have taken f = 1) for 0 < 7 < Amin(1 — Jx)
thanks to Proposition 3.5.5.

Finally, let Leb be the Lebesgue measure on R. The process (X, V) is Leb® Q-
irreducible, and aperiodic. The proof of these facts can be handled as mentioned
previously in the general case. The conclusion of Theorem 3.5.6 gives then the
exponential ergodicity of (X, V). O

3.5.3 Exponential moments of the invariant measure

As in the general case, we can show that the invariant measure, that we still
denote by 7, has exponential moments.

Theorem 3.5.9. Let v > 0 such that Dmin_ J < 1.
Forall0 < a< vy and all B >0, we have

/ Bl 7 (d, dv) < o0
Rx[—1,1]

Proof. The proof relies, as in Section 3.4, on Theorem 3.4.1. We see the process
(X, V) as a semi-regenerative process between the successive hitting times of 0.
Then, using the upper bound of the exponential moments of the hitting time of
0 obtained in Proposition 3.5.5, we can verify that the assumptions of Theorem
3.4.1 are satisfied, and the result follows. O

3.5.4 Comparison between the two studies

Let us first recall that the proof of the exponential ergodicity carried out
in any dimension is obviously relevant in dimension 1, whereas the converse is
not possible, or at least not directly. Indeed, the process in dimension 1 is quite
simple since it goes towards the origin or not in terms of the sign of the scalar
product X; - V4. In higher dimension, if we want to estimate the hitting time of
a compact set, let say a ball, we can not see if the process is evolving towards
the ball just in terms of the sign of X;-V;, and the computations do not proceed
as well as in dimension 1.

Let now see that the two approaches carried out in dimension 1 and in higher
dimension cover different types of PDMPs.
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— Let look at the process studied in [Fontbona et al., 2012|,
[Fontbona et al., 2016] and [Bierkens et Roberts, 2017|, whose generator
has the following form :

Lf(xv U) = ’Uazf(l',’l)) + )\({L‘, ’U) (f(iL‘, —U) - f(.TU,’U)) )

for (z,v) € R x {—1,+1}.

This process does not satisfy Assumption (Ay), because for v/ = —1 we
have

inf 1

;IZIOA(% )

/1 G(&,v)Q(~1,dv) = G(a,1) = > 1,
-1

;I%%A(l’, 1) -«

whereas it is still ergodic. Indeed, its ergodicity has been prooved in
[Bierkens et Roberts, 2017| or [Fontbona et al., 2016] for instance, with
the introduction of a Lyapunov function, and this can also be deduce
from Theorem 3.1.2, if the jump-rate A satisfies the good assumptions.

— In the d-dimensional case, Assumption (#,4) assume a kind of monotony
of the jump rate, which is not necessary in Assumption (A4) in the one-
dimensional case. We can thus construct a particular jump rate which,
associated to the kernel ), satisfies Assumption (Ay4), but does not verify
Assumption (#H,4). Let for instance consider the case

Lf(x,’u) = ’Uaxf(xyv) + (21 >
1
+ %]‘sgn(m)v<—l)% /_ (f(l'a 'U,) — f(l‘, U)) dUI,

for (z,v) € R x [-1,1].

This process obviously does not satisfies Assumption (?4) since for all
6. € [0,1], and all A > 0,

inf{sgn(z)vEG*,MEA} )\(l‘, U) =2= SUP {sgn(x)v<0} )\(l’, U)'

Nevertheless, Assumption (A4) is verified for this process. Indeed, let

a € (0, inf W), we have :

v

x>0,v€(0,1]

1 /1

= G(a,v)dv

2/

1 supA(z,v) sup(z, v)
—1/_2 — dv+1/_ . dv
2 /4 supA(z,v) —av 2 J_1 supA(z,v) —av
z>0 7 220

;rzl%)\(x’ v)

1 1
+/ . dv
2 Jo ;I%f(;)\(l',v) —av

1/—% S O LR
2/ %—ow U+2/_ 2 —av v
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1 s+ay) 1 2+ %
=—1 2 —1 2.
4o Og(%—}—g)_'_a 0g<2—a>

A curve sketching shows that there exists an interval I, C [O, inf /\(f)’v)
x>0,v€(0,1]

and a constant J, € (0,1) such that for all a € I, %f_ll G(a,v)dv < J,,

i.e. Assumption (Ay4) is satisfied.
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Chapitre 4

Z1g-zag processes In interaction

In this chapter, we are interested in a system of one-dimensional Zig-zag
processes in mean field type interaction. Our aim is to study first the propagation
of chaos and the existence of the non-linear limit process, and then to investigate
its long-time behaviour. For the latter point, we are led to work with a centred
particle system and its associated centred non-linear process.

Since this work is in progress, with my PhD advisors, some of our conjectures are
not yet proved, but we will illustrate the expected results with some simulations.

4.1 Introduction

We consider a system of N couples ((XLN,VLN), e ,(XN’N,VN’N)) in
R x {—1,+41} where each couple is a one-dimensional Zig-zag process attracted
by the mean position of all the particles. We suppose that the jump-rate of each
particle is of the form A ((Xi’N — % Zi\;l Xk’N) Vi’N>, which suppose a sort
of symmetry around the mean position of the system. The particle system has
thus the following generator :
for f € CYO(RN x {~1,+1}V,R) and (z,v) = ((x1,--- ,zN), (v1,--- ,0N)) €
RN x {—1,+1}¥,

N N
£xf(w,v) = 3 vilh f(2.0) + DM = Do) (Fla,0) = f(z,0)), (4.1)
i=1 i=1
where v\ = { ¥ i 7 and T = &SN 2, and where X is a non-
J —v; else. N k=170

negative function on R, with assumptions that will be detailed thereafter.
In other words, for i € {1,---, N}, the couple (X*V V&N) is solution of the
following stochastic system :

(4.2)

N

axiN =viNae
WWN i, N ) ) ) 4
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FIGURE 4.1 — Trajectories of five particles following (4.2), left with A\(z) =
arctan(z) + 3, and right with A(z) =1+ z1,50.

where the N, i =1,--- , N, are N independent Poisson measures on Ri with
Lebesgue intensity measure.
We can observe on Figure 4.1 two trajectories of five particles following (4.2),
with A(z) = arctan(z) + 3, and A\(z) = 1+ 2z1,5¢. The initial positions are inde-
pendent variables with law £ (1—10), and the initial speeds are i.i.d. Rademacher
variables with parameter %
Since under good assumptions on the jump-rate A\, a Zig-zag process can mo-
del the movement of a bacterium which is attracted by a fixed nutriment (see
[Bierkens et Roberts, 2017|, [Fontbona et al., 2012], |[Fontbona et al., 2016],
[Calvez et al., 2015] and [Fétique, 2017]) the particle system with infinitesimal
generator (4.1) can model the movement of a group of N bacteria that are
attracted by their mean position. Under such assumptions on A, this particle
system of PDMPs in interaction models therefore a population of collaborative
bacteria.
Our goal is to investigate the behaviour of one particle interacting with the
others, when the number N of particles tends to infinity. We will see that when
the particles start with i.i.d. initial conditions, the time-evolution of such a bac-
terium can be approximated by a non-linear process. We say that propagation
of chaos holds. In our case, since the interaction between the particles solutions
of (4.2) holds by their mean position + Zivzl XN at the limit when N tends
to infinity, the non-linear process interacts with its law, and particularly with its
mean position. Therefore, the propagation of chaos holds towards a process, that
we will call the non-linear Zig-zag process, solution of the following non-linear
system :

{ dX; = Vidt (4.3)

dVy = -2V~ f 1Z§A((Xt*]E[Xt])Vt_))N(dZ7dt)v .

where N is a Poisson measure on ]Ri with Lebesgue intensity measure.

Since such a system is non-linear, due to the dependence of the evolution of
X: on its mean E[X}], the existence and uniqueness of the solution of (4.3) is
non-trivial. We thus first study this point, using a classical method of Picard
iterations. Then, the propagation of chaos can be proved with the same kind of
calculations, by coupling N particles starting at i.i.d. initial conditions with N
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4.1. INTRODUCTION

independent copies of the non-linear Zig-zag process driven by the same Poisson
processes as the particles, and with the same initial conditions.

Once these two points, existence and uniqueness of the non-linear process and
propagation of chaos, have been proved, our goal is to investigate the long-
time behaviour of the non-linear Zig-zag process. However, its behaviour de-
pends on its mean position, whose evolution is not trivial. We are therefore
led to introduce a new particle system and its associated non-linear process,

that will be easier to study. We thus consider the couples ((Y;N,Vf]v)> 0’
t>

i€ {l,---,N}, where Yf’N = XZ’N - % Zi\[zl th’N, and the associated non-
linear process ((Y%,V;));>q, that we will name the non-linear centred Zig-zag
process. The evolution of V%V now only depends on Y*¥ and V%" and the in-

teraction lies in the evolution of YV since de’N = <V?N — % ]kvzl V;kN> dt.

Therefore, the non-linearity of the non-linear centred Zig-zag process now holds
with E[V;], that seems easier to study than E[X;]. Our goal is to prove that,
under assumptions on the jump-rate A, the non-linear centred Zig-zag process
has a unique invariant probability measure, and that it converges towards it in
time. These facts still are conjectures, and we will discuss about it.

Mean-field type interacting particles and propagation of chaos where firstly
introduced by Kac in [Kac, 1956], and we can also cite the seminal works of
McKean [McKean, 1967| and Snzitman [Burkholder et al., 1991] on this topic.
The literature on interacting particle system is huge, and we can not cite all of
the works on this topic, so we only give few examples that study different kinds
of interacting particle systems. We mention the work of Malrieu [Malrieu, 2003],
in which the author studies a mean-field diffusive particle system. He studies
the propagation of chaos, that holds uniformly in time, towards a non-linear
process, in which the non-linearity holds with the law of the process. He also
investigates the exponentially fast convergence of the non-linear process to equi-
librium. In [Fontbona et al., 2009], the authors are interested in non-linear pro-
cesses that are solutions of non-linear stochastic equations driven by space-time
white noises. Their goal is to construct a diffusive interacting particle system,
that is easy to simulate, and that approximates the non-linear process. We can
also cite the work [Andreis et al., 2018, in which Adreis and her co-authors in-
vestigate the propagation of chaos of a particle system that can model a system
of neurons interacting by their mean. The particles are diffusions with simulta-
neous jumps.

Finally, let us mention some works on PDMPs in interaction, which is the
context of this chapter. In [Thai, 2015|, the authors is interested in a system
of birth and death processes in mean-field type interaction in discrete space.
Under good assumptions on the parameters on which the model depends, she
shows the exponentially fast convergence of the particle system in Wasserstein
distance, the uniform propagation of chaos, and the convergence of the non-
linear limit process. The paper [Graham et Robert, 2009] deals with a system
of PDMPs in interaction that models the interaction of several classes of per-

115



4.1. INTRODUCTION

manent connections in a network. They analyse the existence and uniqueness
of the associated non-linear process, and the propagation of chaos. The compu-
tations that we make for the corresponding results in our study are very close
to theirs. Then, they make a link between the existence of invariant measures
for the non-linear process and the existence of solutions of a fixed-point equa-
tion. Let us also mention the work [Fournier et Locherbach, 2016]. They study
a stochastic system of interacting neurons, modeled by a system of PDMPs in
interaction. The interaction holds in the jump process, and also in the deter-
ministic behaviour. They prove the propagation of chaos towards a non-linear
process, and investigate the long-time behaviour of this latter. Finally, let us
speak about the recent work [Monmarché, 2018], which is related to ours. In his
paper, Monmarché is interested in the long-time behaviour of mean-field type
interacting particle systems and non-linear processes, and he studies them with
their associated mean-field integro-differential equations. The framework of his
work is the following : he considers processes, including PDMPs, in the pertur-
bative regime, that is the case where the interactions have a negligible effect with
respect to the mixing effect of the process without interactions, and the interac-
tions are supposed to hold in the jump mechanism of the processes. He proves
convergence in total variation distance by working on the laws of the processes,
whereas we work in this Chapter on the trajectories. Let us finally describe one
example detailed in his paper : the study of a Zig-zag process in mean-field type
interaction. He considers the following non-linear integro-differential equation
on R x {-1,41} :

8tmt (ZL‘, U) =+ y@xmt(:n, U) = )‘mt (ZL‘, _U)mt (l‘, U) - >‘mt (fL‘, U)mt (:Ev U)7

with A, = r(v(x — 0z,)), where z, = fo{—1,+1} zv(dz,dv), 0 € (0,1) and
r : R — RT is a Lipschitz function such that limg, o r(s) < limg_ 1o 7(s)
and infser 7(s) > 0. This equation describes a one-dimensional Zig-zag process
which is attracted by an average of the origin and the barycentre of its law.
Monmarché shows that for 8 small enough, that is when the attraction to the
origin is not too strong, the process converges exponentially fast to equilibrium.
Therefore, this example is near to our study of the non-linear Zig-zag process,
but the difference, that makes the behaviour of the process completely different,
is that we do not consider any attraction to the origin.

This chapter is organized as follows : in Section 4.2, we investigate the exis-
tence and uniqueness of the non-linear Zig-zag process, and the propagation
of chaos of the particle system towards this process. Then, in Section 4.3, we
introduce the centred particle system and non-linear process, in order to inves-
tigate the long-time behaviour of the latter. Finally, we discuss the prospects to
improve and complete this work in Section 4.4.
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4.2. STUDY OF THE INTERACTING PARTICLES SYSTEM

4.2 Study of the interacting particles system

In this section, we first investigate the existence and uniqueness of the non-
linear process solution of (4.3), process that we name the non-linear Zig-zag
process. Then, we prove the propagation of chaos of the particle system (4.2).
For this purpose, we make the following assumption on the jump rate A, which
is a classical assumption to prove the existence and uniqueness of solutions of
stochastic differential equations :

Assumption (H)) :

The jump-rate X is a non-negative Lipschitz continuous function on
R, and we denote by K its Lipschitz constant :

4.2.1 Pathwise existence and uniqueness of the non-linear sys-
tem

For f: Rt — R? and T > 0, we define

Ifllz="sup |[f(s)]-
0<s<T

In order to prove the existence and uniqueness of a solution of the system (4.3),
which is not trivial due to the dependence of a solution on its own law, we use
a standard method of fix point.

Proposition 4.2.1. We assume (H)). For a (deterministic) measurable func-
tion m : Ry — R and a couple (Xo, Vi) of random variables on R x {—1,+1},
let 9(Xo, Vo, m) = (X, Vi) be the solution of the linear stochastic differential
equation a

{ dX; =Vdt (4.4)

dVv, = -2V,- f 1z§)\((Xt77m)Vt_)N<dza dt)

starting at (Xo, Vo), where N is a Poisson measure with Lebesque intensity
measure. Then, for any such functions m,m and couples of random variables
(X0, Vo), (X0, Vo), any T > 0, we have

~ ~ T
Eo [[¢ (X0 Vo,m) = & (o, Vo) || ] < Co(@yel Mo, (a5)
with
_ 5 T
Co(T) = | Xo — Xol-+[Vh — Vol 42K / lm — ], ds
0
MT) =1+ 2K (| Xo|+T + [mz| + 1).

where Eq [-] denotes the conditional expectation with respect to (X, Vo, Xo, f/o)

117



4.2. STUDY OF THE INTERACTING PARTICLES SYSTEM

Proof. The linear Markov process ¢(Xg, Vo, m) is well defined (see for instance
[Gikhman et Skorohod, 1972] for details on stochastic differential equations dri-
ven by Poisson measures) and can be constructed by introducing the successive
jump times of the process as follows. Let (E;);>1 i.i.d. exponential random va-
riables, also independent of (Xg, Vp).

For (Xo, Vb) = (z0,v0), let T1 = inf {t >0: fg)\((xo + vos — mg)vg) > El}
be the first jump time. For t € [0,T}), we set V; = v and X; = xo + vot, and
for t =14, Vp, = —vg and X1, = xg + voT1. Then we introduce the successive
inter-jump times 7,, and the jump times T,,, n > 1, by 4 =T} and for n > 1,

t
Tn+1 = inf {t >0: / A((XTH + VTnS — m5+Tn)VTn) > En+1},
0

with inf @ = 400, and T,11 =T}, + Tha1-
Then we have for t € [T},, Ty +1), we set V; =V and Xy = Xp, + Vi, t, and for
t= Tn+1, VTn+1 = _VTn and X; = XTn + VTnTn+1.

We denote by (X, Vi) = ¢ (Xo, Vo, m) (t) and (Xt, fé) =¢ (Xo,%,m) (t).

To simplify the read of the proof, we introduce the notations
Ag— 1=
R =

((Xs - ms)Vs*) , As = A ((Xs - ms)vs)
((5(5 ~ ms)‘%—) ;A=A ((Xs —~ m)V) :

By integrating equation (4.4) for (X3, V;) and (X;, V;) we have :

X, — X, :XO—X0+/Ot<I/S—X7S>ds

t
Vi-Vi =W—Vy— 2/ / (VS’IZS/\S— V-1 5 )N(dz,ds).
0 s
It6’s formula for the absolute value gives then :
Vi = W] = |vo - 7%
t ~ ~ ~
[ (v e 201 | [V - ) Vidzas)
0 ® =77

=[vo—ta|+ [ [ (e+ V-1 - )

Liin{x, 5%, - }<e<max{r,_ i WV (dz, ds)

so that, taking conditional expectation we get :

Eﬂw>vmzhwidﬁK/mK%+%—%—&D

]‘min{)\s;j\s}gzgmax{)\s;S\S}:| dzds

118



4.2. STUDY OF THE INTERACTING PARTICLES SYSTEM

t ~
s]%—vo\w/ o [|h — A
0

| as.

Since X is K-Lipschitz-continuous, for all ¢ > 0, |V;| = 1 and | X¢|< | Xo|+t, we
deduce
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[V -7 ]

~ t ~
< Vo= Vo + 2K [ Eo|x, = mav. - (%, - )T,
0

Jas

< [V~ o]+ 26 [ Ba[| 0 =m0V = Vo) + VX, X, — =) s
(4.6)

IN

Ve — Vi

t
%—%+@K/U%Hw+mmm[
0

Jas

t
+2K/ IEOHXS—XS
0

t
}ds + 2K/ |ms — mg|ds
0

t
< Vo= Vo + 2K [ (1ol + 5+ I )Ea[|V ~ 7
0

}ds

S
t ~ t

+2K/ IEO[HX—XH }ds+2K/ Im — ] ds.
0 s 0

Moreover we have

ol 5] < o sl + [ 57 J o

The two equations above give :
Eo ||1X = Xlli+V = V]
< X0 = Kol+Vo — Vol 2K [ =l 0

[ 2R X+l + 1) (Bo [IX = SV - 71.]) .
We thus have, with the notations introduced in the proposition :
Bo [IX = X1tV = V1] < Coto) + [ ho)Bo [I = KtV = V1] as.
Since t — Cy(t) is non-decreasing, Gronwall’s lemma gives :

Eo |[IX = X[V = VIle| < Coe)els ",

and the result is proved. O

Let us now introduce a condition on the initial data.

Assumption (H,) :
There exists a > 0 such that E [eO"XO'] < 00.
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4.2. STUDY OF THE INTERACTING PARTICLES SYSTEM

We can now state the result that establishes the existence and uniqueness of a
solution of (4.3), namely the non-linear Zig-zag process.

Theorem 4.2.2. Let us suppose that Assumption (Hy) holds. If X¢ satisfies
Assumption (He), there is pathwise existence and uniqueness of a solution of
(4.3) starting at (Xo, Vo).

Moreover, let (X,V) and (X,V) be solutions of (4.3) with respective initial
conditions (Xo, Vp) and (XO, ‘70) Suppose that Xy and Xo satisfy Assumption
(Ha). Then for any T > 0, there exists some constants Cp, Clh, > 0 such that :

E[IX = Xllg+|V = V]

<E [(lXo — Xo|+IVo - ‘70|) ealXol} (1 4 Cypexp (C”TIE [ea|X0|:|> E [ea‘Xo‘D '
(A7)

Remark 4.2.3. The last inequality of the theorem describes the continuity of
the solution of (4.3) with respect to the initial condition.

Proof. We use a classical Picard iteration and thus construct a sequence
(X™, V™)p>0 by induction as follows :
— (X% V%) = (Xo, Vo) and m°® = 0,
— forn > 1, let (X™, V™) be the solution of (4.4) with (X7, Vg") = (Xo, Vo)
and m=m""1:=t—E[X]].
Applying (4.5) we have, for ¢t > 0 :

t
Eq [HXnJrl _ Xn”t+||vn+l _ Vn”t] < 2K€f0t h(s)ds/ Hmn - mnlest.
0

Since h(s) = 142K (| Xo|+s+|m?|+1) and, by definition of m™, |m?|< E [| Xo|]+
s, we deduce
efoi h(s)ds < Ate2Kt\X0\7 (4.8)

with A; := e(1H2K (14+E[| Xo ) t+2Kt>

Let define ty = 5%, where a is the constant introduced in Assumption (Hq).
We note that § := 2K A; E [ea|X0|] is finite, and we have, for ¢t < ¢,

E [HXn—l-l . Xn||t+||vn+1 . VnHt] —E [EO [||Xn+1 o XnHt—I-HVTH—l o VnHtH
t
< 5/ ™ — 1| ds. (4.9)
0
On the other hand, we have
I — e < B [1X7 ~ X7 ]

t
< 5/ Im™t = 2 ds
0

t S1
< (52/ / Hm”_2 — mn_3H52d82d81
0 Jo
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<5"/ / / [m! —mP||s, _,ds,_1---dssds;
(0

tnl

< L0 4.1
_(n_l)!l\m m” ¢ (4.10)

By plugging this relation in (4.9), we get :

E [ X" = X" e IV = Vs m! —m’||sds

We deduce that the sequence of processes ((Xt”7 th)OStSto)n>0 converges uni-
formly to some process ((X¢, Vi))g<s<y,» and we have : -

+o0
E (X" = Xl V" = Vilio] < E [Z (1% = Xk VE - v’f“nto)]
k=n

z Ct)® o,
-~ 0

— Meﬁtonml .

n' mOHtO‘

This relation implies that the sequence of functions (¢ — E[X[']), -, converges
uniformly to m := t + E[X;] on [0,%y] (we already knew that this sequence
converges thanks to (4.10), but we explicit now its limit).

In order to verify that the limit (X, V') satisfies the system (4.3), we write, by
definition of (X" VnHl) for t <ty :

t
Xt :X0+/OVS"+1ds
t

th-H =Vy— 2/0 Vsn+1/1z<)\((X§‘+1E[XQ})VS"_“))N(dZ’dS)'

The uniform convergences, the continuity of A and the continuity properties
of the Poisson process (see [Kingman, 1992] for instance) show that the limit
process (X, V') indeed satisfies (4.3) on [0,%o]. We have then the existence of a
solution of (4.3) on [0, tg].

Let us now show the uniqueness on this interval. Let (X, V) be another solution
of (4.3) with initial condition (Xo, V). We note m; = E [X} Using again (4.5)
we get, as previously, for ¢ < tg with tg = 5% :

t t
|m — < 2Kef$h<$>d8/ |m — msds < 5/ |lm — ) sds,
0 0

with § = 2K Ay R [eeXol].
We deduce by Gronwall’s lemma that m = m on [0,?p], and then (X,V) =
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(X, V) on [0, o], hence the uniqueness of the solution.

To extend the existence and uniqueness on R, we first do the same on the
interval [to, 2to] with initial condition (X, V4,), by translating the Poisson pro-
cess by tp on the second coordinate. Let us notice that Xy, satisfy condition
(Hq) since we have | Xy, |< | Xo|+to. Then, we conclude by induction.

It remains to prove the continuity of the solution on the initial condition. Let
thus (X, V) and (X, V) be the solutions of (4.3) with initial conditions (Xo, Vo)
and (Xo, Vp). One more time, using (4.5) gives :

[[m — 7|

<E[IX - X

~ - t
<E <|Xo — Xo|+(Vo — Vo|+2K/ lm — m‘|sds> ol h(s)ds:|
0

=E

:me—XwH%-dm)ameﬂ+2KEFHM@®]AWm_ﬁwﬂ&

With Gronwall’s lemma we then get, for t < :

sl < B [ (10— o170 — 1) ol K] exp (21w [of ]

< A, E [(yxo — Xo|+|Vo — VO\) ealXOI} oSto,

where A; is defined by (4.8), and § := 2K A, E [ea|X0‘]. Using now Relation
(4.5) we get :

E[I1X = XlliH1V = Vs
<E [(|X0 — Xo|+|Vo — Vo
12K to Ay E [(\XO — Xo|+|Vo — %y) ea‘qu e5t0> ok h<5>d8]

< A, E [(|X0 — Xol+[Vo — f/()y) eC“'XO‘] (1 + 2Kt Ay, O E [ea|X0|D .

Thus, we have obtained the conclusion of the theorem on [0, #y]. Then we can
get it on the interval [0, ntg] for any n > 1, the constants depending on n, by
the same procedure. And the proof is complete. O

Remark 4.2.4. Assumption (Ha) is very strong and is due to the use of the
rough estimation | X;|< | Xo|+t. But we could hope that the result remains true
for Xy € L'(R).

Remark 4.2.5. We obtained the existence and uniqueness of a solution of the
system (4.3) for jump-rates that are Lipschitz. We can hope that this remains
true for a jump-rate of the form A(z) = al,<o+bl.>o, but our method does not
work for discontinuous jump-rates.
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4.2.2 Propagation of chaos

We investigate now the convergence of the particle system towards the non-
linear Zig-zag process, that is the solution of (4.3), when the number of particles
goes to infinity. In other words, we are going to prove that if NV particles are
interacting, and start from i.i.d. initial conditions, when N tends to infinity, one
of these particles behaves like the non-linear Zig-zag process. The method used
here is classic : we couple N particles solutions of the particle system (4.2) with
N independent copies of the non-linear Zig-zag process.

Let (X", Vi’N))1<¢<N
i.i.d. initial conditions ((XS’N, V()i’N)>, 1 < i < N, independent of the Poisson
processes N, 1 <i < N.

i i

Moreover, let ((X ,V ))1<.<N be N independent copies of the non-linear Zig-

be the solutions of the particle system (4.2), with

zag process with initial conditions (Xé’N, VOZ"N), 1<i<N:forie{l,--- ,N},
(7,71) is the solution of the non-linear system

df V'ar
de —2V, [1 (X ()V,))
(YS,VO) = ( SNJ/JN),

where the Poisson measure N is the one that drives the EDS of V%" and where
mz(t) =K [Yq, for any i € {1,--- ,N}.

N*(dz, dt) (4.11)

Theorem 4.2.6. Let us suppose that Assumption (Hy) holds. Let (Xé’N, Vg’N),
1 <i < N, be i.i.d. random vectors in L*(R x {—1,+1}). Let us suppose that

the random variables (XS’N) Lien satisfy Assumption (He,).
1

Then, for everyt > 0, there exists a constant C; not depending on N, such that
forallie{l,--- N}

B[ vt

i.N 1/i,N ! 17
where the processes ((X ,V ))1§i§N and ((X ,V )>1§i§N are defined above.

zNH] C;

Proof. Let us define m" =t ~ Zk 1 X N the empirical mean-position of
the particle system.
Since m! is random, we can not directly apply (4.5), which has been obtained

for deterministic functions m and m. We thus return to Relation (4.6) , which
gives :
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Eo [V = V')
t
<2k [ B [|(X2Y —md) (VI -7
0
(XY %D - (md - )] ds
<2k [ (B (1% s 4 ) IV~
0

+Eq [HXLN — Xlns] + Eq Umé\f — m;”) ds,

where Eg [.] stands for the conditional expectation with respect to the initial

conditions ((Xg’N,VOk’N)> <N’
1<E<N

Thus, as previously, and using the definition of m”" we have :

—1 -1
Bo [IIVY = 7l XY - X))

t
< QK/ Eo [|m) —ml[] ds
0

+ 1 N
1N k,N
+/0E0 <1+2K+2K<|X0 s + 5 > IXEY]

k=1
t
< 2K/ Eo [|m) —mL|] ds
0

t 1 N
1,N k,N
+/O (1+2K<1+|X0 |+2s+—N§ 1 X, |

k=1

(VN =P XY = X)) | ds

E, [(HVLN Ve XN - Ylns)] ds.
(4.12)

Let us now look at the term Eq [|m) —m!|]. We have, by exchangeability pro-
perty of the particles :

_ 1 1
Eo [mY — ] =Ko ||+ > XMV —E[X]] ]

L k=1
1 & k A 1

< E, NZ‘XfN—XS +E, NZXS—E[XSH
L k=1 k=1
I 1 1 n 1

< Eo ‘X;’N XH +Eo || X —E [X}
) k=1

Defining
N 1 al ~k <1
FN(s) = E NZXS—E[XS] ,
k=1
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N
1
_ LN k,N
o) =1+ 2K (2 FIAY 24 D) |> ,
and going back to (4.12), we get :

—1 1
Eo [|IVY = 7+ XY - X

t t 1 N
§2K/ FN(s)ds+/ 142K [ 1+[XpN 425 + = > [X0N] | +2K
0 0 N

k=1
Eo [||V1’N — Vo — Ylns] ds
=2k [ ¥ + [ o [V - TN - X ds.
Applying Gronwall’s lemma we finally have :
Eo [HvLN — Ve XN - YIM < 2K el 9(9)ds /0 tFN(s)ds.

Taking the expectation, and using the Holder inequality we get :

: t
B IV = 7Y = ] < 2 [l o0He [P s)as]
0

</OtFN(s)ds)2] : .

1
t 27 2
</ FN(s)ds> ] tends to 0 when IV tends to infinity,
0

1
< 2KE [eQ Jo 9<8>d5} ’E

Let us now see that E

with speed v/N. Using the fact that the Yk, for k € {1,---, N} are independent

and identically distributed we have E [% Zivzl Y’;} =K [Yl} and Holder in-

s |

equality gives then

where Varg is the conditional variance with respect to <(X(])€ A Vok’N)>

Therefore we get :

(/OtFN(s)ds> 2] = (/OtIEO [

E




4.2. STUDY OF THE INTERACTING PARTICLES SYSTEM

<o |([ fan () |

Since Yi < Xé Ny s, and since Xé N satisfies Assumption (H,), the quantity
Varg (Yi) is bounded from above by a constant which is independent on N.
Therefore, there exists a constant C¢, dependent on ¢ by not on NV, such that

( /0 tFN (s)ds>2

Moreover, using that the initial conditions are i.i.d., and using Holder and Jensen
inequalities, we have :

E [82 I g(s)ds]

e

E .
- N

1,N kN

<E [et+2Kt(2+|XO H+4 SN Xk |)+2Kt1
1 1

r N T 5 k,N 5
< (a2 [ AKXy 2 g [64—1@“ SN Xk I} 2

i ] 3 ,

_ 1 2
_ JraR)reK i [k xpN] 2 (HE [eélzvaéC'Nl}>

r 1,N |75
_ e(1+4K)t+2Kt2E oKt Xy

o=

3 —
=

r
a

'

<

=

ok

=

[SIE

r 1,N
< e(1+4K)t+2Kt2E AKX,

:e(

1+4K)t4+2K 2 g _e4Kt\Xé’N I

Therefore, for t < tg := 3, the quantity E [e2 Jo g(s)ds} is finite.

We deduce that for all ¢ < #g, there exists a constant, that we still denote by
C4, depending on t but not on N, such that

e
< O

The extension to any arbitrary ¢ can be established as it is done in the proof of
Theorem 4.2.2. O

—1 1
E IV =7 | - X

Remark 4.2.7. The propagation of chaos is here not uniform in time as it can
be obtained in other cases (see [Malrieu, 2003, Thai, 2015] for instance). Once
again this is in particular due to the rough estimation | X;|< | Xo|+t.

Remark 4.2.8. As for the existence and uniqueness of a solution of the system
(4.3), we think that propagation of chaos holds also for a jump-rate of the form
Az) = alz<o + bl.>0, but our proof does not work in that case.
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FIGURE 4.2 — Empirical distribution of X} solution of (4.3) for ¢t € {0, 5, 10,15}
with A(z) = 1 + z1,50. Simulation made from the evolution of 10000 particles
solution of (4.2), with i.i.d. initial positions of law U([—5,5]) and i.i.d. initial

speeds of law Rad(0.5). The blue curve is f(z) = \/%e_ﬁ/?.
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FIGURE 4.3 — Empirical distribution of X; solution of (4.3) for ¢ € {0,5,10,15}
with A(z) = 1 + z1,50. Simulation made from the evolution of 10000 particles
solution of (4.2), with i.i.d. initial positions of law £(%) — 5 and i.i.d. initial

speeds of law Rad(0.5). The blue curve is f(z) = \/%e_ch/Q.

4.3 Long-time behaviour of the non-linear Zig-zag pro-
cess

Our initial motivation is to investigate the long-time behaviour of the non-
linear Zig-zag process.

On Figures 4.2, 4.3, 4.4, 4.5, 4.6 and 4.7 we have represented the empirical dis-
tribution of the first component X of the couple solution of (4.3), for different
jump-rates and different initial conditions. This has been done from the simula-
tion of 10000 particles solution of (4.3). We compare the empirical distribution of
X to the density function proportional to exp ( fo (y,+1) — Ay, —1)) dy).

From these simulations, we can observe and conjecture the followmg facts : the
law of X convergeb with time towards a shift of the law with density proportional
to exp ( fo (y,+1) — Ay, —1)) dy). This latter is in fact the first component
of the invariant distribution of the one-dimensional Zig-zag process with jump-
rate A. The constant that gives the shift of this distribution seems to depend on
the law of both the initial position and speed, and not only on their mean.

The behaviour of the non-linear Zig-zag process ((Xy,V;)),~, depends hea-
vily on the behaviour of its mean position E[X], which is not trivial to describe.
Indeed, even if the simulations lead us to the conjecture that E[X] tends to a
limit depending on the initial conditions, we did not manage to prove it for the
moment. On the contrary, the mean of the non-linear diffusive process studied
in [Malrieu, 2003 is trivial since it stays equal to zero with time.
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FIGURE 4.4 — Empirical distribution of X; solution of (4.3) for ¢ € {0,5, 10,15}
with A(z) = 1 + z1,50. Simulation made from the evolution of 10000 particles
solution of (4.2), with i.i.d. initial positions of law U([0,10]) and i.i.d. initial
speeds of law Rad(0.5). The blue curve is f(z) = ——e /2.
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FIGURE 4.5 — Empirical distribution of X; solution of (4.3) for t € {0,5, 10,15}
with A(z) = 1 + z1,50. Simulation made from the evolution of 10000 particles
solution of (4.2), with i.i.d. initial positions of law U([—5, 5]) and initial speeds

equal to 1. The blue curve is f(x) = \/Lz—we_ﬁ/?.
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FIGURE 4.6 — Empirical distribution of X; solution of (4.3) for t € {0,5, 10,15}
with A(z) = 1 + z1,50. Simulation made from the evolution of 10000 particles
solution of (4.2), with i.i.d. initial positions of law £(%) and i.i.d. initial speeds

of law Rad(0.5). The blue curve is f(z) = \/Lz?e_zz/?
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FIGURE 4.7 — Empirical distribution of X; solution of (4.3) for t € {0,5, 10,15}
with A\(z) = arctan(z)+3. Simulation made from the evolution of 10000 particles
solution of (4.2), with i.i.d. initial positions of law U ([—5,5]) and i.i.d. initial
speeds of law Rad(0.5). The blue curve is the density function proportional to

f (:L‘) — me—Qm arctan(z)
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o N & o
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FIGURE 4.8 — Trajectories of five particles following (4.3), left with A\(z) =
arctan(z) + 3, and right with A(z) =1+ 21,50.

An idea to simplify the problem is to work with a centred non-linear process
and its associated centred particle system.

We thus consider new processes (Yi’N, Vi’N), ie{l,---,N}, with
1
WN _ yi,N L kN
S A PN

where the processes (Xi’N, Vi’N), i€ {l,---, N}, are the solutions of the system
(4.2). The process (Y’VN VBN ) is therefore solution of the following system :

N = (VN - E e v ) ar
ioWN i, N 4
dv," = —2‘/;, f 1Z§)\(x§i,NV£N))N (dz,dt),

with V¥ = xgY — 4y,

We can observe on Figure 4.8 two trajectories of five particles following (4.3),
with A(z) = arctan(z) + 3, and A(z) = 1 4 z1,50. The initial positions are
independent random variables with law £ (%) — 10, and the initial speeds are
i1.i.d. Rademacher variables with parameter 5.

The following non-linear stochastic system is the expected limit of the centred
particle system, when the number of particles increases :

dY; = (V; — E[Vi])d¢

d‘/t =-2 f ‘/t— 1ZS)\()/t‘/t— )N(dZ, dt),
where N is a Poisson measure on R™ x R™ with intensity the Lebesgue measure,
and where the initial position Yj satisfies E[Y)] = 0 (since the initial position of
(Yi’N VN ) is centred by construction).

We name a solution (we will prove its existence and uniqueness thereafter) of
this non-linear stochastic system the centred non-linear Zig-zag process.

As mentioned above, by construction, the initial positions of the centred particle
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system and non-linear process are centred. However, as long as it is possible, we
will give results for the processes with general initial positions, not necessarily
centred. We will thus in the sequel specify when the initial position is centred
or not.

4.3.1 The centred non-linear Zig-zag process and propagation
of chaos, for any initial position

In this section, we investigate the existence and uniqueness of a solution of
the centred non-linear system, and the propagation of chaos of the centred par-
ticle system towards it, for any initial positions, that is not necessarily centred.
We thus consider, for i € {1,---, N}, the couple (Y*V, V&N solution of :

v = (VN - o v ) an

'7N — '7N . . ;
(™, V™) € LYR x {—=1,+1}),
where the V%, i = 1,---,N, are N independent Poisson measures on Ri

with Lebesgue intensity measure, and independent of the initial conditions
<(Yi,N Vi,N)) '

0 270 1<i<N
The expected limit EDS is the following :

dY; = (V; — E[V])d¢

AVe = 2 [ Vi- Loy, N (dz, di) (4.14)
(Yo, Vo) € LY(R x {—1,+1}),

where N is a Poisson measure on R™ x RT with intensity the Lebesgue measure,
independent of (Y, Vp).

To prove the existence and uniqueness of a solution of (4.14), process that we
call the centred non-linear Zig-zag process, we use exactly the same method as
for the non-centred process.

Proposition 4.3.1. We assume (H,). For a (deterministic) measurable func-
tion p: Ry — [—1,1] and a couple (Yy,Vy) of random variables in

LY R x {—1,41}), we define ®(Yy, Vo,p) = (Y2, Vi));>¢ the solution of the li-
near stochastic differential equation -

Y, =Y+ [y(Vs—ps)ds
Vi =Vo— 2f(f Vi- | Locamv,yN (dz, dt),

where N is a Poisson measure with Lebesque intensity measure.
Then, for any such functions p,p and couples of random variables (Yp, Vp),
(Yo, Vo), for any T > 0, we have

Eo [|@ (0, Vo.p) — @ (Yo, ¥0,5) |, | < Comyelo P,
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with
. B T
Oo(T) = Yo — | + [vo — ) +/ Ip — Bl ds
0
h(T) =1+ 2K(|Yy| + 2T + 1),
where Eq [-] denotes the conditional expectation with respect to (Yo, Vo, Yo, Vg)

Proof. Since \ is Lipschitz continuous, the function ® is well defined (see for
instance [Gikhman et Skorohod, 1972]). We denote by (Yz, V;) = @ (Yo, Vo, p) (¢)

and (Y, V;) = @ (Yo, Vo, 5) (¢).
We easily notice that

t t
mWY—ﬂU<hﬁdd+/EﬂW—v}@+/\w¢bﬁ
0 s 0

Let us introduce some notations to make the proof easier to read :

A= = A(YsVi-), As = A(YsV5)
A=A TV ) A=A (1)
We have

i = -

)

t
gh@—ﬁ4+2/‘/1mH~  eseman (i WN(dz,ds
0 {As_’As_}S S {AS_’AS_} ( )

Vit Vi| = Vi =V,

> 1rnin {)\S_ ,;\S_ }Szgmax {;\S_ 7;\5_ }N(dz, dS)

Then, since A is a K-Lipschitz continuous function and for all t > 0, |Y;] <
Yol + 2t,
|

B t
<|vo - W% +2/ Eo|
0

%WV—V

As — As

]m

~ t ~ o~
<|vo-7 +2K/ o ||YaVs - Vi,
0

}@

~ t ~
= Vo~ Ta| + 25 | o[V~ V) + (3 - Vo)t Jas
0

t t
S%V6+2K/(HM+2ﬂMMVV }u+2K/H%WYY
0 s 0

}m

S

Using Gronwall’s Lemma, we deduce
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ol [y =7, + v - 7]
= <(YO = Yo+ [Vo - Vo[ + / - pnsds) eJo (H2K (Yol+25+1)ds,
0
O

We observe in the previous proof that the centred process and the centred
particle system can be studied in the same way than the initial non-linear process
and the initial particle system. Consequently, we have similar results of existence
and uniqueness for the centred non-linear equation (4.14) and the propagation
of chaos by using the same methods than in Section 4.2.

Proposition 4.3.2. If we assume that (Hy) holds and Yy satisfies (Ho), there
is pathwise existence and uniqueness of the solution of (4.14).

Moreover, let us consider ((Yi’N, Vi’N)) L<i<N
If the random wvectors ((Y()i’N,Y/g’N)), i € {1,---,N} are independent and

identically distributed, and if for i € {1,--- N}, YOi’N satisfies Assumption
(Ha), then there is propagation of chaos of the centred particle system towards
the centred non-linear Zig-zag process, with speed /N .

the particle system solving (4.13).

4.3.2 Invariant distribution of the non-linear process, for any
initial position

In this section, our goal is to get information on the invariant probability
measures of the centred non-linear Zig-zag process solution of (4.14), that is for
an initial position not necessarily centred.

Let p € [—1, 1]. We consider the following system

(4.15)
th = -2 f Wt*]-zg)\(ZtWt_ )N(dz,dt),

where N is a Poisson measure on R™ x RT with intensity the Lebesgue measure.
This system looks like the centred non-linear system (4.14), but instead of the
term E[V}] for the evolution of Y}, we have a constant p € [—1,1].

A process (Z,W) solution of (4.15) is a Markov process with infinitesimal ge-
nerator LP given by

ﬁpf(za w) = (w - p)azf(sz) + )‘(Zw) (f(zv _w) - f(z,w)) :

We almost recognize the infinitesimal generator of a classical one-dimension Zig-
zag process attracted to the origin (under good assumption on the jump-rate
A), but here the derivative of the first component Y is not W but W — p.
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Up to now, we made no assumption on the jump rate that models an attraction
between the particles describing a group of collaborative bacteria. We make it
now, in order to enable the ergodicity of our processes.

Assumption (A) : There exist y9 > 0 and Apin > 0 such that A\(y) > A\nin
for all y > yp and such that

Ao := inf A(y) > sup A(y) =: A
yZyo y<—Yo

Assumption (A) is classic in the study of the Zig-zag process, since it is a suffi-
cient condition to prove its exponential ergodicity (see |Bierkens et Roberts, 2017,
Fontbona et al., 2012, Fontbona et al., 2016]).

Proposition 4.3.3. Let us assume Assumption (A) and let p € (—1,1) such
XO_A()
that |p|< o

The process (Z, W) solution of (4.15) has a unique invariant probability measure
vp on R x {—=1,41}, which is given by :

1 1 1-
vp(dz,dw) = ape_Fp(Z)dz ® ( —;p(sl + 5 pél) (dw) (4.16)

Fp(z):/oz <1A(u)—1j_p/\(—u)) du  and Cp:Aexp(—Fp(z))dz.

Proof. Let us first remark that C, is well defined when [p|< % Indeed, we
A9
notice that, thanks to Assumption (A),

/y:o exp [— /0 <1ip/\(u) - 1—117)\(_7“6
= exp [— /Oyo <1ip)\(u) - hlL_pA(_u) du]
/:exp _/y: lti]f(“)_liz)(—w) du}dz

~

N———
(o9
IS

1
(oW
N
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XO_A()
Ao‘i‘xo ’
Similarly, since Vz € R, p € (—1,1), F,(—z) = F_p(2), the quantity

[ e[ [ (- mgpem) oo
exp |— —Au) — —A(—u u|dz

— o \1—p L+p

XO—Ao XO_AO

Ao"l‘xo Ao“l‘xo.

Let us now prove that v, is invariant for (Z,W). Let f be an arbitrary

function on R x {—1,+1} of class C* with compact support. We have, for
zeR:

which is finite for —p <

is finite for p <

and then C), is well defined for |p| <

,Cf(Z, 1) = (1 - p)azf(z’ 1) + A(Z) (f(za _1) - f(Z, 1))
and
ﬁf('zv _1) - _(1 +p)azf(z7 _1) + )\(—Z) (f(Z, 1) - f(z7 _1))
so that
1+p 1—p
Tﬁf(z, 1)+ Tﬁf(z,—l)

2
= 1 P (azf(z? 1)—(9Zf(2,—1))

2
(1) — F(-1) (”Wz) - H’A(—z)) |

2 2

We can then easily verify that for any C'°-functions f with compact support
on R x {—1,+1} we have

/ Lf(z,w)vy(dz,dw)
Rx{-1,+1}

:/Rl <1+p£f(z, 1)+1;p£f(z,—1))

e\ 2
exp (-/0 <1ip/\(u) - 1j_p)\(—u)> du> d

Therefore, v, is an invariant probability measure of the process (Z, W) solution
of (4.15).

Moreover, this is its unique invariant probability measure since (Z, W) is po-
sitive Harris recurrent (this can be classically proved with Theorem 4.2 of
[Meyn et Tweedie, 1993b]). O

= 0.

Remark 4.3.4. We observe that if (Z, W) ~ v, we have E[W] = p.

Theorem 4.3.5. Let us suppose that Assumptions (H,) and (A) hold.
Let (Y, V) be solution of (4.14). Then, for all p € [—1,1] with |p|< ;2;30, the
20

measure vy given by (4.16) is an invariant probability measure for (Y,V).

135



4.3. LONG-TIME BEHAVIOUR OF THE NON-LINEAR ZIG-ZAG PROCESS

XXy
Proof. Let p € [—1,1] with |p|< SorAs

Let (Yo, Vo) ~ v, (we thus necessarlly have p = E[Vp]). Let us consider (Z, W)
the solution of the stochastic system (4.15) with (Zy, Wy) = (Yo, Vo). By Propo-
sition 4.3.3, since v, is invariant for (4.15), we deduce that p = E[Wy] = E[W]
for all £ > 0. We can thus rewrite the stochastic system (4.3) :

th = —2f Wtf 1Z§)\(ZtWt— )N(dz, dt)

Therefore, (Z, W) is solution of the non-linear system (4.3), and thus by uni-
queness equal to (Y, V). Since v, is invariant for the process (Z, W), this proves
that v, is invariant for (Y, V'), that is for (4.3). O

Remark 4.3.6. We can show a little bit more : let m(dy,dw) be an invariant
probability measure for the non-linear process (Y, V') solution of (4.3) such that

Ao—A
[ [wr(dy,dw) = p with |p|< % +/\°

Indeed, since 7 is invariant, E [V;] = p for allt > 0. Therefore, (Y, V') is solution
of (4.15). Moreover, since (Y,V') is stationary by assumption, we deduce by
Proposition 4.3.5 that m = vp,.

Then m = vp.

4.3.3 Conjectures on the long-time behaviour of the centred
non-linear Zig-zag process with centred initial position

We now consider the centred non-linear Zig-zag process with centred initial
position, that is the process (Y, V') solution of the following non-linear stochastic
system :

Y =Yo+ fy (Vi — E[Vi])ds

V;‘, ‘/0 - 2f0 IV 12<>\(Ys )N(dZ,dS) (417)
(Yo, Vo) € LY (R x {—1,+1}) with E[Y;] = 0,

where N is a Poisson measure on R™ x RT with intensity the Lebesgue measure.
Our goal is to understand the long-time behaviour of this process. Let first do
the following remark.

Remark 4.3.7. Let us assume Assumption (Hy). Let us consider (Y,V) the
solution of (4.17), and let us suppose that Assumption (A) holds.
We can observe that among the probability measures v, defined by (4.16), with

€ [—1,1] such that |p\< % +;°, only vy is invariant for (Y, V).

Indeed we have E[Yy] = 0, and thus E[Y;] = 0 for all t > 0. Therefore, an
invariant probability measure 7 for (Y, V') necessarily satisfies [ ym(dy,dv) = 0.
Let us see that only vy satisfies this condition.

We note that f ze 1) dz = 0, so that vy indeed satisfies it. Moreover, since

Cp <0, [p zwdz = 0 if and only if [p zexp(—Fp(2))dz = 0. It is easy
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to check that p — fR ze—Fp(2)

AO_XO XO_A()>
Ao+Ag " Ao+Ag /)
We thus deduce that for p in this interval, fR ze (D dz = 0 if and only if p = 0.

dz is strictly decreasing for p € (

Therefore, by this remark, we have reduced the possibilities for the invariant
measures for the centred non-linear Zig-zag process with centred initial position.
In fact, we conjecture the following result :

Conjecture (Cy) :

If Assumptions (H)) and (A) are satisfied, the measure vy given by

(4.16) is the unique invariant probability measure of (Y, V).
To prove it, it is sufficient to prove that there exists tg > 0, § > 0 and 0 < n <
MD=N=0) qych that
A@) A7)

|E[V¢]|<n forall t > t. (4.18)

Indeed, let us suppose that (4.18) holds. We have already seen that 1 is an
invariant distribution for the process (Y, V') in Theorem 4.3.5. Moreover, let 7
be an invariant probability measure of (Y, V'). By Remark 4.3.6, and since (4.18)
holds, it ensures that m = v}, for some p. And finally, Remark 4.3.7 gives that
T = g is the unique invariant distribution.
Thereby, a first goal is to prove that (4.18) holds.

Then, if we prove Conjecture (Cy), the next step is to prove the convergence of

(Y, V) towards vy :
Conjecture (Cp) :

Under Assumptions (#) and (\A), the distribution of (Y7, ;) converges
towards vg when t tends to infinity.

To prove it, it is sufficient to find a Lyapunov function for the infinitesimal
generator of the process (Y, V). Indeed, the existence of the Lyapunov function
and the uniqueness of the invariant measure 1 give the convergence of the
process towards vy by an argument of compactness. And in fact, a positive
function g of class C! in its first variable with

g(y,v) = exp(a|y|+Bsgn(yv)) for |y|>

for some y; > 0, will indeed be a Lyapunov function for (Y, V) if relation (4.18)
holds.

From the discussion above, we deduce that it would be sufficient to get relation
(4.18) in order to conclude to the convergence of the centred non-linear Zig-zag
process towards the probability measure 1. In fact, relation (4.18) seems to be
true, since we observe on the simulations the convergence of p; towards zero
when t tends to infinity.

On Figure 4.9, we can observe four evolutions of p;, for different jump-rates and
initial conditions. In all cases, we observe the convergence of p; towards zero,
but not necessarily directly. Moreover, we observe that the speed of convergence
of p; depends heavily on the law of the initial positions. All these observations
remain to be proved. The main difficulty to prove this is that our process is a
couple, and we can not study the speed without taking into account the position.
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4.4. PROSPECTS
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FIGURE 4.9 — Time evolution of p, = E[V}] with different jump-rates and initial
conditions.

4.4 Prospects

We finally discuss of the prospects of this work, in addition of Conjectures
(Cl) and (Cg)

Firstly, we have obtained the propagation of chaos for the initial particle system
and the centred particle system, but not uniformly in time. We could thus try
to have it, even if it does not seem to be simple with our computations. Mo-
reover, the propagation of chaos and existence and uniqueness of the non-linear
processes have been proved under Assumptions (H)y) and (H,), but we hope
to do better for both assumptions. Indeed, we guess that the results stay true
for jump-rate of the form A(z) = al,«o + bl.>0, and for an initial position in
L'(R).

Then, if we indeed obtain the ergodicity of the centred non-linear Zig-zag pro-
cess, we hope to be able to use it to get information on the initial non-linear
Zig-zag process, that we also think to be ergodic as we have seen on Figures 4.2,
4.4, 4.5, 4.6 and 4.7.
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Résumé :

L’objet de cette thése est I’étude de certains processus de Markov détermi-
nistes par morceaux (PDMPs), et plus particuliérement de leur comportement
en temps long. Pour cela, nous utilisons des méthodes de couplage. Dans un pre-
mier chapitre, nous nous intéressons a un PDMP appelé "billard stochastique",
décrivant le mouvement d’une particule dans un convexe borné du plan. Nous
donnons, dans des cas particuliers de convexes, une borne explicite sur la vitesse
de convergence & I’équilibre du processus. Dans un deuxiéme chapitre, nous étu-
dions 'ergodicité d’'un PDMP que 'on a appelé "processus Zig-zag généralisé",
pouvant décrire le mouvement linéaire par morceaux d’une bactérie attirée par
un nutriment fixe dans son environnement. Enfin, dans un dernier chapitre, nous
étudions un systéme de particules, dont chaque particule est un processus Zig-
zag (cas particulier du processus étudié dans le deuxiéme chapitre), non plus
attiré par un nutriment, mais par la moyenne spatiale du systéme de particules.
Nous étudions la propagation du chaos de ce systéme de particules, ainsi que le
comportement en temps long du processus limite.

Mots clés :

Processus de Markov déterministes par morceaux ; Comportement en temps
long; Vitesse de convergence ; Méthode de couplage ; Systéme de particules en
interaction ; Propagation du chaos.

Abstract :

The purpose of this PhD thesis is the study of some Piecewise deterministic
Markov processes (PDMPs), and in particular of their long-time behaviour.
For that, we use coupling methods. In a first chapter, we are interested in a
PDMP called "stochastic billiard", that describes the movement of a particle
in a bounded convex set of the plan. In particular cases of convex sets, we
give an explicit bound for the speed of convergence of the process. In a second
chapter, we study a PDMP that we have named "generalised Zig-zag process",
that can describe the piecewise linear movement of a bacteria which is attracted
by a fixed nutriment in its environment. Finally, in a last chapter, we study a
particle system in which each particle is a Zig-zag process (particular case of
the process studied in the second chapter), attracted by the spatial mean of the
particle system. We study the propagation of chaos of this particle system, and
the long-time behaviour of the limit process.

Keywords :

Piecewise deterministic Markov processes; Long-time behaviour; Speed of
convergence ; Coupling method ; Interacting particle system; Propagation of
chaos.
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