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Abstract

From the observation of a diffusion path (X;);c[0,7] on a compact connected d-
dimensional manifold M without boundary, we consider the problem of estimating
the stationary measure p of the process. Wang and Zhu (2023) showed that for the
Wasserstein metric W, and for d > 5, the convergence rate of T—1/(d=2) 5 attained
by the occupation measure of the path (X;);e[0,7] when (X;);c[0,7] is a Langevin
diffusion. We extend their result in several directions. First, we show that the rate
of convergence holds for a large class of diffusion paths, whose generators are uni-
formly elliptic. Second, the regularity of the density p of the stationary measure u
with respect to the volume measure of M can be leveraged to obtain faster estimators:
when p belongs to a Sobolev space of order £ > 2, smoothing the occupation measure
by convolution with a kernel yields an estimator whose rate of convergence is of order
T~ (+D/26+d=2) We further show that this rate is the minimax rate of estimation for
this problem.
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1 Introduction

The manifold hypothesis has become ubiquitous in the modern machine learning land-
scape, where it is commonly used to explain the efficiency of nonparametric methods
in high-dimensional statistical models [1]. This paradigm has motivated statisticians
to study inference problems under manifold constraints [2—7]. Given 7 i.i.d. samples
from a distribution p supported by a d-dimensional manifold compact M, the task of
estimating either  or geometric quantities related to M naturally arises. The picture
is now well-understood. For example, minimax rates are known for the estimation
of M with respect to the Hausdorff distance [8], for tangent space estimation [5, 9],
and for curvature estimation [5, 10—12]. The estimation of the measure p has been
tackled in a pointwise manner [13], with respect to the Wasserstein distance [14, 15],
or with respect to more general adversarial losses [16]. Once again, minimax rates of
estimation are known and are typically achieved by kernel-like estimators. Yet, the
literature is far less abundant when we leave the i.i.d. setting.

However, a framework in which the data is generated through an exploration process
is also natural. This setting is especially relevant in scenarios where the manifold is
seen as the continuum limit of a large graph, the latter being explored by a random
walk. We can think for instance of the famous PageRank algorithm [17], but also of
Respondent-Driven Sampling methods to discover hard-to-reach populations such as
sexual communities or drug-users [18-21]. At the limit, this random walk converges
to a continuous time diffusion exploring the manifold. Formally, we will consider
that we have access to a sample path (X;);c[0,77 on [0, T'] of a diffusion process on
a submanifold M C R™, that is generated by a uniformly elliptic C>-differential
operator A, essentially self-adjoint with respect to some invariant measure p. Our
goal is to propose reconstruction methods for the measure u based on the observation
of the sample path (X;);¢[0,7]- Applications of these results could include asymptotic
equivalence [22], bias correction in sampling schemes based on random walks [20] or
manifold regression [23], for example.

The general framework we work in encapsulates in particular operators of the form
Apq given for any test function f of class C? on M by

Apg(f) :=qAf +{qgVin(pq), Vf), (1.1)

where p, ¢ € C? are two positive functions, with p being the density of the measure
w with respect to the volume measure dx on M and V and A denote respectively
the gradient and the Laplace-Beltrami operator on M (see e.g. [24]). When we take
g = £, we recover the generator

gAf—i-(Vp,Vf}
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studied in [25-27]. When g = 1, we recover a Langevin diffusion, whose generator
L is defined for any test function f of class C> on M by

L) =Af + (Vinp,Vf) = Af+<¥,vf>. (12)

Processes with this kind of generators can be obtained as the limits of random walks
(without and with renormalization) visiting points sampled independently with iden-
tical distribution (i.i.d.) u(dx) = p(x)dx on M, see e.g. [25-27].

In R™, the question of estimating the invariant measure of a diffusion has been
treated abundantly, see [28—31] (notice that the problem could also be studied with the
different point of view of non-parametric estimation for diffusion processes, see e.g.
[32]). For manifold-valued data, the problem of reconstructing the stationary measure
wu from a sample path was first addressed by Wang and Zhu [33] for the generator (1.2).
They consider the occupation measure pr of the process, defined for every bounded
measurable test function f by

1 T
/ f)prdx) = ?/ f(Xs) ds. (1.3)
M 0

Let P(M) be the space of probability measures on the compact connected d-
dimensional Riemannian manifold M. We introduce the 2-Wasserstein distance on
P (M), defined by

12
Waui, i) = inf (/ p(x,yﬁn(dx,dy)) ,
7eC(nr.pn2) \J MxM

where p is the geodesic distance on M and C(u1, p2) is the set of measures on
M x M with first marginal ©| and second marginal x>. Wang and Zhu [33, Theorem
1.2] showed that for the process with generator L,

7! whend <3
E W ur.w] {77 In1+7) whend =4 (1.4)
T a2 whend > 5,

where [E, stands for the expectation taken from the diffusion process starting at x € M.
As noticed by Divol [14], in the context of i.i.d. random variables X1, ... X, sampled
from p on M, the rate of convergence can be increased by smoothing the empirical
measure. Our purpose here is to extend this result beyond the i.i.d. setting, by studying
the convergence properties of an estimator fir j of u, obtained by smoothing the
occupation measure 7 with a kernel K of bandwidth 4 > 0. When d > 5 and for an
appropriate choice of &, we obtain the rate of convergence

2~ 242
E, [Wz (T 8 M)] ST 2wd-2, (1.5)
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where p has a density of regularity £ > 2. The above rate does not only hold for
the Langevin diffusion with generator £, but for all diffusion paths (X;);e[o,7] whose
generator A is a uniformly elliptic C>-differential operator, essentially self-adjoint
with respect to . Furthermore, we will show that these rates cannot be improved by
providing minimax rates of convergence for this problem.

In Section 2, we define the estimator fi7 j and enounce precisely our main result.
In Section 3, we review some useful notions of Riemannian geometry. In Section 4,
we start the proof by treating the stationary case, i.e., when the initial measure of the
SDE is i, and then give a generalization for a general initial measure.

Notation. Throughout the paper, we fix a smooth compact d-dimensional con-
nected submanifold M of R™, without boundary, and embedded with the Riemannian
structure induced by the ambient space R™. The volume measure on M is denoted
by dx. Without loss of generalization, we assume that vol(M) = 1. Unless stated
otherwise, quantities cg, ¢y, ... are constants that are only allowed to depend on the
manifold M. We write ¢, for a constant depending on an additional parameter a.
The geodesic distance on M is denoted by p, and B(x, r) is the geodesic open ball
centered at x € M of radius r > 0. We also let Bya (u, r) be the open ball centered at
u € R? of radius .

For . a probability measure, we will denote by L2(1) the space of real-valued
measurable functions f on M such that f | f |2du < 00. More generally, for p > 1,
we let L” (u) denote the space of L? functions with respect to , with |- || L, the cor-
responding norm. For k > 0, we denote by C¥ (M) the space of k-times continuously
differentiable real-valued functions defined on M, endowed with the norm

I fllckany = sup sup [ V' £, (1.6)
0<i<k xeM

where V' f(x) is the ith iterated covariant derivative of f at x. By abuse of notation,
we use the same notation for the uniform norm ||.||o, on R4, on M, and on R4,

2 Main results

We consider the framework described at the beginning of the paper. Let u(dx) =
p(x)dx be a probability measure on M with a positive density p of class C2, and
(X1)r>0 be a diffusion on M with generator A.

Assumption 2.1 A : C®°(M) — C>(M) is a uniformly elliptic C>-differential oper-
ator of second order on M, symmetric with respect to the measure j.

Notice that the operators A, satisfy Assumption 2.1 as soon as p and g are of class
C2 (see e.g. [34, Exercise 3.11, p. 69] for smooth functions, which can be extended to
the case where p and ¢ are of class C?).

The diffusion for A satisfying Assumption 2.1 admits p as stationary measure.
In the sequel, this generator is extended, as is usually done, to L2(,u) functions. We
introduce a concept closely associated with second-order differential operators, known
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as the carré du champ T'(f, g) for the operator A:

1
I'(f.89) =3 (A(fg) — fA(Q) — gA() 2.1

Given that A is symmetric with respect to u, for any smooth functions f and g, it
follows that:

/ C(f, g)du = — / FAGg)dn = — / ACf)gdu. (22)
M M M

Since M is compact, from the regularity of p, there exist pmin, Pmax > 0 such that,

Yx e M, pmin < p(X) < Pmax- (2.3)
Furthermore, the uniform ellipticity, the continuity of A and the compactness of M
imply that there exist positive constants kmin, kmax Such that for all functions f,

kmin| V17 < T(f, f) < kmax VS 2.4

We denote by IE,,, and P, the expectation and probability taken for the diffusion
process with initial distribution pg. When g is a Dirac measure 8, with x € M, we
will simply write E, and P,.

Let T > 0 be a time horizon, and assume that we observe the diffusion (X;);>0
on the time window [0, T']. We consider the occupation measure pur on [0, T] of
the diffusion (X;);>0 as the positive measure defined by (1.3). As explained in the
introduction, the occupation measure can be seen as a first naive estimator of the
measure i, that will be improved upon by convolution with a kernel K.

Let K : Ry — R be a (signed) Lipschitz-continuous function supported in [0, 1],
with fRd K(|Ju|)du = 1. We define for & > 0 small enough (see Lemma 4.2 (i7)) and
(x,y) € M2,

Kn(x.y) = — K(l|x_y||>, 2.5)
nn(x) h

with n, (x) := / K < I ; il dy. We will show later (in Lemma 4.2) that , > 0

for h small enough, ensuring that the kernel K is well-defined. We consider the
following estimator of the density p of u obtained by convolution of the occupation
measure 7 with K. For x € M,

1 T
prax) = f Kn(z pr(ds) = — / Kn(X,, x)ds
M T Jo

T _
:l/ ! K(”XS x”)ds. 2.6)
T Jo mXy) 7
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Thanks to the definition of 7, we notice that

/ prp(x)dx = 1.
M

However, the function pr j is not necessarily a density, as it may not be nonnegative
everywhere (recall that K is a signed function). Still, we will show that the function
pr.;n approximates the density p, and is therefore a density with high probability. Let
X0 be an arbitrary fixed point of M. We introduce two random measures pr j, and
ir.p on M, defined by

~ ur.n if pwr p, is a nonnegative measure,
ur,p(dx) = prp(x)dx, and iy = .
Sxo otherwise.

2.7)

The measure 7i7 j is introduced for purely technical purposes. Indeed, the measure
UT.» mMay not be a probability measure (with exponentially small probability), so
that the risk Wa (1.5, ) may not even be defined, whereas Wh (it p, 1) is always
defined.

Remark 2.2 1t would have been arguably more convenient to work with a kernel based

on the geodesic distance p, i.e. a kernel Eh defined by I?h (x,y) = ﬁhl(x) K(@),

with 7, (x) = [, K (@)dy. For instance, we can easily prove that (h~47) 10
converges to 1 uniformly on M, with a speed of convergence of order 2. Such a
property also holds for 7, but only for sufficiently smooth kernels K satisfying some
moments assumptions (see Definition A.2). However, for statistical purposes, the use
of the Euclidean distance in (2.5) seems natural in the context where the manifold
M (and hence the geodesic distance p) is unknown. Yet, the study of the convolution
with the kernel K, is of own interest. Moreover, remark that since the manifold M is
assumed to be compact, the geodesic distance p(-, -) on M and the Euclidean distance
| - || of R™ are known to be equivalent, see e.g. [35, Proposition 2].

We are now in position to state our main result, which gives the rate of convergence
of fi7.; to u when the diffusion path (X;) re[0,7] exploring the manifold has generator
A. More precisely, our purpose is to upper-bound

sup B[ W3 (Gr. )] 2.8)
xeM

For any initial measure (o, we can write £, as a mixture E, [-] = f E.[-]po(dx).
Hence, a bound on the uniform risk defined in (2.8) automatically implies a bound on
the risk for any initial measure. As often, such a bound is obtained by decomposing
the loss into a bias term W22 (wn, i) and a variance term [E, [W22 r.n, /Lh)], where
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unp(dx) = pp(x)dx  with pj(x) = //vl Kn(z,x)p(z)dz

1 lz — x|
— K dz. (2.9
//\/lﬂh(Z) < h )p(Z)Z @9

is the intensity measure of the random measure (7, when the distribution of X is
the invariant measure /.

The control of the variance term [E, [WZZ(ZZT, I uh)] relies on fine spectral proper-
ties of the generator of the diffusion. The proof of the following result is detailed in
Section 4 for a diffusion starting from its invariant measure p and in Section 5 for a
diffusion starting from a general initial distribution. The bound on the variance in the
following theorem depends on the ultracontractivity constant u 4 of the generator A4,
defined in Section 5.

Theorem 2.3 (Estimation from a diffusion with generator A) Let d > 1 and p be
a positive C* density function with associated measure . Let (X =0 be a diffusion
with generator A satisfying Assumption 2.1. Let T > 2 and let 0 < h < hg for some
constant hy depending on M and K. Assume that either K is nonnegative or that
d > 4 and that Th® > ¢ In(T) (in which case, hg additionally depends on pmin and
on the C'-norm of p). Then,

# ifd >5
2~ uAPﬁlax 2 ) In(1/h) .
sup B[ W3(ri )] < co 25 | K |2, 4 U0 g =4 (2.10)
xeM Prin

T fd=3
where co depends on M, and ¢ depends on M, K, pmin, Pmax and Knmin.

The second term in the risk decomposition is the bias term sz (n, i), which was
already studied by Divol in [14]. Let £ > 0. We introduce the Sobolev space H EM)
as the completion of the set of smooth functions on M with respect to the norm:

. 1/2
£ ey = max, ( fM IV £l dx)

As M is compact, we note that for any f € C*(M), I ey < I1flleeamy and
C*(M) is a subset of H!(M).

Under additional technical conditions on the kernel K (recalled in Section A.2),
Divol showed thatif p € H ¢ (M) for some £ > 0, then

2
”p”HZ(M) h2£+2
2 9

W3 (1n, ) < ci (2.11)

min

where ¢; depends only on M and K, see Proposition A.3. As a corollary of Theorem 2.3
and (2.11), we obtain a tight control on the risk of the estimator fir j.
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Corollary 2.4 Let d > 5 and p be a positive C* density function with associated
measure ji. Further assume that p has a controlled Sobolev norm || p|| ge sy for some
£ > 2. Assume that K is a kernel of order larger than £ (in the sense of Definition A.2).
Let (X;)r>0 be a diffusion with generator A satisfying Assumption 2.1. Let T > 2 and
let 0 < h < hg and assume that Thd > cIn(T), where hq, c are the constants from
Theorem 2.3. Then,

12136 g w4 p2 4-d

~ ; AP

sup By [ WG, )] < 2 e 5 F0R42 42 e = AT |

xeM Prin Prmin T
(2.12)

where c is the constant from Theorem 2.3 and c is the constant in (2.11). In particular,
for h of order T~V C+4=2) it holds that

2~ 2042
sup B[ WGy, ) S 777, (2.13)
xeM

The results of Theorem 2.3 and Corollary 2.4 are non-asymptotic results. Notice that in
Corollary 2.4, the choice of & of order T~/ (2+4=2) j5 compatible with the condition
Th? > cIn(T) required in Theorem 2.3. It is a remarkable fact that the constants in
the previous corollary only depend on the generator .4 through the uniform ellipticity
constant ki and the ultracontractivity constant u_4. From a statistical perspective, this
implies that the knowledge of the exact SDE satisfied by the sample path (X;);c[0,7] 1S
not needed to estimate the invariant measure j. Only an a priori estimate on the uniform
ellipticity constant kmin of the generator A of the sample path and its ultracontractivity
constant u 4 have to be known. For instance, the same reconstruction method will
apply for estimating a sample path with either of the generators £ or A, forg = p/2
mentioned in the introduction.

Comparing with the results of Wang and Zhu in [33] for the operator £, we note
that ford > 5, therate 7~ % is faster than the rate of 7~ 7 that they obtained for

the occupation measure ur, see (1.4). Actually, our results allow us to recover their
rate of convergence, for any generator A satisfying Assumption 2.1.

Corollary 2.5 Letd > 1 and p be a positive density function of class C*. Let (X,);>0
be a diffusion with generator A satisfying Assumption 2.1. Then, for all T > 2,

T-! whend <3
2 ’/‘AP2 1
sup E, [W2 (ur, ,u)] <co|l+ # T 'In(1+T) whend =4
reM Prmin Tfﬁ whend > 5,
(2.14)

for some constant co depending on M.

Proof Let K be a nonnegative Lipschitz-continuous kernel supported in [0, 1] with
fRd K(|lul)du = 1. As K is positive, it j is always a probability measure, so that

@ Springer



Measure estimation on a manifold explored by a diffusion process

r.n = W15 For any probability measure v, we define its convolution vy, by K as
in (2.9). We prove in Lemma B.3 that for any measure v and 7 > 0 small enough,
W%(vh, V) < coh? for some constant ¢y depending on M. Hence, both W22 (U, T .1)
and sz (u, pup) are of order h?%. Then,

Eo[Wotur, ] < 4B [WhGur, e |+ 4B [WEGurn i) | +4W3Gun,

< 8coh® + 4, [sz(MT,h, Mh)]-

We pick h = T~1/@=2 ford > 5and h = T~'/? for d < 4 and apply Theorem 2.3
to conclude. O

Finally, we address the optimality of our statistical procedure using minimax the-
ory. Consider a class Pr of probability distributions of diffusion processes (X;);<[0,7]-
For Py € Pr, we let £ (Pr) be the invariant measure of the diffusion process (X;);>0
whose restriction to [0, 7'] has distribution P7. The associated minimax rate of con-
vergence is defined as

R(Pr) =inf sup Ep, [Wa(i, n(Pr))], (2.15)
2 PTEPT

where the infimum is taken over all estimators [, i.e. measurable functions of the
observation (X;):c[0,7], and where the expectation is over processes (X;);c[o,7] dis-
tributed as P7. To put it another way, the minimax rate is the best risk an estimator
can attain (uniformly on Pr) for the problem of estimating the invariant measure of
some diffusion process (X;);c[o,7] Whose distribution lies in Pr.

For parameters ¢ > 2, Kmin, Pmin> Pmax> Ymax> L > 0, we consider the statisti-
cal model Pr ¢ = Pr ¢(Kmin, Pmin, Pmax. Umax, L) consisting of all the distribution
of diffusion processes (X;);c[0,7] on M with arbitrary initial distribution, generator
A satisfying Assumption 2.1 with constant kmin and ultracontractivity constant u 4
smaller than un,x, and whose invariant measure u has a c? density p on M with
Pl gecary < Land [Ipliciavy < L, satisfying pmin < p < pmax. Remark that the

. . ~ . el
kernel density estimator fir ; attains (for d > 5) the rate of convergence 7~ 2t+d-2

. . . ol
uniformly on the class Pr . Hence, the minimax rate satisfies R(Pr ) < T~ 2+d-2,
The next proposition, proved in Section 6, states that this rate cannot be improved.

Proposition 2.6 Let £ > 2 be an integer. Then, for kmin, Pmin Small enough and pmax,
Umax, L large enough, and all T > 1,

R(P > T ifd =4 2.16
(Pr.e) 2 T ifd =5 (2.16)

For d > 5, these rates match with the rates obtained by our kernel-based estimator
.1, Whereas for d < 4, the empirical estimator p7 attains the minimax rate (up to
logarithmic factors), according to the results of Wang and Zhu [33] for the Langevin
generator L, or according to Corollary 2.5 for a general generator A.
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Remark 2.7 The estimator fi7 j has a density with respect to the volume measure dx
on M. As a consequence, computing fi7 , requires the knowledge of the manifold
M, prohibiting the use of this method in the situation where the manifold M is
unknown. However, we expect that similar methods to the ones developed in [14] will
allow us to create an estimator vol M of the volume measure. Such an estimator of the
volume measure is based on a patch-based reconstruction of the underlying manifold
M developed by Aamari and Levrard [5]. Guarantees for this method are only known
in the case of i.i.d. samples, although we believe that the results of [5] could be adapted
to the setting of this paper, where a diffusion path is observed. Such an estimator of
the volume measure could then be used through a plug-in method to design a new
estimator fi7 5 that would not require the knowledge of the manifold M.

Remark 2.8 An arguably more natural variant of the Wasserstein estimation problem
is the estimation of the invariant measure p with respect to the L2-metric. Nonetheless,
since we consider the most relevant end goal to be the setting where the manifold M is
unknown, the Wasserstein metric appears to be more suitable: indeed, unlike the L>-
metric which is not well-defined for measures with disjoint supports, the Wasserstein
metric can be small for two measures supported on nearby manifolds.

However, we believe that estimation with respect to the L2 -metric is still feasible
and, in fact, the analysis is simplified compared to the W, -metric for several reasons.
First, the L%-metric is well-defined even when j7  is not a probability measure,
so there is no need to control the probability that ;7 ; is nonnegative (Section 4.1).
Second, the proof of Proposition 4.1 becomes more straightforward, as Lemma 4.6 and
subsequently Lemma 4.4 can be directly applied to the function ur 5 — p, avoiding
the more intricate use of Proposition 4.9. This approach leads to the conclusion that
the variance of 1 5 is of order h>=4 /T (ford > 3). Standard Taylor expansions (e.g.,
using tools such as [14, Lemma 10]) can also be employed to show that the bias of
the estimator is of order 2 when the density p belongs to H. Altogether, this yields
a decomposition of the form

1-d/2

Elllwr.n — mll2] S A+ 7 2.17)

For h of the order of TV (2““1_2), this leads to an estimation rate of order
T—4/(2t+d=2) This matches the L? estimation rates obtained in the Euclidean setting,
as studied by [22, 32] and [36], among others. We leave the details to the interested
reader.

3 Preliminaries
We detail in this section some tools, notation, and general results on elliptic operators

on compact manifolds. Recall that M is a smooth compact d-dimensional connected
Riemannian manifold without boundary.

@ Springer



Measure estimation on a manifold explored by a diffusion process

3.1 The Laplace-Beltrami operator

By Green’s theorem, the Laplace-Beltrami operator is symmetric, with for all f, g €
C* (M),

/ (Af)gdx = — f (VF.Vg)dx = / F(Ag)dx. 3.1
M M M

The operator A defines an essentially self-adjoint operator over L2 (dx) with a discrete
spectrum (see e.g. [37, Chapter I, Section 3]). We denote by

O=X <A <A =<A3=<--

the eigenvalues of (—A), and by (¢;);>0 the respective eigenfunctions of A (note that
they are of class C*° on M). The first eigenfunction ¢ is constant and the family
(¢1)i=0 forms a Hilbert basis of L2(dx): for any f € L*(dx),

+00
F=3 Bt wih B =/ Foidx.
i=0 M

The first nonzero eigenvalue A is of particular importance and is called the spectral

gap.
The inverse operator A~ ! is defined on Lé(dx) = {f € L2(dx) : fM fdx = O}
by

—1 i
= — —;. 3.2
() ;:1 Y bi (3.2)
We introduce the operator (—A)~1/2 defined for f e L(z)(dx) by

AI/Z —
=) = Zf

3.2 Green function of the Laplace Beltrami operator

The Green function G of A is a linear bounded operator G : L2(dx) — L2(dx) which
is, in some sense, an inverse of A in Lz(dx).

Proposition 3.1 (See Appendix A in [38], or Theorem 4.13 in [39]) We define
diag(M) = {(x,x):x € M}. There exists a unique continuous function G €
C®(M x M\ diag(M)), which has the following properties

(i) Vx € M, G(x,-) € L'(dx) with/ G(x,-)dx =0,
M
(ii) G is symmetric : ¥(x, y) € M?*\ diag(M), G(x, y) = G(y, x);
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(iii) Vf € C*(M),Vx € M, we have
/ G, »Af(ydy = f(x) —/ S (ndy;
M M

(iv) there exists a constant k > 0 such that¥(x, y) € M? \ diag(M),

1 whend =1,
|IG(x,y)| <k 31+ |Inp(x,y)| whend =2, and
p(x, y)z_d when d > 3.

The function G is called the Green function of the operator A and it naturally defines an
operator from L?(dx) to L?(dx), which is also denoted by G, as follows: ¥ f € L*(dx),
Vx e M,

(Gf)(x) = fM G(x. ) f()dy. (33)

From Proposition 3.1 (iii) and (3.3), we remark that for f € L%(dx) we have

Gf = A().

The Green function will play a central role to control the variance of 7 5, in
particular through the following lemma, which controls the behavior of Gf for a
function f localized on a small ball.

Lemma 3.2 Leth > Osufficiently small. Forany (x, z) € M?, any continuous function

f with support in the ball B(x, h), there exist constants k1, k3 > 0 depending only on
M such that:

o whend =1, (Gf)(2)| < k1l fllochs
o whend =2, |(Gf)(@)| < kil fllooh>(1 + In |A]),
e whend > 3,

(GH@)| < kil fllooh®  when p(x,z) < 2h,
(GF)@)| <kl fllooh?p(x,2)>7¢ when p(x,z) > 2h.

The proof, given in Appendix B.3, uses the Riemannian normal parametrization of
the manifold M.

3.3 The elliptic operator .A
Consider an elliptic operator A on M satisfying Assumption 2.1. As mentioned previ-
ously, using the carré du champ T" defined by (2.1), A satisfies a Green’s formula (2.2).

Furthermore, as a uniformly elliptic operator of second order on a compact manifold
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without boundary, symmetric with respect to the measure p, the operator A is essen-
tially self-adjoint with respect to L?(u1), and its spectrum is discrete (see Appendix
B.6, also e.g. [40, Chapter 6] and [41]). Consequently, there exist functions (¥;);cn
and a sequence of real numbers 0 = yp < y; < y» < --- such that

(i) for each i, v; is an eigenfunction of —A associated to the eigenvalue y; (counted
with multiplicity);
(i1) (¥i);en 1s an orthonormal basis of L(w).

Let L(z)(u) = {f e L% () : fM fdu = 0}. As for the Laplace-Beltrami operator,
we introduce the operators A~ and (—.A4)~!/? defined for f € L%(,u) by

o]

AN ==Y 2y and (—A) () =Y 2y, (3.4)
;w ;ﬁ

with «; = f M S¥idu. At last, we denote by (P;);>0 the semigroup of a diffusion
process (X;);>0 with generator A. Then, for f € L3*(w), f = Zizo oy with
a; = [ fidu, we have

Vx e M, Pf(x) =B [f(X)] =Y e " oi(x).

i=0

This result is a consequence of the Dynkin formula [42], which implies that for any
function f in the domain of A

t
Vi e M, P f(x) = Eal£(X)] = f(x) + /0 PLAS (x)ds.

We now give a Poincaré inequality for the general operator .A.

Proposition 3.3 (Poincaré’s inequality for A) For any f € C*(M) such that

[ —rAsan s P [ gy
M Pmax M
where L1 is the spectral gap of A, and kmin is defined in (2.4).

Proof By the symmetry of A, Equation (2.4) and the Poincaré’s inequality of A, we
have:

/ —fAfdu = / U'(f, fdu = pminKmin/ |Vf|2dx
M M M
> PminKminA1 / (f = ?)zdx
M

> Py [z P
M Pmax M

Pmax

where f := [, fdx. We develop the square and use that that [, fdu = 0 to obtain
the conclusion. O
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Remark 3.4 The elliptic operators A, and £ defined in Section 1 are essentially
Laplace operators. Indeed, the operator £ is a weighted Laplacian with weight p(dx) =
p(x)dx as defined in [34, Section 3.6], while the operator A ,, is a weighted Laplacian
on a weighted manifold, i.e. a manifold M with a new Riemannian metric depending
on the weight g, see Section 3.6 and Exercise 3.11 in [34].

4 Variance term for the stationary process

Before proving Theorem 2.3, we state a simpler version of the theorem, where the
initial measure 8, for the sample path (X,) is replaced by the invariant measure p. For
such a choice, it holds that for all y € M,

Eu[pra(n] = fM Kn(z v)p@)dz = pr(). @.1)

We will then explain in Section 5 how we can extend the result to any initial distribution
Mo using the ultracontractivity of the semi-group (P;);>0.

Proposition 4.1 Let d > 1 and p be a positive C* density function with associated
measure 1. Let (X)s>0 be a diffusion with generator A satisfying Assumption 2.1. Let
0 < h < hg for some constant hg depending on M and K. Assume that either K is
nonnegative or that d > 4 and that Thi=2 > ¢ In(T) (in which case, hy additionally
depends on pmin and on the C'-norm of p). Then,

h47d

> T #d=5
~ Pm: _
B[ W3 ra )| < o 32K 12 A MG jra =4 (42)
min 1 .
T ifd <3,

where cq depends on M, and ¢ depends on M, K, pmin, Pmax and Kmin.

The main difference between Proposition 4.1 and Theorem 2.3 is the choice of the
initial measure, which is of the form § for Theorem 2.3 and is equal to u in Proposition
4.1. As for any distribution o and random variable U, E,,[U] = f E;[Ulduo(x),
Theorem 2.3 is stronger, and implies that the convergence holds for any initial measure
Ho-

The remainder of this section is dedicated to proving Proposition 4.1. We first state
some useful properties on K. The following lemma is stated in [ 14, Lemma 10] under
stronger regularity hypotheses on the kernel K. We can relax these assumptions and
a proof is given in Appendix B.1. The first point of the lemma guarantees that Kj, is
well defined on M? for i small enough.

Lemma 4.2 Assume that K is a continuous function on R with support in [0, 1], such
that fRd K(llz|)dz = 1. Let h > 0, and consider Ky, defined by (2.5) with the renor-
malizing factor ny,. Then,

(i) h=ny, converges to 1 uniformly on M;
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(ii) there exists h, > 0, depending on M and K, such that Vh < h., Kj, is well
defined and Vx € M, / Kp(x, y)dy = 1;
M

(iii) Yh < he, Ky, is bounded on M x M with || Kp|lo < 2||K||ooh*d;

(iv) if furthermore K is Lipschitz continuous, then Vh < h., and all x € M, y —
K (x, y) is Lipschitz continuous with constant 2Lip(K)h_d_1, where Lip(K) is
the Lipschitz constant of K.

We also require the following elementary convergence result, proved in
Appendix B.2.

Lemma4.3 Let py, be defined by (2.9) for h > 0. Under the assumptions of Lemma
4.2, when h goes to 0, (pp)},~o converges to p uniformly on M. Moreover, there exists

he depending on M, K, pmin and the C'-norm of p such that for all 0 < h < h,,

infye/\/l Ph()’) = pr;in and SUPye M Ph (Y) < 2pmax-

Hence, for & small enough, uj is indeed a probability measure. Recall that the
function K is a signed kernel, so that w1 5 is a priori a signed measure. We introduce
the event E7 j, defined by

Ern={pr. =0} 4.3)

On this event, we have fi7 , = ur,, and we notice that for 0 < & < A,

B[ W3 (@i )| < B W3 (g, 1)1y, | + diam(MYPPL(ES. ). (44)

where diam(M) is the diameter of M. Of course, when K is nonnegative, pr j is
also nonnegative, so that in that case, the event E7 j is satisfied for all z > 0.

To prove Proposition 4.1, we will need several intermediate results related to the
spectral decompositions of the operator A, A, and their inverses. We first give alemma
that is a direct consequence from a result by Peyre [43, Corollary 2.3] (see also [44,
Section 5.5.2] on the negative Sobolev norm), which links the Wasserstein distance
to the inverse Laplace operator. A new proof of Peyre’s result and of the lemma is
given in Appendix A.l. Let us remind that the inverse operator A~! is defined on
Li(dx) = {f € L*(dx) : [, fdx = 0} (see Section 3.2).

Lemma4.4 Let fi, f>» € L?(dx) be two probability density functions with respect to
the volume measure dx, with f1 lower bounded by some positive constant fin > 0.
Then, we have

5 4
Wi (fidx, fodx) < 7

min

2
[ e = e 45)
M

Besides, ellipticity yields the following relation between the general operator A
and the Laplace-Beltrami operator A.
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Lemma 4.5 For any function f € L%(,u), we have

J a2 an < [ o[

PminKmin

Proof From Equation (2.2),
-1 -1 -1 —12 4%
P A pd= | f(-a) rap= [ |72
M M M
Besides, since A~! f € L?(u) and since C' (M) is dense in this space,

\/ f FA-1f, AL f)dp
M

< sup { /M I(—A"'f, g)du : g € C1(M) such that /M (g, g)du < 1]

= sup { /M fgdu : g € C'(M) such that /M I'(g,g)du < 1}.

Then, because the simple fact that the supremum of a given set is always bigger than
the supremum on any subset, and using (2.4), we have

\/ f FA-1f, AL f)dp
M

< sup /M(fp)gdx g € C'(M) such that /M V8P Prinkinds < 1)

— (Pminfemin) ™~ /2 sup {/ (fp)gdx : g € C1(M) such that / IVel2dx < 1}.
M M
Besides, using Green’s theorem, we have that for all g € C 1 (M)

[ (mear = [ en@amax = [ (v vl
M M M

Hence, by Holder’s inequality, we conclude that:

\/ / r((A1>f,<A1>f)dus<pminxmm>—”2\/ / [(=A)=172(fp) [ dx.
M M

O

The following standard result is crucial: it bounds the variance of the random
variable pr (f) for some function f in terms of the generator A.
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Lemma 4.6 Let (X;);>0 be a diffusion with generator A, starting from its invariant
measure . We have for any [ € L(z)(u),

1 [T ) P
E. (7/0 f(Xs)dS> < ?/M ’(—A) f‘ du.

Proof Recall that (y;);>0 are the eigenvalues of —A, withO =y <y <yp < ---,
and (¥;);>0 their respective eigenfunctions. We also remind the reader that (P;);>o
denotes the semigroup of a process (X;),>0 with generator A (see Section 3.3).

oo
Since f € L%(/L), we write [ = Zamﬂi with o; = fM fiidu, and g = 0. By
i=1
the Markov property, denoting by (F;),-( the natural filtration of the process (X;);>0,
we have

1 (T 2 2 T /T
Eu|:(7/0 f(Xx)dS> :|= ﬁEM[/{) /Y f(Xt)f(Xs)dtds]

2 T pT

=72 fo / E,[ELf (X)|F;1 £ (X;)ldrds
2 T ST

- ﬁ/o / Ey[Pi—s f (Xs) f (X5)]deds.

By assumption, the distribution of X; is i forany # > 0, and computing the expectation
using the link between the semigroup (P;),>¢ and the generator .4 of the process, we
then obtain

1 (7 2
EM|:<7/0 f(Xs)dS) i| 77 .

Il
S
e
g
<o
S—
S
Q
=
N2
o
~
o
&

i1 0 K
2 o
< = -+,
T Z: Vi
i=1
The lemma is then proved by definition of (—.4)~!/? given by Equation (3.4). O

4.1 Estimation of the probability P, (E‘; )

Recall the definition of the event E7; = {pr , > 0}. In view of (4.4), we need to
bound the probability P, (E7. ). If the kernel K is nonnegative, then pr , > 0 and
PM(E§ h) = 0. Otherwise, when K is signed, we will use that
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Pu(E7 ) < Pu( ]en/{/t pr.a(y) < Pmin/S), (4.6)
Yy

and provide a bound for the right-hand side of the inequality.
From Lemma 4.3, and in what follows, we choose 0 < i < h, so that ppin/2 <
Ph < 2Pmax-

Proposition 4.7 Assume that d > 4. There exist cy depending on M, K, Pmin, Pmax
and kuyin, and ho depending on M, K, puin and the C'-norm of p such that for any
T >0andy € M, when 0 < h < hg, we have

P, (pr.n(y) < pmin/4) < exp (—coThd”).

Proof Let y € M be fixed. We first start with a pointwise concentration bound for
pr.n(y) around its expectation py, (y). We apply the Bernstein’s bound obtained in [45,
Theorem 3.5] to the function g(x) := — K, (x, y)+ pp(y), with ® (1) = W(u) = u?/2
(using the notation of [45]). Note that f M 8du = 0. Write ay = max(a, 0) fora € R.
Let M = ||g+l12(,) and

.1 r
o= TETOO - Var, (/0 g(XS)ds).

Then, using Poincaré’s inequality for .A given in Proposition 3.3, it holds that

sz.
P - — pmin/4) < - min .
w (P () = Pr(y) < —Pmin/ )_eXp< 32(02+Mpmax/(4xminkl)))

4.7

We first bound M. As f M gdu = 0, and by assumption on the kernel K, we deduce

M?* < / (Kn(x,y) — pr(»)?u(dx) = / Kn(x, )?u(dx) — pp(y)?
< /Kh(x,y)zu(dx)

< Pmax I Knll% / dx < 4pmax I K 120~ c1h?,
[lx=yll<h

where we use the fact the geodesic distance is equivalent to the Euclidean dis-
tance (see [35, Proposition 2]), Lemma B.2, and Lemma 4.2-(iii). Hence, M <
C2||K||OQ\/Mh’d/2 for h small enough.

We then bound o2: according to Lemma 4.5 and Lemma 4.6, and introducing the
Green operator G defined in (3.3),
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2 2

Q
A

/ I(=A)"V2(gp)|?dx
M

PminKmin

2
S u— / gp G(gp)dx
PminKmin J M

2
< 7(Pmax”g”oo/ |G(gp)(x)|dx+4p1?;1ax/ |G(P)(x)|dx>7
PminKmin lx—yli<h lx—=ylI=h

because g(x) = pp(y) on {||x — y|| > h} and p, < 2pmax. It remains to bound the
right-hand side. First, according to Lemma 4.2 and Lemma 4.3, for 4 < 1,

lglloo < 2Pmax + 20K [loh™@ < c3h™. (4.8)

Second, |G (gp) (¥)] < [G(Kn (- »)P)x)| + pa()IG(p) ()], with
G(P)X)] < P / 1G(x, 2)1dz < pmaxca
M

according to Proposition 3.1-(iv) and Lemma B.2. Then, using again the equivalence
between the geodesic and the Euclidean distances, as the function Kj (-, y)p is sup-
ported on a geodesic ball B(y, csh), according to Lemma 3.2 and Lemma 4.2-(iii),
for all x € B(y, csh),

IG(Kn(, V) PYO| < k11 Kn(C Y) plloch® < 261 pmaxlI K lloch* 4.

In total, as f\l v—yl<h dx < cﬁhd according to Lemma B.2, (4.8) and by assumption

vol(M) = 1, it holds that for & < 1,

2
O_2S 2pmax
PminKmin
< Cghz_d.

(2C3C6 (Kl IK llooh*™ + PmaxC4> + 4p§1axc4>

Asd > 4, M is smaller than 3 || K ||lco/Pmaxh>~¢. As pp(¥) = pmin/2 for h <

he, we have Py, (pr.1(y) < pmin/4) < Pu(pr.n(y) — pr(y) < —Pmin/4) for such a
value of .. We therefore obtain the desired result. O

We then conclude with a standard union bound argument by using a covering of

M.

Proposition 4.8 Assume that d > 4. There exists hg depending on M, K, pmin and
the C'-norm of p such that for any T > 0 and 0 < h < ho, we have

Pu( inf pri(y) < pmm/s) < cth™ @D exp (—CoThd_2>
ye

for some constant ¢\ depending only on pmin, K and M, where cg is the constant of
Proposition 4.7.
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Proof To have a uniform estimation of pr ,, we will make use of the Lipschitz con-
tinuity of K and the covering number Ng(M) of M, for § > 0, i.e. the smallest
number N such that there exists a subset £ of N distinct points of M such that
maxye Aq Minyeg p(X, y) < 6.

By Lemma 4.2, the function pr ; is Lipschitz continuous with constant 2Lip(K)
h=4=1 as an average of Lipschitz continuous functions. Let § > 0. We consider
the covering number Ns(M) of M. By [46, 2.2A], there are constants ¢ nq and 5 a4
depending only on M such that for all 0 < § < 54,

Ns(M) < a8 4.9)

Consequently, for 4 < ho (where hy is the constant of Proposition 4.7), if yi, ..., yn;
is a minimal §-covering of M,

N5 (M)
P, <yien/{4 pr.a(y) < Pmin/8> < Z P.(3y € B»i,8) : pr.a(y) < pmin/8)
i=1
Ns(M)
= Y Pu(praGi) < pmin/8 + 2Lip(K)h~171s).
i=1

. pd+1
Choose § = fg"]:“ig(;), which is smaller than 8, as long as & is small enough with

respect to M and K, as pmin < 1. By Proposition 4.7 and Equation (4.9), we easily
deduce

Pu(inf pra(y) < Puin/8) < cx MPpigh™ " exp (—coTh?).
,

and the result is proved. O

4.2 Proof of Proposition 4.1

We first give a last useful result related to the diffusion (X;);>o with generator A in
relation with the operators.

Notation. Given a space E, for any function f : E x E — R and any operator
J : D c RE — R, we define J; f when the operator is applied to the first variable
of f and J, f when it is applied to the second variable of f:

Jifx,y) =TfCy)Nx) and Df(x,y) =T f(x,))0).

Proposition 4.9 Ler R € L*(u ® dy) be a function such that for all (x,y) € M2,
R(x,) € L(Z)(dy) and R(-,y) € L(Z)(u) . Then, when the initial distribution of the
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diffusion (X;);>0 is its invariant measure |1, we have

17 2
Eu[/ ‘(—Ar”z(; / R(xs,~>ds) dy]
M 0

2 _ _ 2
< 7/f ‘(—A)1 1/2(—A)21/2R‘ dudy.
MZ

172

Proof Denote by R the function (—A)z_ R. We observe that R € Lz(u ® dy) and
2

for any y, R (, ) € Lj(n). Hence, by applying Lemma 4.6, we have the following
sequence of equalities:

2

dyi|

T
s o (i f ronw)
M 0
2
dy:|

T
=Eu[f '%/ (—=A)'2R(X;, )ds
M 0
2
2 1 ~2
Jor =3 [, ([ Jrafac)o
M NIM

T —~~
— / R(Xs, y)ds
0
Therefore, the proposition is proved. O

=/MEM[;

Using the decomposition (4.4), we can now prove Proposition 4.1. We first use the
estimate of the probability of E7. , given in Proposition 4.8, and then give an explicit
estimate of the variance term on the event E7 j, for a diffusion (X;);>0 with generator
A starting from its invariant measure pu.

Proof of Proposition 4.1 According to (4.6) and Proposition 4.8, the probability of the
event E7 ; is negligible. Indeed, when d > 4 and for T large enough such that

Thi=2 > dzc% In(T), the second term in the decomposition (4.4) is smaller than

2
Pax || g ||goh4_dT_l. Furthermore, it is equal to O when K is nonnegative. It remains

to bound the first term.

On the event Er j, both wj; and pr j; are probability measures with respective
density functions pr j and pj. Furthermore, for h < h¢, pp > pmin/2. Hence, by
Lemma 4.4, we have:

2
W3 (pr . pr) < ‘ dx. (4.10)

/M |~ (pr = )

min

Now, consider the function Ry (x,y) = Kp(x,y) — f/vl Kn(z, y)u(dz). First, we
observe that

1 T
pr.n(y) — pr(y) = ?/ Ry (Xs, y)ds.
0
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As Ry, is continuous on a compact manifold M, we have Rh € L*(n ® dy). Thus,
for each x,y € M, Rp(x,-) € Lz(dy) and Ry (-, y) € L2 o(n). Therefore, due to
Proposition 4.9,

2 2 _ _ 2
JEMU |2 (pr = )| dy:|§— [ Jear e a; 2w duy,
M T M2

.11

Besides, by Lemma 4.5, we have:

2
// (G CN R AT
p—K// (— A)ll/z(Mp)]( A); /2Rh dxdy,  (4.12)

where M, : L%(,u) — L%(dx) is the bounded multiplication operator f +— pf.
Therefore, after Inequalities (4.10), (4.11), (4.12), we have:

E [Wz(MT n )1, h]

2
< // (=) (M) (—A); ' Ry| dxdy.
min mm

Note that M, and A~!/2 are bounded operators, which implies (M), and (A~1/2),
are commutative. In other words, (M,)1(— A)_1/2 = (—A)z_l/z(Mp)th, which

means

E, [sz(ur,h, /Lh)lET,h]

16 _ _ 2
52—// )0, s [ dxay,
PrinkminT J J A2

where S (x, y) = p(x)Ry(x, y) € L*>(dx @ dy).

Recall that (A;);>0 and (¢;);>0 are respectively the eigenvalues and the eigen-
functions of (—A). As p is upper bounded, Vx € M S;(x,.) € L2 ody), Yy e M
Si(..y) € L3(dx) and S, € L3(dx ® dy). Thus, there are (a;,; (1));, j=0 such that S,
has the following decomposition (with ; o = g ; = 0): forallx, y € M

Snx.y) =Y aij(h)gi(x)$;(y),

ij>1
with a; (h) = [ 2 Su(x, )i (x)¢; (y)dxdy. Consequently, for all x, y € M

—1/2

B i1 (h)
(—0); sy = Y 2
l;l V)L)\'

(=4),

@i (x)¢j ),
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ij(h
(A Sh(x, y) = i; “’Ai ) 6100 ().
ij(h
(=), =Y “’A—Q¢i<x>¢j<y>.
ij=1
Therefore,
of; (h)

~12 124 |2 _ j
/ /M2 a0, dxay —i; vy
= / / (AT'S(AS ! Sp)dxdy = / / (G1Sh)(x, Y)(G2Sp)(x, y)dxdy,
M2 M2

where G is the Green function of A introduced in Section 3.2. Denoting by Kn(x, y) =
p(x)Kn(x,y), we have S, (x, y) = Kn(x, y) — p(x) pn(y), and thus,

(G1Sp) (x, Y)(G28n)(x, y) =
(G1Kn)(x, y)(G2Kp)(x, y) = (G1Kp)(x, y) p(x)Gpp(y)
—(G2Kn)(x, y) pr(y)Gp(x) + p(x)Gp(x) pr(y)Gpr(y). (4.13)
Let d > 5. Using the fact that K has compact support and that the geodesic and
Euclidean distances are equivalent, the functions x — Kj(x, y) and y — Kp(x,y)

are supported on a geodesic ball of radius ¢/ for some ¢; > 0 depending only on M.
Hence, Lemma 3.2 implies that for % sufficiently small and for all x € M,

/M 161Ky (x. 1) G2 Ky (x. y)|dy

<c |k, Hio(h“ / dy +h* / plx, y>42ddy)
B(x,2c1h) M\B(x,2c1h)

=< Cpr2r1ax||Kh||§o(h4/ dy +h2d/ ,O(x,y)4_2ddy)
B(x,2h) M\B(x,2h)

< CprznaX”K”goh—zd(h4+d _I_h2dh4—d)

< ¢ PRaclIK 2™ s+, (4.14)

where we also use Lemma B.2 and Lemma 4.2, and the constant ¢ depends only on
M and can change from line to line. Besides, using similar computations, we have,
for i < 1 sufficiently small

J[. 2GR oG lasdy

< ¢ P | Knlloo f (h2 / dx + hd / pix, y>2*ddx)\cph<y>|dy
M B(y.,2h) MA\B(y,2h)

< ¢ Rl Kpllooh? /M Gpr()Idy < ¢ phax 1K lloa /M 1Gpa()ldy. (4.15)
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J]. 2 @Ry Gowlasay

< ¢ pmax | Pnlloo 1 K oo f (h2 / dy +hd / p(x,y>2—ddy>|Gp<x>|dx
M B(x,2h) M\B(x,2h)

< ¢ pmax 1P lloo 1K oo /M |Gp(x)ldx, (4.16)

f/ P()GP() P ()G () Idxdy < pmax | Phllos / \Gp(x)ldx f Gpa(n)ldy.  (4.17)
M M M

By Lemma 4.3, (p;,) converges to p uniformly on M when 7 — 0. Consequently,
for h sufficiently small, || pi|loo < 2Pmax. Finally, by Proposition 3.1 (iv) and (B3) in

Lemma B.2, we have, for i sufficiently small,

/ |Gp()ldx < ¢ pma ( / / px, 2 4dzdx + / f p(x,z)Z*ddzdx)
M M JB(x,h) M I M\B(x,h)
= € Pmax (4.18)

/ 1GPROIdy < ¢ Ipllos < € Pmax- (4.19)
M

Combining Equations (4.13)-(4.19), we deduce that, for / sufficiently small,

f /W(Glsh)(x, W(GaSi)(x. ydxdy < cplaIK 1254,

This proves the proposition when d > 5. The computations for d < 4 are similar, and
left to the reader. O

5 Transition to a general initial measure

In the previous section, we have obtained a control of the variance term W22 (ET.ns i)
when the stochastic process (X );>¢ starts from its invariant measure /. In this section,
we explain how to extend the result to an initial measure of type Dirac measure 8,
(which will imply the result for any initial measure). The main idea is to use the
ultracontractivity of the diffusion (X;);>o.

Let us first introduce this notion.

Lemma 5.1 [24, Theorem 3.5.5.] The semigroup (P;) associated to the operator A
is ultracontractive. In other words, for each t > 0, there is a minimal positive value
¢t > 0, such that for any bounded measurable function f, we have

1P flloo < cell fllLtu)- (5.1

In Section B.5, an explicit form of the ultracontractivity term ¢; is given. We denote
by u 4 = cj the ultracontractivity constant at time ¢t = 1.

Remark 5.2 Wang only considers operators of the form A + V p in [24]. However, as
explained in Remark 3.4 (see Section B.5 for more details), for any C? second order
elliptic differential operator A on a smooth manifold M such that A is symmetric
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Measure estimation on a manifold explored by a diffusion process

with respect to the measure u(dx) = p(x)dx, there is always a C?-Riemannian metric
g on M such that A = A 4+ Vp, where A and V are respectively the Laplacian and
the gradient operator of (M, g). Hence, [24, Theorem 3.5.5.] can readily be applied.

Remark 5.3 In [24], Wang actually defines the ultra-contractivity of a semigroup
(Py)r=>0 in a slightly different way: for any ¢ > 0, there should exist ¢; > 0 such that
for any measurable bounded function f, | P; flloo < ¢/l f1I12(,)- However, Wang’s

definition implies (5.1) in our setting with M compact. Assume that (P;),> is ultra-
contractive in Wang’s sense, then for ¢ > 0 and for any measurable bounded function

f9
2
1P flloo < cip2 Pz/ZfHsz) < (o) N f It

because | T ||, o0 = |T|l1—2 for a symmetric operator 7.

We now use the ultracontractivity constant u 4 to control the distance
Ec (Wi h. n)]-

Proposition 5.4 Let x € M. There exist constants c, hg depending only on M, and
on M and K respectively such that for any x € M and any T > 1, and any h < hy,
we have that:

_ IK]| .
Ec [W3@ra | = em = + 2diam(M)?Po(Ef. )

+2u gdiam(M)?P,, x (E§. ;) + 2u 4, [sz(ﬁ”,, Mh)]~
(5.2)

Notice that the last term in the right hand side of (5.2) is the expectation starting from
the initial distribution u, thanks to ultracontractivity. This term has been controlled in
Proposition 4.1.

Proof Consider functions F(x) = E, [sz(ﬁr,h, uh)] and H(x) = Px(E%h). Note
that the shifted process ()N( =0 = (Xs+1)r>0 is still a diffusion process with generator
A. Therefore, if we consider the following shifted quantities

~ 1 [T
pr.an(y) = —/ Kp(Xs11, y)ds,
T Jo

- pr.ndx if pr pdx is positive measure
KT h = .

Sxo otherwise,
Er = {Prs =0},

we have

E, [W%(ﬁr,h, m] =E, []Exl [W%(ﬁT,h, Mh)]] = E.[F(X1)] = P F(x),
P (ES ) = E[Po(ES )] = Ex[H(X))] = PiH(x).
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Thus, by ultracontractivity of the process (X;);>0, at time t = 1,

Ex [W3Gir . 1)) < 1P Flloo < 04 /M FOW@Y) = uABu W3 G i) |, (5.3)

P(Ef ) < ugPu(ES ), (5.4)

where u 4 has been defined after Lemma 5.1.
Recall that the Wasserstein distance is controlled by the total variation distance

[47, Theorem 6.15]. Besides, on the event Er N ET ), pr.pdx and pr pdx are both

positive measures. Hence, on E7 , N ET j,, by Lemma 4.2, when £ is sufficiently small
depending on M and K,

W2 @ Firn) < 2diam(M)? /M P () — Fra(ldy

1 1 T+1
< 2diam(M)2 / ( / Kp (X y)lds + / [Kn (X, y)lds |dy
T Jm \Jo T

1 T+1
=2diam<M>2;</ (f \Kh<xx,y>|dy)ds+ / (/ |Kh<xs,y>|dy)ds>
0 M T M

) 1 B 1 T+1
< 2diam(M)? 2] K llooh ™ / / 1yx,—yj<ndy + / [ 1x,—yj<ndyds
0o JM T M

K
= ¢ [l

= T
where ¢ is a constant depending on M and we used Lemma B.2 for the last inequality

and the equivalence between the Euclidean and geodesic distances.
Thus, by (5.4), for h sufficiently small,

o IKlloo , . .
Ec[WE G fir )| < o™= + diam(M) Py (E., U ES. )

K
< I Tlloo

+ diam (M)?Py (E§. ) + u_gdiam (M)?P, (ES. ).
(5.5)

Consequently, by triangular inequality, (5.3), and (5.5), we deduce that there exists
a constant ¢ depending only on M such that for & sufficiently small,

%Ex [sz(ﬁT,h» Mh)] <Ex [Wgz(ﬁT,h’ ﬁT,h)] +Ey I:sz(ﬁT,hs Mh)]

K , ,
<o) T”°° + diam(M)* Py (ES. ) + u qdiam (M) Py, (ES. )

+upEy [Wf(ﬁr,h, Mh)],

which is the desired conclusion. O

Hence, using Proposition 4.1 and Proposition 4.8, it only remains to bound
P.(E7 ;). This probability is 0 if K is nonnegative. Otherwise we assume that d > 4

and that Th? > co for a constant ¢ to fix.
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Lemma 5.5 Assume that d > 4. Let ho, co and c| be the constants of Proposition 4.8.
Then, for any T > 2, if0 < h < hg and Th® > 32||K ||lso/ Pmin, we have

() < wacrh 10D oxp (- L)

Proof WhenT > 2, we have that 1/2 < (T —1)/T < 1. Hence we have the following
observation forall y e M and T > 2:

T—-1 1
X
T T-1

1 1 T—1
pr.h(y) =—/ Kn(Xy, y)ds + / Kp(Xg41, y)ds
0 0

T

1 1 C T—1
> — — K d — Kjn (X411, y)ds,
> g [ WKlts + 255 [ Ka s

where C = 1/2 if fOT_l K, (Xs41, y)ds > 0 or C = 1 otherwise. Thus,

Py| inf pra(y) <0) <Py| inf LfTIKh(XY+1,y)ds < 1K lloo
yEM ' - yEM T—l 0 h T

. 21 Knll
<E, (Px1 (ylen/f/l par-1).0(y) < Too

2|1 Knlloo
T k

<upPy, (yien}\c/( par-1).1(y) <

where we used ultracontractivity at the last step. By Lemma 4.2, we have || K} [|co <
2||K ||looh ™ for h small enough. Hence, if Th® > 32||K ||lso/ Pmin» then 2[| Kp |loo/T <
Pmin/8, and we obtain thanks to Proposition 4.8 that

Px(E?,h) = MAPM< inf pr—n.n(y) < Pmin/8>
yeM

< uAclhfd(dH) exp(—co(T — l)hdfz).
AsT —1>T/2,for T > 2, the result holds. O

We put together all the estimations obtained so far to conclude. Consider d > 4 and
Th? > cy» where the constant c(, is chosen so that Th? > 321K |lo/ Pmin and Th9=2
is large enough with respect to In(7"), so that the upper bound on P, (E T. h) given in

Lemma 5.5 is negligible. The proof is similar when d < 4 and K is nonnegative. By
Proposition 5.4, Proposition 4.1, Lemma 5.5 and Proposition 4.8, for any x € M, for
h sufficiently small, and T > 2, there are constants ¢, ¢ > 0 such that

Ex [W3Gars, ) |

K
< C_” THOO + 2diam(M)2Px(E%,h) + zuAdiam(M)ZP“(E%’h)
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p2 5 4—d
- cun =3 K 3
min
2 4—d
~  Dm s h
< Cua B K IR
min

6 Minimax lower bound

The proof of the minimax lower bound (Proposition 2.6) relies crucially on the compu-
tation of the Kullback-Leibler divergence between the law of two diffusion processes
(X;) and (X) on M. Recall that for two probability measures P and Q, the Kullback-
Leibler divergence KL (P||Q) is defined as

KL@[Q) = [ 1n () ap 6.1
<||>—/n(ﬁ) ©.1)

whenever P is absolutely continuous with respect to Q.

Recall that we have denoted, in Section 2, by Pr; = Pr ¢(Kmin, Pmins Pmax.
Umax. L) the class of all the laws of diffusion paths (X;);cf0,77 on M with arbi-
trary initial distribution, generator A satisfying Assumption 2.1 with constant Kmin
and having an ultracontractivity constant smaller than upy,x, and invariant measure p
having a C? positive p density on M with a Sobolev norm || p|| HiM) < Landa
C'-norm smaller than L, satisfying pmin < P < Pmax.

Our minimax lower bound follows from an application of Assouad’s lemma, see
[48, Theorem 2.12].

Lemma 6.1 (Assouad’s lemma) Consider a statistical model P. Let J > 0 be an

integer and consider a subfamily {P;}; C P indexed by t € {#1}’. Define the

Hamming distance dy (1, t') = ij'zl 1{,,.#/_} on the hypercube {£1}’. Assume that
175

there exists A such that for every v, v' € {£1}, Wh(u(Py), u(Py)) > Ady(t, t')
and that whenever dy (t,1t') = 1, KL(P;||P;/) < 1/2. Then, the minimax risk over
P defined in (2.15) satisfies

AJ
R(P) > T (6.2)

To apply Assouad’s lemma, we build an appropriate family {u.} of probability
measures on M indexed by the hypercube {#1}” by perturbating the uniform measure
by small bumps. We let p, be the density of 1, and P; be the law of a diffusion path
(X1)refo,71 with initial distribution . and generator A, , (defined in (1.1)) with
g = 1. In that case, the associated carré du champ is equal to I'(f, f) = IV fI2, so
that we can take kmin = 1.

Lemma 6.2 (Existence of bumps) Let £ > 0 be an integer. There exist constants K,
&0 > 0 depending only on £ and M such that for all x € M and all 0 < & < &g, there
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exists a smooth function ¢ . : M — R supported on B(x, €), with fM ¢x edy =0,
S @2dy = &4 and for all integers 0 < i < ¢,

I px.cllcian <xe™". (6.3)

Proof Fix x € M. Consider a smooth chart ¥ around x defined on the unit ball
in RY, with W (0) = x. As M is smooth and compact, W can be choosen as being
a bi-Lipschitz map with Lipschitz constant L not depending on x. In particular, for
¢ small enough, the chart ¥ : Bpa (0, L~ '¢) — M is a diffeomorphism whose
image is contained in B(x, ). Let ¢ : R4 — [—1, 1] be a smooth function of
integral 0, with support included in Bga (0, L~'), equal to 1 on Bga (0, L~!/3). Let
JW : Bga(0, L~'e) — R be the Jacobian of W. We define for u € Bga (0, eL ") and
y=¥@u)

po(u/e)

¢x,8(y) = Cx,a J\I—’(M)

)

and ¢, . is 0 outside W(Bpa (0, eL’l)). By construction, f/\/l Oxedy = Cyp
fBRd(O,eL—l) do(u/e)du = 0. We choose Cy ¢ so that [, qb)%’edy = &4 It remains

to bound the C*-norm of ¢y for 0 < i < £. Note that as M is compact and smooth,
all the coefficients of the metric and its inverse have bounded C¥*-norms for all k > 0.
This implies that for & small enough, the chart W can be chosen so that the C’-norm
of the function JW : B4 (0, ¢/2) — R is uniformly bounded (uniformly with respect
to the base point x), with JW(u) > ¢¢ for all u € Bpa (0, eL~1) and some constant
co depending on the manifold M. In particular, as ¢y is equal to 1 on Bga (0, L~!/3),
this implies that the constant C , is larger than ¢ for some constant ¢; depending
only on M. The smoothness of ¢y and of JW¥ then imply the desired controls on the
C'-norm of ¢, . (applying Leibniz formula for the derivative of a product). O

Fix 0 < ¢ < g and consider a set of points x1, ..., x; € M that are all at least 2¢
apart. Note that by a simple covering argument, the number J can be chosen to be of
order ¢4, For j=1,...,J,writep; = ¢, xs Assume without loss of generality that

the manifold M has unit volume. For T € {41}/, consider the probability measure

J
v
pr=1+ ZZ‘L’jqu.
j=1

for some 0 < v < &, Note that according to Lemma 6.2, p, satisfies 1/2 < p, < 3/2
and integrates to 1. According to Lemma 6.2, the C*-norm of p, is smaller than 1/2
(and therefore so is its Sobolev norm).

Using Remark B.6, we see that for a choice of pmin < 1/2, Pmax = 3/2, Kmin
I, L > 1/2, all the associated measures . are in the statistical model Pr ¢
Pr.¢(Kmin> Pmin> Pmaxs Ymax, L) for some umax large enough, as long as ¢ > 2.

1A
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Lett, v’ € {#1}’. Consider the function f = Z]J'=1 17, 4ry7j¢;. The function f :
J

M — R is Lipschitz continuous with Lipschitz constant ke ~!. As the 2-Wasserstein
distance ¥V, is larger than the 1-Wasserstein distance V), it holds by duality [47,
Particular Case 5.16] that

Wz(uf,uff)>W1(m,ur/)>—(/ fpedy — /fpr’d)’>

2[(28_1 Z l{fj;ﬁ'f /}er / ¢j fdy

By construction of f and as fM ¢2dy = ¢, this quantity is equal to 2 dH (t, 7)),
that is the first condition in Assouad’s lemma holds for A = ve?*! /K .

The Kullback-Leibler divergence between P, and P, can be controlled using
Girsanov theorem. Indeed, Girsanov theorem provides an explicit formula for the

Kullback-Leibler divergence between P, and P,/ (see Appendix D):

T 2 2 T Pr 2
KLP:||Py) = — VInp; — Vinpy||“prdy = — IVp: — —Vpul~dy
4 Jm 4 Jpm P

.L-/

T T [ IIVpI?
—f IVpe = VprlPdy + —/ ———(pc — pr)*dy.
2 Im 2/m p

IA

T/

Consider 7, 7/ € {£1}’ with dy(t, ') = 1, and assume without loss of generality
that the two vectors differ only by their first entry. Using the available bound on the
C'-norm of p, and the fact that p, > 1/2, we obtain that

2,2

T v
KL(P;||Py) < 5/ IV pr — Vpo|2dy + T/ (pr — pe)?dy
M M

T v? / 5

< —-— Vol dy
2 k% B0
T vt

< —v%e” 2[ dy + —28_2+dT < Tv2ed2,
2 B(x1.¢) 2K

where we use at the last line that the volume of a ball of radius ¢ is of order ¢ for &
small enough (see Lemma B.2), and v € [0, se].

When d > 5, choose ¢ = ¢T~V/@Hd=2) and v = &b, For ¢ small enough,
KLP,||P,/) < 1/2. By Assouad’s lemma, and recalling that we can pick J of order
¢~ 9, we obtain that

{4d+1
AT _ € TS g > T, (6.4)

R(Pr.e) =z —- ="~

concluding the proof of Proposition 2.6 in this case. For d < 4, we let ¢ = gy and
v = c¢T~ /2 for ¢ small enough, so that KL(P;||P,/) < 1/2and J is of order 1. Then,
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Assouad’s lemma gives

A
R(Prg) > — = > 712 (6.5)

This concludes the proof. g

Appendix A Wasserstein distance and bias term estimates

A.1 About the Wasserstein distance’s estimate of Peyre and Proof of Lemma 4.4
We provide here a new proof of [43, Theorem 2.1], a result we need to prove Lemma 4.4
at the end of this section. The proof given by Peyre indeed holds only under additional

assumptions that were not detailed in his paper and that turn out to be unnecessary.

Theorem A.1 (Theorem 2.1 in [43]) Given a compact Riemannian manifold M. Then,
for all probability measures | and v on M, we have:

Wa(p, v) =2l = vl g-1(),

where
I = vllg-1) = sup </ gd(p — V))-
g:fpq IVglPdu=<1 \IM

Moreover,

Wh(u,v) <2 sup (/ gd(u — v)),
geLip(M): M
Jpm IVgPdu<l

where Lip(M) denotes the space of all Lipschitz continuous functions on M.

Proof Consider the Hamilton-Jacobi semigroup (Q;);~¢ on Lip(M):

Qi¢(x) := yienAf/t {(b(y) + %p(y, x)z} , >0, ¢ € Lip(M),

where p is the geodesic distance of M. From [49, Theorem 2.5], for any ¢ continuous
bounded, Qo¢ = lim;—.0 Q;¢ = @, |[VO:¢| o is bounded for all > 0, and Q;¢
solves the Hamilton-Jacobi equation:

dQ¢— Lvoel. 150
=" 2 @7 1> 0.
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Following the ideas of the proof of [24, Corollary 2.7.3] and using [24, Proposition
1.3.1] (see also [50, Theorem 1]), the Kantorovich dual formula implies that:

1
zwzzw,v): sup ((Q19) — u(@)}.
¢€Lip(M) bounded

Consider the following curve on the space of measures (u;)o</<1 defined by p; =
(1 — t)u + tv. By taking the derivative along ¢, we have that for all ¢ continuous and
bounded:

d 1
d—(le(Qz¢)) = ——</ IVQt¢I2sz> +/ Qrpd(v — ).
t 2\Jm M

We now analyze the above term. Let ¢ € (0, 1).
If fM |VQ:¢|*du; > 0, by the classical inequality —%aQ +ab < %bz, we have:

1
—5</ |VQt¢|2du,> +/ 0,d(v — 1)
M M
1 (g Qi9d(v — 1))’

| 2
Z < - sup </ gd(u — V))
2 fM |VQt¢|2th 2 g€eLip(M): M

S IVePdpe<1

IA

If [ IVQi¢*dp, = 0and [, Q;¢d(v — p) = 0, clearly we have

1 1 2
—‘(f |VQz¢|2er)+/ Orpd(v —p) <5 sup (/ gd(n — v)) :
2AJm M 2 geLipM): \JM

Saq IVelPdu <1

If [ IVQ:¢|*du; = 0 and S Qipd(v — ) # 0, using the Lipschitz function
a Q¢ on M for any arbitrary @ € R \ {0}, we remark that

2
sup (/ gd(n — V)) = 00,
g€Lip(M): M
S IVgPdp<1

and clearly

1 5 1 2
- IVOipI"dus ) + | Qipd(v — ) < > sup gd(w—v) | .

2AIm M 2 geLipMy: \JM

Saq IVg1Pdps <1

Hence, for all r € (0, 1),

2
sup (/ gd(p — V)) ;
g€Lip(M): M

S IVelPdu <1

N =

d
d—t(l/«t(Qtfﬁ)) <
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which implies

1 2
W2 v) < / sup ( / gd(u—v)) 1
0  geLip(M): M

Saq IVg1Pdps <1

> (1 —t)uforallr € (0, 1). Thus, for all g with fM IVgl?du, <1, we
have (1 — 1) fM |Vg|>du < 1. This leads to the fact that forall 0 < 7 < 1 < 1, the
following holds

Besides, u; >

1 2
W3 (i ey < / sup ((n — to) /M gd(n — V)) dr

0 g€Lip(M):
(I—11) [rq IVglPdu<l1

(t1 — t9)? 2
e P sup gd(u—v) ) .
— 1 geLip(M): M
g IVelPdust

Hence, foranyn € N*and 0 < 9 < t; < ... <1, < 1, we have:

Waptags i) = ZWz(Mr, M) < Z — sup (/M gd(p — V))

i—1 — 1 geLip(M):
Sy IVgPdust

Thus, for all 0 < 79 < #; < 1, by convergence of the Riemann sum,

n 1
Wa (g, tey) < < dt) sup (f gd(n — v))
o n V1=t geLip(M): M

T 1VelPdu<t
=2<\/l—to—\/1—t1) sup (/ gd(u—v)).
geLip(M): M
I 1VelPdp<1

By taking 1o — 0 and #r; — 1, we obtain that:
Wh(u,v) <2 sup (/ gd(u — V)>,
g€Lip(M): M
Saq IVglPdu=t

which is the desired conclusion. O

Proof of Lemma 4.4 Before proving the result, let us establish that for all f € L? (dx),

11 1@y == sup (/Mgfdx)=/M|(—A>1/2f|2dx. (A1)

g:p 1Vg2dx =1
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This equality is a consequence of Definition 7.24 p.202 in [51] for example, or can be
read from the developments in Section 5.5.2 of [44]. We provide a short proof of (A1)
below.

Let f be a function with [ fdx = 0. Recall that
£l =100y = sup {U fgdx| Vel 2@y < 1}.First, for any function g € C*(M),
by Cauchy-Schwartz inequality,

2 2
‘ f fedx| = ’ / (=A) "2 )(=A)'g)dx
M M
<=2 F 72 X 1=l 7n 45
Besides,
1/2 12 1/2 1/2
)28 R, = [ (=800 s
:—/ gAgdx:/ |Vg|2dx.
M M
Therefore, by definition of, || - || -1 (dx)» We have:

2 —1/2 2
1131 @) S/MI(—A) 2 fPdx.

Note also that equality is attained in Cauchy-Schwartz inequality if (—A)~1/2 f =
AM—=A)2g for some A > 0. Letting g = A(—A)~! f with A = ||V(—A)‘1f||z21
gives (Al).

Let us now prove Lemma 4.4. From Theorem A.1 above, with u = fidx,v = fodx
and f] bounded below by fiin,

Wh(fidx, fadx) <21l f1 = fall g1

<2 s (/ g(fl—fz)dx)
g/ IV82 frdx<1 \IM

=2 sup ( f g(ﬁ—fz)dx)
8: a1V fmindx <1 \J M

<2f/* sup ( /Mg(fl—fz)dx>

g [aq IVg[Pdx<1

=2me/2\/ /M [(=A)=12(f1 — f2) dx

where we have used (A1) for the last equality. This concludes the proof. O
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A.2 Control of the bias term

In kernel density estimation, variance terms can be controlled with minimal assump-
tions on the kernel K (say, boundedness), whereas choosing a kernel having specific
properties is required to control bias terms [48]. The situation is not different for the
estimation of p: we are able to control the variance term [E, [W22 (1.1 /Lh)] with
few assumptions on K (see Theorem 2.3). However, controlling the bias requires the
kernel K to be of sufficiently high order in the following sense.

Definition A.2 (Order of a kernel) For a multi-index o = (ozl, e ad) € Zd, we
d
denote |ae| :=a! + - +a?, 2% = [T
the direction «.
A function K : R? — R is called kernel of order r if the function is of class C’,
and K satisfies

z?j and 0“K the partial derivative of K in

/ 9K (z)z%dz = 0,
Rd

for any multi-index o, & such that || < r and || < r + ||, with |¢| > 0 when
a=0.

When K is of order larger than £ 4 1, we obtain a tight control of the bias following
[14].

Proposition A.3 (Bias term) Let K be a kernel of order larger than £ + 1, and let p be
a density of class C? with a finite Sobolev norm | p|| HEM Then, for 7 small enough,

2
C”p”HZ(M) h2@+2
2 k

W3 (s 1) < (A2)
min
where ¢ depends on M and K.
Proof As i has a lower bounded density, it holds according to Lemma 4.4 that
2
W3 (n. 18) < 4Py /M =272 p = pu| ax,
whereas it is proved in [14, Proposition 9] that
(=8 2(p = pi| dx = cllply k2
M p Ph —= V4 H¢ (M)
when K is a kernel of order larger than £ + 1, where ¢ depends on M and K. 0O
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Appendix B Some technical proofs
B.1 Proof of Lemma 4.2

(i) The proof of the uniform convergence of (& —d N (.)n=ois givenin [14, Lemma
10] when the kernel K has some regularity. We detail below another proof
assuming only that K is continuous with compact support in [0, 1]. Recall
that since M is compact, the Euclidean norm and the geodesic distance are
equivalent: there is a constant ¢ ¢ > 1 such that Y(x, y) € M?

lx =yl < pCx, y) < camllx =yl

Consider a family &, : Bra (0, ¢x) — M of Riemannian normal parametriza-
tions at x € M (see [27, Section 3.1] or [52, Proposition 5.24]). Thanks to
[27, Theorem 3.4] (for more details see [52, Proposition 10.37]), there exists
a constant ¢; > 0, such that all the parametrizations (€,),eA¢ have the same

domain Bpa (0, c1), and for any h < CC—A‘A the Jacobian determinant J, of the

change of variables v = £ I(y) is uniformly bounded in x. Consequently,
W = [

lx — yll
K( . Ljx—y)<ndy
M h

- Ix — & @
=" d/ K(TX Ljx—gcy<nJx()dv
Bra (0,c1)

Zf K< x — Ec(hv) >1
BRd(O’ClT])

h
We know that p(x, y) = ||5;1(y) H (see [27, Theorem 3.2]). Then by equiv-

o pGE(hv)
> Bl

x—Ex (hv)
—hn

SlJx(hv)dv.

alence of the distances, we have |x — & (hv)||
Consequently,
=1}

|

Beside, by [27, Theorem 3.4], there exists ¢, > 0, independent of x, such that
|Jx () — 1] < e2[lvll* and [|lx — & (v) — v]| < ea|lv]|* (since EL(0) = Id).
We deduce that

)l

“

where the upper-bound is an integrable function on R?. We also remark that
x—Ex (hv)
h

_ ol
= nll,

x — &y (hv) x — &Ex(hv)
h h

=< 1} A{lvll < el

x — Ec(hv)
h

< e, 0.5 )

x—Ex (hv)
h

< 1K oo (1 + 2D ) <cprs

(Jx (hv))p=0 converges to 1 and ( )h 0 converges to ||v|| when
>
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h — 0, both uniformly on M. As K is continuous on R¢ with compact sup-
port, the function is thus uniformly continuous on R?. We then deduce that
( K( x—E (hv)
h

By the dominated convergence theorem, we deduce that, when 7 — 0,
(h_dnh)h>0 converges to fRd K(JJv|])dv = 1, uniformly on M.

(ii) By uniform convergence, n, > 0 when # is small enough, so that K}, is well-
defined. The result then follows from a straightforward computation.

(iii) We note that the support of K is included in {(x, y) € M?: |lx — y|| < h},
and

))h o converges to K (J|v]|) when 2 — 0, uniformly on M.

|Kp(x, y)| < 1K ook ™.

1
=y (0]

There is uniform convergence on M of (h’d Nr())n>oto 1 when i — 0. Then
there exists 4, > 0 such that VA < h¢, V(x, y) € M?2, we have h_dnh (x) > %
and

|Kn(x, y)] < 201K looh ™.
(iv) Letx € M and y, y’" € M. Let L be the Lipschitz constant of K. Then, by the
triangle inequality when & < h., so that h’dnh (x) > %, we have
I al (1 =yl [x =]
Ky (x, —Kx,/<—th —K|———
[Kn(x,y) n(x, Y| < TRENE) ( A A

<2Lh~ Ny =y < 2L~ p(y — ¥)).

RemarkB.1 As mentioned in Remark 2.2, it is simpler to work with a kernel 1?;,

based on the geodesic distance p, I?h(x y) = ﬁhl(x)K(@), with 77, (x) =

I ('0 2.y )dy In that case, we can easily prove, without regularity assumptions,

that when K is an integrable function with support in [0, 1] and fRd K(||lvlH)dv =1,
there is a constant ¥ > 0 such that ||hd17h — 1“Oo < ich?.

Actually, using the Riemannian normal parametrization & atx € Mand p(x, y) =

lec

—d~ _ (x,y)
I dnhu)—l(:‘h ‘f K(p : >1p(x,y)5hdy_1'
M h
/ K(” ”>1|v|<hJ (v)dv—/ K<M)dv
Bya (0,c1) Bya (0,h) h

§h_d/ K( '””)‘u (v) — 1|dv
BR‘](O,/Z)

=h
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scth/ KAy

rd (0,1

since |J, (v) — 1] < e2|lv]?.

B.2 Proof of Lemma 4.3

Using the same proof as in Appendix B.1, we first remark that uniformly in x €
M the term (h_ M lllx—YHShdy)h>o converges to VOI(BRd (0, 1)). Besides, by the
triangular inequality,

_ 1 lx — vl
[ph(x) — p(x)| = —K p(y)dy — p(x)
M i (y) h

1 _d> (IIx - yll) ’
—h %)k d
= /M (nh(y) h Py

[tk (B2 0o - penas| | [ ax (B2 ) pcony - peo

h

=

—d
= IHOOHKHOOHpuoo/Mh Ur—yl<ndy

+ [ K llooLip(p) /M W= —y<n I = vl dy + 1R n,(0) = 1Ip@o)l,

where Lip(p) is the Lipschitz constant of p with respect to the Euclidean distance,
which is bounded up to a constant by the C'-norm of p (recall that the Euclidean
and geodesic distances are equivalent). Hence, by the remark at the beginning of this
proof, there is a constant C > 0 such that for all x € M,

1
1P = p()| =<C Iplley (uknooH - 1” 1K llooh + [~ = 1 )
h 00 oo

h=dn
(B1)
where the constant C depends only on the embedding M C R™ and where the
parenthesis in the right term converges to zero by Lemma 4.2(i). Therefore, we deduce

the uniform convergence of (pp)p=0 to p on M, and the second result of the lemma
is straightforward a consequence of Equation (B1). We have the desired conclusion.

B.3 Proof of Lemma 3.2

We will make use of the following estimates.

LemmaB.2 Let x € M and o > d. For all 4 > 0 small enough (depending on M
and «), it holds that

hd—o if d
/ p(x, y)*dy < Cq e (B2)
p(x,y)>h ln(l/h) ifa=d.
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Fora < d,
/ p(x,y)*dy < Cuh?™. (B3)
px,y)<h

Before giving the proof, let us note that since the geodesic distance and the Euclidean
norm are equivalent on the compact manifold M (see [35, Proposition 2]), we have
a similar result with the Euclidean norm instead of the geodesic distance in Lemma
B.2.

Proof Using the change of variables v = £ 1 (y) as in the proof of Lemma 4.2 (see
Section B.1), we have for 4o > 0 a constant larger than &

/ p(x,y) %dy < / p(x, y) “dy 4+ chy“.
p(x.y)=h ho>p(x.y)=h

We pick kg small enough (independently of x) so that, by a change of variable

/ pr,y) "y = / RIAOD
ho>p(x,y)=h ho>|lv][=h

where Jx (v) is a Jacobian, that is bounded by 2 uniformly in x and in v on the domain
{v:h <|v] < ho} (see [27, Theorem 3.4 ii.], also the proof of Lemma 4.2). We then
conclude by computing the integral. The proof of the second statement is similar. O

We only prove Lemma 3.2 in the case d > 3, the cases d = 1 and d = 2 being
treated with minimal modifications. By Proposition 3.1 (iv) on the Green function G,
for d > 3, there exists a constant k > 0 such that V(x, y) € M? \ diag(M),

IG(x, )| < kp(x, y)*.

Hence,

(G ()| < /M 1G @ DIy < [ fllook /M p(z. > N pxy)<ndy.
When p(x, z) > 2h, we have p(x, y) < p(x,z)/2 and
1
p(z,y)=px,2) —plx,y) = Ep(x,z)-
Then, as 2 — d < 0, we obtain
(G = 2772 fll ook /M Lyx,p<ndy p(x, 2774
According to Lemma B.2,

(G| < Cll flloh?p(x, 2)*7.
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We now turn to estimates when p(x, z) < 2h. Notice that

(GH@I = 11 llook /M P 1)y yy<andy.
The conclusion then also follows from Lemma B.2.

B.4 Wasserstein distance between a measure and its convolution

LemmaB.3 Let v be a probability measure supported on M. Let K be a nonnegative
kernel supported on [0, 1], with fRd K (J|u|)du = 1. For h > 0, let v, be the measure
with density gj(x) = f K (z, x)dv(z), where K}, is defined in (2.5). Then, for all
h >0,

W3, vp) < coh?. (B4)

Proof By the convexity of the Wasserstein distance, it holds that
Wiom) = [ Whe.. Gonvian) (85)

Let co be such that p(x, y) < collx — y|| forall (x, y) € M? (recall that the geodesic
distance and the Euclidean distance are equivalent). As the measure (8, ), is supported
on a Euclidean ball of radius %, we directly have that sz (8x, 6x)n) < c% h2. This ends
the proof. O

B.5 The ultracontractivity term

We give in this section an explicit control of the ultracontractivity constant introduced
at the beginning of Section 5. To this aim we need to introduce the iterated carré du
champ.

Definition B.4 Given a differential operator A, its iterated carré du champ I'; is defined
as:

1
Da(f, f) = E[AF(f,f)—ZF(Af,f)],
where I is the carré du champ of A.
LemmaB.5 Let p € C*(M) be a positive density on M with respect to the volume
measure dx, and A a C2-elliptic second-order differential operator, which is symmetric

with respect to the probability measure i = pdx. Then, there is a constant «, which
can be negative, such that:

FZ(f’ f) EKF(f, f)’ (B6)
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In particular, the associated semigroup (P;);( satisfies, for all r > 0,

xdiam(M)?

1P flloo < exp [m

] X ”f”Lz(//,)' (B7)

Proof Because A is a C2-elliptic operator of second-order, there is a C>-metric § on

M suchthat I'(f, f) = (@f, @f)g, where V is the gradient of the new metric (see
[53, eq. 1.3.3]). Hence, due to the symmetry of A with respect to 11, A = A+ VIn(p),
where A is the Laplacian of the new metric and p = dS—O’ng, where vols is the volume
measure in the new metric.

Consequently, by [54, eq. C.5.3] we have T»(f,f) = |VVf]? +
(RiccQ —-VV In( ﬁ)) (@ f, v f ), where RiccQ denotes the Ricci tensor. Therefore,

as in [54, eq C.6.3], (B6) is equivalent to
Riccz — VVIn(p) = «. (B8)

Hence, from the compactness of M and the c? continuity of both 4 and p, we have
the desired conclusion for the first part.

For the second part, we have from the implication (1) — (3) of Theorem 2.3.3 in
[24] with p = 2, that for any x,

diam(M)?
|Ptf<x>|2=f Isz(x)Izu(dy)ff PAfF(y)exp[“ﬁar?—()
M M ekt — 1

xcdiam(M)? ) xdiam(M)? )
= exp [W} /M Pl ndy) = exp | —7——— |1 lI72(,):

]M(dy)

since p is the invariant measure of the underlying process. Therefore, we have the
second inequality, which is the ultracontractivity of A. O

Remark B.6 We note that for the operator A, defined by (1.1) with ¢ = 1, there
is no need to change the metric to obtain the result. Consequently, the constant x
appearing in Lemma B.5 depends only on M, an upper bound on || p||c2( a1 and prmin-
This enables the choice of a uniform ultracontractivity constant umy,x for the minimax
lower bound in Section 6.

B.6 Essentially self-adjoint operator

Although A is symmetric, this does not guarantee that its adjoint A* is symmetric
unless A is self-adjoint. The essential self-adjointness of .4 means that its closure A
is self-adjoint, ensuring that the operator has a unique self-adjoint extension.

PropositionB.7 If A : CC2 (M) = Co(M) C L*(u) is symmetric and the measure p
has a strictly positive density on M, then A is essentially self-adjoint when considered
as an unbounded operator on Lz(u).
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Proof Since A is symmetric on the Hilbert space H = L?(w), we have
/ Afdu =0 forall f € C2(M).
M

The closure A : D(Z) — H of A generates a semigroup (P,(z))tzo on H, satisfying

P,(z)f = P, f forall f € C.(M) (see [41, Theorem 1.5.38]).
The operator .4 is symmetric, being the closure of a symmetric operator. Moreover,

since A generates (P,(z)),zo, we have Pt(z) f eD(A) forallr > 0and f € Co(M).
Consider the function

2
Fs) = (PP f. P28 120

for fixed r > 0 and f, g € C.(M). This function is constant in s € [0, ¢]. Indeed, for
0 < s < t, we compute by symmetry of A

d — 2 -0
aF(S) = (APS(Z)f, P[(—?yg>L2('LL) - (Ry(Z)fv AP;—?;*g)LZ('LL) =0.
This implies that

F(s) = F(0) = (f, PPg) 2, foralls e[0,1].

S
Therefore, the semigroup (P,(z)) is self-adjoint, meaning that (P,(z)) = Pt(z). Con-

sequently, the generator A is self-adjoint, and since A is densely defined, it follows
that A is essentially self-adjoint. O

Appendix C SDEs for the diffusions with generator A,q
In this section, we give the SDEs satisfied by the diffusion processes of generator

(1.1) and (1.2). Recall that the Stratonovich integral (see [55, page 82]) is defined as
follows:

Definition C.1 (Stratonovich integral) Let X, Y be two continuous real-valued semi-
martingales. The Stratonovich integral of Y with respect to X, denoted by f(; Y, o0dXg,
is defined by

t t
1
/ Y, o dX, :=f YodXs + = (¥, X),,
0 0 2

where the first term is the It0 integral of Y with respect to X and (., .) is the bracket
process (also known as the quadratic covariation process).
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With the Stratonovich integral, the classical Itd formula can then be written is
the following way (see [55, Theorems 20-21, pages 277-278]), for a continuous d-
dimensional semimartingale X and a function f : RY — R of class C?: f(X) is a
semimartingale and

£X0 [ l’
- fXo) =) | 57 Xo) 00X (C1)
i=1

Because of this chain rule, the Stratonovich integral is better fitted to differential cal-
culus on manifolds than the usual Itd integral.

We recall that a vector field V on a manifold M is a family {V (x)},eaq such
that Vx € M, V(x) € Ty M (see for e.g. [56, Chapter 4]). In local coordinates

(xl, x2, e xd), a smooth vector field V can be represented as

d 9

Vx) = Vi) — ,
(x) Z @ 5l

i=1
where V1, ..., V4 are real smooth functions on the domain of the local coordinate
system, and where {i,} denotes a basis of T, M.

ax' Jq <i<d

Proposition C.2 (Theorem 1.2.9 in [53])
Let/ > 1. Consider the Stratonovich SDE

1
dX, = Z Vo (X;) 0 dBY + Vo(X,)dt (C2)

a=1

where (Vy)o<q < are C? vector fields and B = (B%) 1<a </ 18 the standard /-dimensional
Brownian motion. Then, there exists a unique strong solution to (C2) (up to explosion
time) whose infinitesimal generator is

[

AF@ =33 (V) + o,

a=1

where (Vo? f ) (x) := (Vu(Vy f))(x), and whose carré du champ operator is given by
D(f,8) = 3 Ytet Val(F)Va(8).

Let {eq}1<¢<m be an orthonormal basis on R™. For each x € M, we consider

P, (x) the orthogonal projection of e, to T, M. Let us note that P, is a vector field on

M. In a local coordinate system (xl, x2, .., xd),

X

d 9
Py(x) = iZ:}Pa(x) o
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Then the Laplace-Beltrami operator satisfies (see [53, Theorem 3.1.4])
A= Z P2 (C3)
Remark that for two real-valued functions of class C2 on M, we have:

(Vf,Vh) =Y (Puf)(Pyh). (C4)

a=1

Then, as an application of Proposition C.2, there exists a unique strong solution starting
at x € M to the following SDE

dX, =Y V2q(X))Py(X,) 0 dBY
a=1
(1
+y (;Paq)(xt) +q(Py(In p))(&)) (P f)(X1) (C5)
a=1

for (B*)1<o<m independent euclidean 1-dimensional Brownian motions, and whose
infinitesimal generator is

Apgf =qAf +{qVin(pq), Vf). (C6)
In the particular case where g = 1, we deduce that the unique solution to the SDE

dX; =2 Pa(X;) 0 dBY + ) Py(In p)(X,) Pa(X,)dt, (C7)

a=1 a=1
has the infinitesimal generator
Lf=Af+(Vinp,Vf).
Proof of C6 To compute the infinitesimal generator of (C5), we apply Proposition C.2

with Vy = /2qPy and Vo = Y 0, (%(Paq) 4+ q(Py(In p))) P,. From this proposi-
tion, we know that the generator of X is, for a test function f of class C2,

|
Apg f) =Y S (Vg )+ Vo).

a=1

We have:

(V27) () = 20 Pu(Ja(Pa f)) = 200 (PLF ) () + (Pa) (¥) (P ) ()
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Thus,

Apg f(x) = q(x)Af(x) + Z (Paq)(x)(Po f)(x) + g Z (Po(In p)) Py .

a=1 a=1
We conclude thanks to (C4). O

Atlast, since A, is self-adjoint with respect to , we deduce the following propo-
sition.

Proposition C.3 The measure i = p(x)dx is invariant for A, .

Appendix D Kullback-Leibler divergence of path space measures on
manifolds

In this section, the operator £ will be denoted by £, to highlight its dependence with
respect to the density p of the measure p. Let us denote by P(, 1) the probability
measure on C([0, T'], M), given by the distribution of the diffusion with generator
L, defined for f € C*(M) by:

Lof =Af+ (VS Vinp),
and starting from its invariant measure © = pdx.

We will denote by E(, 1) the expectation in the distribution P(, 7 and we define
the Kullback-Leibler divergence as:

dP, 1)
KL(P([,’T)HP(q’T)) = E(p,T) In (Dl)
dP. 1)

where dP(, 1)/dP,, 1) stands for the density of P(, r) with respect to the measure
P.1)-

Theorem D.1 For any two C' strictly positive probability densities p and g on M,

T
KL, 1)|[P.1) = /M IVInp — Ving|?pdx. (D2)

The proof of Theorem D.1 relies crucially on Girsanov’s theorem.

Proposition D.2 (Girsanov’s theorem for embedded manifolds) Consider two contin-
uous tangent vector fields Z1, Z, that are tangent to M. Suppose that (X,);>0 satisfies
the Stratonovich SDE:

m
dX; = Zp(X))dt + V2 Py(X)) 0dBY,  Xo=x0 € M,

a=1
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where B = (B%)1<q<m 1S @ m-dimensional standard Brownian motion under PP, and
(Po)1<a<m is the tangent projection of the standard basis of R” on M (see Section
Appendix C). Then, defining for any 7 > 0,

T 1 1 T
Er = — | —(Z,—Z)(X)dB; + ~ Z1(X,) — Za(X)|I3dr ),
T exp( /() \/E( 2 1(Xy) t+4/0 1Z1(X;) 2( t)||2 )

(D3)
it follows that:

E¢&r) =1

and under dQ = E7dP, (X;);>¢ is a solution to the SDE:

m
dX; = Z1(X))dt + V2 Py(X)) 0dBY,  Xo=x0€ M,

a=1
with B being a Brownian motion under Q.

Proof of Proposition D.2 et T > 0. The first part follows from the fact that the Itd

integral fOT (Z2 — Z1)(X;)dB; is a local martingale with bounded quadratic variation
(since the Z;’s are continuous and M is compact, hence the Z;s are bounded on M).
For the second part, by Girsanov’s theorem in R™, the stochastic process (EI)OSth
defined by:

T
Bt — Bl +'/ M(X[)dt,
0

with u(x) = \%(Zz — Z1)(x), is a standard Brownian motion under Q. Besides, the

Stratonovich SDE for X; can be rewritten as:

m
dX, = Z»(X,)dt + «/EZ Py(X;) o dBY

a=1

= Zy(X)dt + V2 Py(X;) o (dBY — u*(X;)dr)

a=1

=V2) " Pu(X)) 0 dBY + (Za(X,) = Y ~2u* (X)) Po(X))dt

a=1 a=1

m
= Z1(X,) dt + V2 Py(X,) 0 dBY,

a=1
hence, we imply the desired conclusion. O

Let us now prove Theorem D.1.
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Proof of Theorem D.1 Let (X;);>0 be a solution to the SDE:

m
dX, = VInp(X,)dt + 2" Py o dBf,

a=lI

with X uniform on M and with B being a m-dimensional standard Brownian motion
under some probability space IP. The infinitesimal generator of (X;);>0 is £, by (C7).
By Proposition D.2, (X;);>0 is also a solution to the SDE:

m
dX, = Ving(X)dt +~2) " P, odBe,

a=1

with Xo uniform on M, and where B is a m-dimensional standard Brownian motion
under the probability measure Q defined by %% = &r with

1 T 1
Er = —M —(M , Mr = — (V1 — VI X,)dB;.
. exp( r+ 5 >T) . /Oﬁ< np - Ving) (X)dB,

Therefore, by the definition of Kullback-Leibler divergence,

dQ 1 1
KL, 1P, 1)) = E[ln @} = E[_MT + §<M)T] = E]E“M)T]-

We have the desired conclusion by computing [E[(M)7], because the distribution of
X;:1is u = pdx ateach time ¢ > 0. O
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