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Abstract
From the observation of a diffusion path (Xt )t∈[0,T ] on a compact connected d-
dimensional manifold M without boundary, we consider the problem of estimating
the stationary measure μ of the process. Wang and Zhu (2023) showed that for the
Wasserstein metric W2 and for d ≥ 5, the convergence rate of T −1/(d−2) is attained
by the occupation measure of the path (Xt )t∈[0,T ] when (Xt )t∈[0,T ] is a Langevin
diffusion. We extend their result in several directions. First, we show that the rate
of convergence holds for a large class of diffusion paths, whose generators are uni-
formly elliptic. Second, the regularity of the density p of the stationary measure μ

with respect to the volume measure ofM can be leveraged to obtain faster estimators:
when p belongs to a Sobolev space of order � ≥ 2, smoothing the occupation measure
by convolution with a kernel yields an estimator whose rate of convergence is of order
T −(�+1)/(2�+d−2). We further show that this rate is the minimax rate of estimation for
this problem.
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1 Introduction

Themanifold hypothesis has become ubiquitous in themodernmachine learning land-
scape, where it is commonly used to explain the efficiency of nonparametric methods
in high-dimensional statistical models [1]. This paradigm has motivated statisticians
to study inference problems under manifold constraints [2–7]. Given n i.i.d. samples
from a distribution μ supported by a d-dimensional manifold compactM, the task of
estimating either μ or geometric quantities related toM naturally arises. The picture
is now well-understood. For example, minimax rates are known for the estimation
of M with respect to the Hausdorff distance [8], for tangent space estimation [5, 9],
and for curvature estimation [5, 10–12]. The estimation of the measure μ has been
tackled in a pointwise manner [13], with respect to the Wasserstein distance [14, 15],
or with respect to more general adversarial losses [16]. Once again, minimax rates of
estimation are known and are typically achieved by kernel-like estimators. Yet, the
literature is far less abundant when we leave the i.i.d. setting.

However, a framework inwhich the data is generated through an exploration process
is also natural. This setting is especially relevant in scenarios where the manifold is
seen as the continuum limit of a large graph, the latter being explored by a random
walk. We can think for instance of the famous PageRank algorithm [17], but also of
Respondent-Driven Sampling methods to discover hard-to-reach populations such as
sexual communities or drug-users [18–21]. At the limit, this random walk converges
to a continuous time diffusion exploring the manifold. Formally, we will consider
that we have access to a sample path (Xt )t∈[0,T ] on [0, T ] of a diffusion process on
a submanifold M ⊆ R

m , that is generated by a uniformly elliptic C2-differential
operator A, essentially self-adjoint with respect to some invariant measure μ. Our
goal is to propose reconstruction methods for the measure μ based on the observation
of the sample path (Xt )t∈[0,T ]. Applications of these results could include asymptotic
equivalence [22], bias correction in sampling schemes based on random walks [20] or
manifold regression [23], for example.

The general framework we work in encapsulates in particular operators of the form
Apq given for any test function f of class C2 onM by

Apq( f ) := q� f + 〈q∇ ln(pq),∇ f 〉, (1.1)

where p, q ∈ C2 are two positive functions, with p being the density of the measure
μ with respect to the volume measure dx on M and ∇ and � denote respectively
the gradient and the Laplace-Beltrami operator on M (see e.g. [24]). When we take
q = p

2 , we recover the generator

p

2
� f + 〈∇ p,∇ f 〉
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studied in [25–27]. When q = 1, we recover a Langevin diffusion, whose generator
L is defined for any test function f of class C2 on M by

L( f ) :=� f + 〈∇ ln p,∇ f 〉 = � f +
〈∇ p

p
,∇ f

〉
. (1.2)

Processes with this kind of generators can be obtained as the limits of random walks
(without and with renormalization) visiting points sampled independently with iden-
tical distribution (i.i.d.) μ(dx) = p(x)dx on M, see e.g. [25–27].

In R
m , the question of estimating the invariant measure of a diffusion has been

treated abundantly, see [28–31] (notice that the problem could also be studied with the
different point of view of non-parametric estimation for diffusion processes, see e.g.
[32]). For manifold-valued data, the problem of reconstructing the stationary measure
μ from a sample path was first addressed byWang and Zhu [33] for the generator (1.2).
They consider the occupation measure μT of the process, defined for every bounded
measurable test function f by

∫
M

f (x)μT (dx) = 1

T

∫ T

0
f (Xs) ds. (1.3)

Let P(M) be the space of probability measures on the compact connected d-
dimensional Riemannian manifold M. We introduce the 2-Wasserstein distance on
P(M), defined by

W2(μ1, μ2) := inf
π∈C(μ1,μ2)

(∫
M×M

ρ(x, y)2π(dx, dy)

)1/2

,

where ρ is the geodesic distance on M and C(μ1, μ2) is the set of measures on
M×Mwith first marginal μ1 and second marginal μ2. Wang and Zhu [33, Theorem
1.2] showed that for the process with generator L,

Ex

[
W2

2 (μT , μ)
]

�

⎧⎪⎨
⎪⎩

T −1 when d ≤ 3

T −1 ln(1 + T ) when d = 4

T − 2
d−2 when d ≥ 5,

(1.4)

whereEx stands for the expectation taken from the diffusion process starting at x ∈ M.
As noticed by Divol [14], in the context of i.i.d. random variables X1, . . . Xn sampled
from μ on M, the rate of convergence can be increased by smoothing the empirical
measure. Our purpose here is to extend this result beyond the i.i.d. setting, by studying
the convergence properties of an estimator μ̂T ,h of μ, obtained by smoothing the
occupation measure μT with a kernel K of bandwidth h > 0. When d ≥ 5 and for an
appropriate choice of h, we obtain the rate of convergence

Ex

[
W2

2 (μ̂T ,h, μ)
]

� T − 2�+2
2�+d−2 , (1.5)
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where μ has a density of regularity � ≥ 2. The above rate does not only hold for
the Langevin diffusion with generator L, but for all diffusion paths (Xt )t∈[0,T ] whose
generator A is a uniformly elliptic C2-differential operator, essentially self-adjoint
with respect to μ. Furthermore, we will show that these rates cannot be improved by
providing minimax rates of convergence for this problem.

In Section 2, we define the estimator μ̂T ,h and enounce precisely our main result.
In Section 3, we review some useful notions of Riemannian geometry. In Section 4,
we start the proof by treating the stationary case, i.e., when the initial measure of the
SDE is μ, and then give a generalization for a general initial measure.

Notation. Throughout the paper, we fix a smooth compact d-dimensional con-
nected submanifoldM ofRm , without boundary, and embedded with the Riemannian
structure induced by the ambient space R

m . The volume measure on M is denoted
by dx . Without loss of generalization, we assume that vol(M) = 1. Unless stated
otherwise, quantities c0, c1, . . . are constants that are only allowed to depend on the
manifold M. We write ca for a constant depending on an additional parameter a.
The geodesic distance on M is denoted by ρ, and B(x, r) is the geodesic open ball
centered at x ∈ M of radius r ≥ 0. We also let BRd (u, r) be the open ball centered at
u ∈ R

d of radius r .
For μ a probability measure, we will denote by L2(μ) the space of real-valued

measurable functions f on M such that
∫ | f |2dμ < ∞. More generally, for p ≥ 1,

we let L p(μ) denote the space of L p functions with respect toμ, with ‖·‖L p(μ) the cor-
responding norm. For k ≥ 0, we denote by Ck(M) the space of k-times continuously
differentiable real-valued functions defined on M, endowed with the norm

‖ f ‖Ck (M) := sup
0≤i≤k

sup
x∈M

‖∇ i f (x)‖, (1.6)

where ∇ i f (x) is the i th iterated covariant derivative of f at x . By abuse of notation,
we use the same notation for the uniform norm ‖.‖∞ on R+, on M, and on Rd .

2 Main results

We consider the framework described at the beginning of the paper. Let μ(dx) =
p(x)dx be a probability measure on M with a positive density p of class C2, and
(Xt )t≥0 be a diffusion onM with generator A.

Assumption 2.1 A : C∞(M) → C2(M) is a uniformly elliptic C2-differential oper-
ator of second order on M, symmetric with respect to the measure μ.

Notice that the operatorsApq satisfy Assumption 2.1 as soon as p and q are of class
C2 (see e.g. [34, Exercise 3.11, p. 69] for smooth functions, which can be extended to
the case where p and q are of class C2).

The diffusion for A satisfying Assumption 2.1 admits μ as stationary measure.
In the sequel, this generator is extended, as is usually done, to L2(μ) functions. We
introduce a concept closely associatedwith second-order differential operators, known
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as the carré du champ �( f , g) for the operator A:

�( f , g) = 1

2
(A( f g) − f A(g) − gA( f )) (2.1)

Given that A is symmetric with respect to μ, for any smooth functions f and g, it
follows that:

∫
M

�( f , g)dμ = −
∫
M

f A(g)dμ = −
∫
M

A( f )gdμ. (2.2)

Since M is compact, from the regularity of p, there exist pmin, pmax > 0 such that,

∀x ∈ M, pmin ≤ p(x) ≤ pmax. (2.3)

Furthermore, the uniform ellipticity, the continuity of A and the compactness of M
imply that there exist positive constants κmin, κmax such that for all functions f ,

κmin|∇ f |2 ≤ �( f , f ) ≤ κmax|∇ f |2. (2.4)

We denote by Eμ0 and Pμ0 the expectation and probability taken for the diffusion
process with initial distribution μ0. When μ0 is a Dirac measure δx , with x ∈ M, we
will simply write Ex and Px .

Let T > 0 be a time horizon, and assume that we observe the diffusion (Xt )t≥0
on the time window [0, T ]. We consider the occupation measure μT on [0, T ] of
the diffusion (Xt )t≥0 as the positive measure defined by (1.3). As explained in the
introduction, the occupation measure can be seen as a first naive estimator of the
measure μ, that will be improved upon by convolution with a kernel Kh .

Let K : R+ → R be a (signed) Lipschitz-continuous function supported in [0, 1],
with

∫
Rd K (‖u‖)du = 1. We define for h > 0 small enough (see Lemma 4.2 (i i)) and

(x, y) ∈ M2,

Kh(x, y) := 1

ηh(x)
K

(‖x − y‖
h

)
, (2.5)

with ηh(x) :=
∫
M

K

(‖x − y‖
h

)
dy. We will show later (in Lemma 4.2) that ηh > 0

for h small enough, ensuring that the kernel Kh is well-defined. We consider the
following estimator of the density p of μ obtained by convolution of the occupation
measure μT with Kh . For x ∈ M,

pT ,h(x) :=
∫
M

Kh(z, x)μT (dz) = 1

T

∫ T

0
Kh(Xs, x)ds

= 1

T

∫ T

0

1

ηh(Xs)
K

(‖Xs − x‖
h

)
ds. (2.6)
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Thanks to the definition of ηh , we notice that

∫
M

pT ,h(x)dx = 1.

However, the function pT ,h is not necessarily a density, as it may not be nonnegative
everywhere (recall that K is a signed function). Still, we will show that the function
pT ,h approximates the density p, and is therefore a density with high probability. Let
x0 be an arbitrary fixed point of M. We introduce two random measures μT ,h , and
μ̂T ,h on M, defined by

μT ,h(dx) = pT ,h(x)dx, and μ̂T ,h =
{

μT ,h if μT ,h is a nonnegative measure,

δx0 otherwise.

(2.7)

The measure μ̂T ,h is introduced for purely technical purposes. Indeed, the measure
μT ,h may not be a probability measure (with exponentially small probability), so
that the risk W2(μT ,h, μ) may not even be defined, whereas W2(μ̂T ,h, μ) is always
defined.

Remark 2.2 It would have been arguably more convenient to work with a kernel based

on the geodesic distance ρ, i.e. a kernel K̃h defined by K̃h(x, y) := 1
η̃h(x)

K
(

ρ(x,y)
h

)
,

with η̃h(x) = ∫
M K

(
ρ(x,y)

h

)
dy. For instance, we can easily prove that

(
h−d η̃h

)
h>0

converges to 1 uniformly on M, with a speed of convergence of order h2. Such a
property also holds for ηh , but only for sufficiently smooth kernels K satisfying some
moments assumptions (see Definition A.2). However, for statistical purposes, the use
of the Euclidean distance in (2.5) seems natural in the context where the manifold
M (and hence the geodesic distance ρ) is unknown. Yet, the study of the convolution
with the kernel K̃h is of own interest. Moreover, remark that since the manifoldM is
assumed to be compact, the geodesic distance ρ(·, ·) onM and the Euclidean distance
‖ · ‖ of Rm are known to be equivalent, see e.g. [35, Proposition 2].

We are now in position to state our main result, which gives the rate of convergence
of μ̂T ,h to μ when the diffusion path (Xt )t∈[0,T ] exploring the manifold has generator
A. More precisely, our purpose is to upper-bound

sup
x∈M

Ex

[
W2

2 (μ̂T ,h, μ)
]
. (2.8)

For any initial measure μ0, we can write Eμ0 as a mixture Eμ0 [·] = ∫
Ex [·]μ0(dx).

Hence, a bound on the uniform risk defined in (2.8) automatically implies a bound on
the risk for any initial measure. As often, such a bound is obtained by decomposing
the loss into a bias term W2

2 (μh, μ) and a variance term Ex
[W2

2 (μ̂T ,h, μh)
]
, where
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μh(dx) = ph(x)dx with ph(x) :=
∫
M

Kh(z, x)p(z)dz

=
∫
M

1

ηh(z)
K

(‖z − x‖
h

)
p(z)dz. (2.9)

is the intensity measure of the random measure μT ,h when the distribution of X0 is
the invariant measure μ.

The control of the variance term Ex
[W2

2 (μ̂T ,h, μh)
]
relies on fine spectral proper-

ties of the generator of the diffusion. The proof of the following result is detailed in
Section 4 for a diffusion starting from its invariant measure μ and in Section 5 for a
diffusion starting from a general initial distribution. The bound on the variance in the
following theorem depends on the ultracontractivity constant uA of the generator A,
defined in Section 5.

Theorem 2.3 (Estimation from a diffusion with generator A) Let d ≥ 1 and p be
a positive C2 density function with associated measure μ. Let (Xt )t≥0 be a diffusion
with generator A satisfying Assumption 2.1. Let T ≥ 2 and let 0 < h ≤ h0 for some
constant h0 depending on M and K . Assume that either K is nonnegative or that
d ≥ 4 and that T hd ≥ c ln(T ) (in which case, h0 additionally depends on pmin and
on the C1-norm of p). Then,

sup
x∈M

Ex

[
W2

2 (μ̂T ,h, μh)
]

≤ c0
uA p2max

p2min

‖K‖2∞

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

h4−d

T if d ≥ 5

ln(1/h)
T if d = 4

1
T if d ≤ 3,

(2.10)

where c0 depends on M, and c depends on M, K , pmin, pmax and κmin.

The second term in the risk decomposition is the bias termW2
2 (μh, μ), which was

already studied by Divol in [14]. Let � ≥ 0. We introduce the Sobolev space H �(M)

as the completion of the set of smooth functions on M with respect to the norm:

‖ f ‖H�(M) := max
0≤i≤�

( ∫
M

‖∇ i f (x)‖2 dx
)1/2

.

As M is compact, we note that for any f ∈ C�(M), ‖ f ‖H�(M) ≤ ‖ f ‖C�(M) and
C�(M) is a subset of H �(M).

Under additional technical conditions on the kernel K (recalled in Section A.2),
Divol showed that if p ∈ H �(M) for some � ≥ 0, then

W2
2 (μh, μ) ≤ c1

‖p‖2
H�(M)

p2min

h2�+2, (2.11)

where c1 depends onlyonM and K , seePropositionA.3.As a corollary ofTheorem2.3
and (2.11), we obtain a tight control on the risk of the estimator μ̂T ,h .
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Corollary 2.4 Let d ≥ 5 and p be a positive C2 density function with associated
measure μ. Further assume that p has a controlled Sobolev norm ‖p‖H�(M) for some
� ≥ 2. Assume that K is a kernel of order larger than � (in the sense of Definition A.2).
Let (Xt )t≥0 be a diffusion with generator A satisfying Assumption 2.1. Let T ≥ 2 and
let 0 < h ≤ h0 and assume that T hd ≥ c ln(T ), where h0, c are the constants from
Theorem 2.3. Then,

sup
x∈M

Ex

[
W2

2 (μ̂T ,h, μ)
]

≤ 2 c1
‖p‖2

H�(M)

p2min

h2�+2 + 2 c0
uA p2max

p2min

‖K‖2∞
h4−d

T

(2.12)

where c0 is the constant from Theorem 2.3 and c1 is the constant in (2.11). In particular,
for h of order T −1/(2�+d−2), it holds that

sup
x∈M

Ex

[
W2

2 (μ̂T ,h, μ)
]

� T − 2�+2
2�+d−2 . (2.13)

The results of Theorem 2.3 andCorollary 2.4 are non-asymptotic results. Notice that in
Corollary 2.4, the choice of h of order T −1/(2�+d−2) is compatible with the condition
T hd ≥ c ln(T ) required in Theorem 2.3. It is a remarkable fact that the constants in
the previous corollary only depend on the generatorA through the uniform ellipticity
constant κmin and the ultracontractivity constant uA. From a statistical perspective, this
implies that the knowledge of the exact SDE satisfied by the sample path (Xt )t∈[0,T ] is
not needed to estimate the invariantmeasureμ. Only an a priori estimate on the uniform
ellipticity constant κmin of the generatorA of the sample path and its ultracontractivity
constant uA have to be known. For instance, the same reconstruction method will
apply for estimating a sample path with either of the generatorsL orApq for q = p/2
mentioned in the introduction.

Comparing with the results of Wang and Zhu in [33] for the operator L, we note
that for d ≥ 5, the rate T − 2�+2

2�+d−2 is faster than the rate of T − 2
d−2 that they obtained for

the occupation measure μT , see (1.4). Actually, our results allow us to recover their
rate of convergence, for any generator A satisfying Assumption 2.1.

Corollary 2.5 Let d ≥ 1 and p be a positive density function of class C2. Let (Xt )t≥0
be a diffusion with generator A satisfying Assumption 2.1. Then, for all T ≥ 2,

sup
x∈M

Ex

[
W2

2 (μT , μ)
]

≤ c0

(
1 + uA p2max

p2min

)⎧⎪⎨
⎪⎩

T −1 when d ≤ 3

T −1 ln(1 + T ) when d = 4

T − 2
d−2 when d ≥ 5,

(2.14)

for some constant c0 depending on M.

Proof Let K be a nonnegative Lipschitz-continuous kernel supported in [0, 1] with∫
Rd K (‖u‖)du = 1. As K is positive, μT ,h is always a probability measure, so that
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μ̂T ,h = μT ,h . For any probability measure ν, we define its convolution νh by Kh as
in (2.9). We prove in Lemma B.3 that for any measure ν and h > 0 small enough,
W2

2 (νh, ν) ≤ c0h2 for some constant c0 depending onM. Hence, bothW2
2 (μT , μT ,h)

and W2
2 (μ,μh) are of order h2. Then,

Ex

[
W2

2 (μT , μ)
]

≤ 4Ex

[
W2

2 (μT , μT ,h)
]

+ 4Ex

[
W2

2 (μT ,h, μh)
]

+ 4W2
2 (μh, μ)

≤ 8c0h2 + 4Ex

[
W2

2 (μT ,h, μh)
]
.

We pick h = T −1/(d−2) for d ≥ 5 and h = T −1/2 for d ≤ 4 and apply Theorem 2.3
to conclude. 
�

Finally, we address the optimality of our statistical procedure using minimax the-
ory. Consider a classPT of probability distributions of diffusion processes (Xt )t∈[0,T ].
For PT ∈ PT , we let μ(PT ) be the invariant measure of the diffusion process (Xt )t≥0
whose restriction to [0, T ] has distribution PT . The associated minimax rate of con-
vergence is defined as

R(PT ) = inf
μ̂

sup
PT ∈PT

EPT [W2(μ̂, μ(PT ))], (2.15)

where the infimum is taken over all estimators μ̂, i.e. measurable functions of the
observation (Xt )t∈[0,T ], and where the expectation is over processes (Xt )t∈[0,T ] dis-
tributed as PT . To put it another way, the minimax rate is the best risk an estimator
can attain (uniformly on PT ) for the problem of estimating the invariant measure of
some diffusion process (Xt )t∈[0,T ] whose distribution lies in PT .

For parameters � ≥ 2, κmin, pmin, pmax, umax, L > 0, we consider the statisti-
cal model PT ,� = PT ,�(κmin, pmin, pmax, umax, L) consisting of all the distribution
of diffusion processes (Xt )t∈[0,T ] on M with arbitrary initial distribution, generator
A satisfying Assumption 2.1 with constant κmin and ultracontractivity constant uA
smaller than umax, and whose invariant measure μ has a C2 density p on M with
‖p‖H�(M) ≤ L and ‖p‖C1(M) ≤ L , satisfying pmin ≤ p ≤ pmax. Remark that the

kernel density estimator μ̂T ,h attains (for d ≥ 5) the rate of convergence T − �+1
2�+d−2

uniformly on the class PT ,�. Hence, the minimax rate satisfiesR(PT ,�) � T − �+1
2�+d−2 .

The next proposition, proved in Section 6, states that this rate cannot be improved.

Proposition 2.6 Let � ≥ 2 be an integer. Then, for κmin, pmin small enough and pmax,
umax, L large enough, and all T ≥ 1,

R(PT ,�) �
{

T −1/2 if d ≤ 4

T − �+1
2�+d−2 if d ≥ 5.

(2.16)

For d ≥ 5, these rates match with the rates obtained by our kernel-based estimator
μ̂T ,h , whereas for d ≤ 4, the empirical estimator μT attains the minimax rate (up to
logarithmic factors), according to the results of Wang and Zhu [33] for the Langevin
generator L, or according to Corollary 2.5 for a general generator A.
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Remark 2.7 The estimator μ̂T ,h has a density with respect to the volume measure dx
on M. As a consequence, computing μ̂T ,h requires the knowledge of the manifold
M, prohibiting the use of this method in the situation where the manifold M is
unknown. However, we expect that similar methods to the ones developed in [14] will
allow us to create an estimator v̂olM of the volume measure. Such an estimator of the
volume measure is based on a patch-based reconstruction of the underlying manifold
M developed by Aamari and Levrard [5]. Guarantees for this method are only known
in the case of i.i.d. samples, although we believe that the results of [5] could be adapted
to the setting of this paper, where a diffusion path is observed. Such an estimator of
the volume measure could then be used through a plug-in method to design a new
estimator μ̃T ,h that would not require the knowledge of the manifold M.

Remark 2.8 An arguably more natural variant of the Wasserstein estimation problem
is the estimation of the invariant measureμwith respect to the L2-metric. Nonetheless,
since we consider the most relevant end goal to be the setting where the manifoldM is
unknown, the Wasserstein metric appears to be more suitable: indeed, unlike the L2-
metric which is not well-defined for measures with disjoint supports, the Wasserstein
metric can be small for two measures supported on nearby manifolds.

However, we believe that estimation with respect to the L2-metric is still feasible
and, in fact, the analysis is simplified compared to theW2-metric for several reasons.
First, the L2-metric is well-defined even when μT ,h is not a probability measure,
so there is no need to control the probability that μT ,h is nonnegative (Section 4.1).
Second, the proof of Proposition 4.1 becomesmore straightforward, as Lemma 4.6 and
subsequently Lemma 4.4 can be directly applied to the function μT ,h − μ, avoiding
the more intricate use of Proposition 4.9. This approach leads to the conclusion that
the variance ofμT ,h is of order h2−d/T (for d ≥ 3). Standard Taylor expansions (e.g.,
using tools such as [14, Lemma 10]) can also be employed to show that the bias of
the estimator is of order h� when the density p belongs to H �. Altogether, this yields
a decomposition of the form

E[‖μT ,h − μ‖L2 ] � h� + h1−d/2

√
T

. (2.17)

For h of the order of T −1/(2�+d−2), this leads to an estimation rate of order
T −�/(2�+d−2). This matches the L2 estimation rates obtained in the Euclidean setting,
as studied by [22, 32] and [36], among others. We leave the details to the interested
reader.

3 Preliminaries

We detail in this section some tools, notation, and general results on elliptic operators
on compact manifolds. Recall thatM is a smooth compact d-dimensional connected
Riemannian manifold without boundary.
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Measure estimation on a manifold explored by a diffusion process

3.1 The Laplace-Beltrami operator

By Green’s theorem, the Laplace-Beltrami operator is symmetric, with for all f , g ∈
C2(M),

∫
M

(� f )gdx = −
∫
M

〈∇ f ,∇g〉 dx =
∫
M

f (�g)dx . (3.1)

The operator� defines an essentially self-adjoint operator over L2(dx)with a discrete
spectrum (see e.g. [37, Chapter I, Section 3]). We denote by

0 = λ0 < λ1 ≤ λ2 ≤ λ3 ≤ · · ·

the eigenvalues of (−�), and by (φi )i≥0 the respective eigenfunctions of � (note that
they are of class C∞ on M). The first eigenfunction φ0 is constant and the family
(φi )i≥0 forms a Hilbert basis of L2(dx): for any f ∈ L2(dx),

f =
+∞∑
i=0

βiφi , with βi =
∫
M

f φidx .

The first nonzero eigenvalue λ1 is of particular importance and is called the spectral
gap.

The inverse operator �−1 is defined on L2
0(dx) := {

f ∈ L2(dx) : ∫M f dx = 0
}

by

�−1( f ) := −
∞∑

i=1

βi

λi
φi . (3.2)

We introduce the operator (−�)−1/2 defined for f ∈ L2
0(dx) by

(−�)−1/2( f ) :=
∞∑

i=1

βi√
λi

φi .

3.2 Green function of the Laplace Beltrami operator

The Green function G of� is a linear bounded operator G : L2(dx) → L2(dx)which
is, in some sense, an inverse of � in L2(dx).

Proposition 3.1 (See Appendix A in [38], or Theorem 4.13 in [39]) We define
diag(M) = {(x, x) : x ∈ M}. There exists a unique continuous function G ∈
C∞(M × M \ diag(M)), which has the following properties

(i) ∀x ∈ M, G(x, ·) ∈ L1(dx) with
∫
M

G(x, ·)dx = 0;

(ii) G is symmetric : ∀(x, y) ∈ M2 \ diag(M), G(x, y) = G(y, x);
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(iii) ∀ f ∈ C2(M),∀x ∈ M, we have

∫
M

G(x, y)� f (y)dy = f (x) −
∫
M

f (y)dy;

(iv) there exists a constant κ > 0 such that ∀(x, y) ∈ M2 \ diag(M),

|G(x, y)| ≤ κ

⎧⎪⎨
⎪⎩
1 when d = 1,

1 + |ln ρ(x, y)| when d = 2, and

ρ(x, y)2−d when d ≥ 3.

The function G is called the Green function of the operator � and it naturally defines an
operator from L2(dx) to L2(dx), which is also denoted by G, as follows: ∀ f ∈ L2(dx),
∀x ∈ M,

(G f )(x) :=
∫
M

G(x, y) f (y)dy. (3.3)

From Proposition 3.1 (i i i) and (3.3), we remark that for f ∈ L2
0(dx) we have

G f = �−1( f ).

The Green function will play a central role to control the variance of μ̂T ,h , in
particular through the following lemma, which controls the behavior of G f for a
function f localized on a small ball.

Lemma 3.2 Let h > 0 sufficiently small. For any (x, z) ∈ M2, any continuous function
f with support in the ball B(x, h), there exist constants κ1, κ2 > 0 depending only on
M such that:

• when d = 1, |(G f )(z)| ≤ κ1‖ f ‖∞h,
• when d = 2, |(G f )(z)| ≤ κ1‖ f ‖∞h2(1 + ln |h|),
• when d ≥ 3,

|(G f )(z)| ≤ κ1‖ f ‖∞h2 when ρ(x, z) ≤ 2h,

|(G f )(z)| ≤ κ2‖ f ‖∞hdρ(x, z)2−d when ρ(x, z) > 2h.

The proof, given in Appendix B.3, uses the Riemannian normal parametrization of
the manifold M.

3.3 The elliptic operatorA

Consider an elliptic operatorA onM satisfying Assumption 2.1. As mentioned previ-
ously, using the carré du champ � defined by (2.1),A satisfies a Green’s formula (2.2).
Furthermore, as a uniformly elliptic operator of second order on a compact manifold
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without boundary, symmetric with respect to the measure μ, the operator A is essen-
tially self-adjoint with respect to L2(μ), and its spectrum is discrete (see Appendix
B.6, also e.g. [40, Chapter 6] and [41]). Consequently, there exist functions (ψi )i∈N
and a sequence of real numbers 0 = γ0 < γ1 ≤ γ2 ≤ · · · such that

(i) for each i , ψi is an eigenfunction of −A associated to the eigenvalue γi (counted
with multiplicity);

(ii) (ψi )i∈N is an orthonormal basis of L2(μ).

Let L2
0(μ) := {

f ∈ L2(μ) : ∫M f dμ = 0
}
. As for the Laplace-Beltrami operator,

we introduce the operators A−1 and (−A)−1/2 defined for f ∈ L2
0(μ) by

A−1( f ) := −
∞∑

i=1

αi

γi
ψi and (−A)−1/2( f ) :=

∞∑
i=1

αi√
γi

ψi , (3.4)

with αi = ∫
M f ψidμ. At last, we denote by (Pt )t≥0 the semigroup of a diffusion

process (Xt )t≥0 with generator A. Then, for f ∈ L2(μ), f = ∑
i≥0 αiψi with

αi = ∫
M f ψidμ, we have

∀x ∈ M, Pt f (x) = Ex [ f (Xt )] =
∞∑

i=0

e−γi tαiψi (x).

This result is a consequence of the Dynkin formula [42], which implies that for any
function f in the domain of A

∀x ∈ M, Pt f (x) = Ex [ f (Xt )] = f (x) +
∫ t

0
PsA f (x)ds.

We now give a Poincaré inequality for the general operator A.

Proposition 3.3 (Poincaré’s inequality for A) For any f ∈ C2(M) such that∫
M f dμ = 0, ∫

M
− f A f dμ ≥ pminκmin

pmax
λ1

∫
M

f 2dμ,

where λ1 is the spectral gap of �, and κmin is defined in (2.4).

Proof By the symmetry of A, Equation (2.4) and the Poincaré’s inequality of �, we
have:∫

M
− f A f dμ =

∫
M

�( f , f )dμ ≥ pminκmin

∫
M

|∇ f |2dx

≥ pminκminλ1

∫
M

( f − f )2dx

≥ pminκmin

pmax
λ1

∫
M

( f − f )2dμ ≥ pminκmin

pmax
λ1

∫
M

f 2dμ,

where f := ∫
M f dx . We develop the square and use that that

∫
M f dμ = 0 to obtain

the conclusion. 
�
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Remark 3.4 The elliptic operators Apq and L defined in Section 1 are essentially
Laplace operators. Indeed, the operatorL is aweightedLaplacianwithweightμ(dx) =
p(x)dx as defined in [34, Section 3.6], while the operatorApq is a weighted Laplacian
on a weighted manifold, i.e. a manifoldM with a new Riemannian metric depending
on the weight q, see Section 3.6 and Exercise 3.11 in [34].

4 Variance term for the stationary process

Before proving Theorem 2.3, we state a simpler version of the theorem, where the
initial measure δx for the sample path (Xt ) is replaced by the invariant measure μ. For
such a choice, it holds that for all y ∈ M,

Eμ

[
pT ,h(y)

] =
∫
M

Kh(z, y)p(z)dz = ph(y). (4.1)

Wewill then explain in Section 5 howwe can extend the result to any initial distribution
μ0 using the ultracontractivity of the semi-group (Pt )t≥0.

Proposition 4.1 Let d ≥ 1 and p be a positive C2 density function with associated
measure μ. Let (Xt )t≥0 be a diffusion with generator A satisfying Assumption 2.1. Let
0 < h ≤ h0 for some constant h0 depending on M and K . Assume that either K is
nonnegative or that d ≥ 4 and that T hd−2 ≥ c ln(T ) (in which case, h0 additionally
depends on pmin and on the C1-norm of p). Then,

Eμ

[
W2

2 (μ̂T ,h, μh)
]

≤ c0
p2max

p2min

‖K‖2∞

⎧⎪⎪⎨
⎪⎪⎩

h4−d

T if d ≥ 5
ln(1/h)

T if d = 4
1
T if d ≤ 3,

(4.2)

where c0 depends on M, and c depends on M, K , pmin, pmax and κmin.

The main difference between Proposition 4.1 and Theorem 2.3 is the choice of the
initialmeasure, which is of the form δx for Theorem2.3 and is equal toμ in Proposition
4.1. As for any distribution μ0 and random variable U , Eμ0 [U ] = ∫

Ex [U ]dμ0(x),
Theorem 2.3 is stronger, and implies that the convergence holds for any initial measure
μ0.

The remainder of this section is dedicated to proving Proposition 4.1. We first state
some useful properties on Kh . The following lemma is stated in [14, Lemma 10] under
stronger regularity hypotheses on the kernel K . We can relax these assumptions and
a proof is given in Appendix B.1. The first point of the lemma guarantees that Kh is
well defined on M2 for h small enough.

Lemma 4.2 Assume that K is a continuous function on R with support in [0, 1], such
that

∫
Rd K (‖z‖)dz = 1. Let h > 0, and consider Kh defined by (2.5) with the renor-

malizing factor ηh. Then,

(i) h−dηh converges to 1 uniformly on M;
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(ii) there exists hc > 0, depending on M and K , such that ∀h < hc, Kh is well

defined and ∀x ∈ M,

∫
M

Kh(x, y)dy = 1;

(iii) ∀h < hc, Kh is bounded on M × M with ‖Kh‖∞ ≤ 2‖K‖∞h−d ;
(iv) if furthermore K is Lipschitz continuous, then ∀h < hc, and all x ∈ M, y �→

Kh(x, y) is Lipschitz continuous with constant 2Lip(K )h−d−1, where Lip(K ) is
the Lipschitz constant of K .

We also require the following elementary convergence result, proved in
Appendix B.2.

Lemma 4.3 Let ph be defined by (2.9) for h > 0. Under the assumptions of Lemma
4.2, when h goes to 0, (ph)h>0 converges to p uniformly on M. Moreover, there exists
hc depending on M, K , pmin and the C1-norm of p such that for all 0 < h ≤ hc,
inf y∈M ph(y) ≥ pmin

2 and supy∈M ph(y) ≤ 2pmax.

Hence, for h small enough, μh is indeed a probability measure. Recall that the
function K is a signed kernel, so that μT ,h is a priori a signed measure. We introduce
the event ET ,h defined by

ET ,h = {
pT ,h ≥ 0

}
. (4.3)

On this event, we have μ̂T ,h = μT ,h and we notice that for 0 < h < hc,

Eμ

[
W2

2

(
μ̂T ,h, μh

)] ≤ Eμ

[
W2

2

(
μT ,h, μh

)
1ET ,h

]
+ diam(M)2Pμ(Ec

T ,h), (4.4)

where diam(M) is the diameter of M. Of course, when K is nonnegative, pT ,h is
also nonnegative, so that in that case, the event ET ,h is satisfied for all h > 0.

To prove Proposition 4.1, we will need several intermediate results related to the
spectral decompositions of the operator�,A, and their inverses.We first give a lemma
that is a direct consequence from a result by Peyre [43, Corollary 2.3] (see also [44,
Section 5.5.2] on the negative Sobolev norm), which links the Wasserstein distance
to the inverse Laplace operator. A new proof of Peyre’s result and of the lemma is
given in Appendix A.1. Let us remind that the inverse operator �−1 is defined on
L2
0(dx) = {

f ∈ L2(dx) : ∫M f dx = 0
}
(see Section 3.2).

Lemma 4.4 Let f1, f2 ∈ L2(dx) be two probability density functions with respect to
the volume measure dx, with f1 lower bounded by some positive constant fmin > 0.
Then, we have

W2
2 ( f1dx, f2dx) ≤ 4

fmin

∫
M

∣∣∣(−�)−1/2( f1 − f2)
∣∣∣2dx . (4.5)

Besides, ellipticity yields the following relation between the general operator A
and the Laplace-Beltrami operator �.
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Lemma 4.5 For any function f ∈ L2
0(μ), we have

∫
M

∣∣∣(−A)−1/2 f
∣∣∣2dμ ≤ 1

pminκmin

∫
M

∣∣∣(−�)−1/2( f p)

∣∣∣2dx .

Proof From Equation (2.2),

∫
M

�(A−1 f ,A−1 f )dμ =
∫
M

f
(
−A−1

)
f dμ =

∫
M

∣∣∣(−A)−1/2 f
∣∣∣2dμ.

Besides, since A−1 f ∈ L2(μ) and since C1(M) is dense in this space,

√∫
M

�(A−1 f ,A−1 f )dμ

≤ sup
{ ∫

M
�(−A−1 f , g)dμ : g ∈ C1(M) such that

∫
M

�(g, g)dμ ≤ 1
}

= sup
{ ∫

M
f gdμ : g ∈ C1(M) such that

∫
M

�(g, g)dμ ≤ 1
}
.

Then, because the simple fact that the supremum of a given set is always bigger than
the supremum on any subset, and using (2.4), we have

√∫
M

�(A−1 f ,A−1 f )dμ

≤ sup
{ ∫

M
( f p)gdx : g ∈ C1(M) such that

∫
M

|∇g|2 pminκmindx ≤ 1
}

= (pminκmin)
−1/2 sup

{ ∫
M

( f p)gdx : g ∈ C1(M) such that
∫
M

|∇g|2dx ≤ 1
}
.

Besides, using Green’s theorem, we have that for all g ∈ C1(M)

∫
M

( f p)gdx =
∫
M

g�(�−1)( f p)dx = −
∫
M

〈
∇(�−1)( f p),∇g

〉
dx .

Hence, by Hölder’s inequality, we conclude that:

√∫
M

�((A−1) f , (A−1) f )dμ ≤ (pminκmin)
−1/2

√∫
M

∣∣(−�)−1/2( f p)
∣∣2dx .


�
The following standard result is crucial: it bounds the variance of the random

variable μT ( f ) for some function f in terms of the generator A.
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Lemma 4.6 Let (Xt )t≥0 be a diffusion with generator A, starting from its invariant
measure μ. We have for any f ∈ L2

0(μ),

Eμ

[(
1

T

∫ T

0
f (Xs)ds

)2]
≤ 2

T

∫
M

∣∣∣(−A)−1/2 f
∣∣∣2dμ.

Proof Recall that (γi )i≥0 are the eigenvalues of −A, with 0 = γ0 < γ1 ≤ γ2 ≤ · · · ,
and (ψi )i≥0 their respective eigenfunctions. We also remind the reader that (Pt )t≥0
denotes the semigroup of a process (Xt )t≥0 with generator A (see Section 3.3).

Since f ∈ L2
0(μ), we write f =

∞∑
i=1

αiψi with αi = ∫
M f ψidμ, and α0 = 0. By

the Markov property, denoting by (Ft )t≥0 the natural filtration of the process (Xt )t≥0,
we have

Eμ

[(
1

T

∫ T

0
f (Xs)ds

)2]
= 2

T 2Eμ

[∫ T

0

∫ T

s
f (Xt ) f (Xs)dtds

]

= 2

T 2

∫ T

0

∫ T

s
Eμ[E[ f (Xt )|Fs] f (Xs)]dtds

= 2

T 2

∫ T

0

∫ T

s
Eμ

[
Pt−s f (Xs) f (Xs)

]
dtds.

By assumption, the distribution of Xt isμ for any t ≥ 0, and computing the expectation
using the link between the semigroup (Pt )t≥0 and the generator A of the process, we
then obtain

Eμ

[(
1

T

∫ T

0
f (Xs)ds

)2]
= 2

T 2

∞∑
i=1

α2
i

∫ T

0

∫ T

s
e−γi (t−s)dtds

≤ 2

T

∞∑
i=1

α2
i

γi
.

The lemma is then proved by definition of (−A)−1/2 given by Equation (3.4). 
�

4.1 Estimation of the probability P�(EcT,h)

Recall the definition of the event ET ,h = {
pT ,h ≥ 0

}
. In view of (4.4), we need to

bound the probability Pμ(Ec
T ,h). If the kernel K is nonnegative, then pT ,h ≥ 0 and

Pμ(Ec
T ,h) = 0. Otherwise, when K is signed, we will use that
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Pμ(Ec
T ,h) ≤ Pμ

(
inf

y∈M
pT ,h(y) < pmin/8

)
, (4.6)

and provide a bound for the right-hand side of the inequality.
From Lemma 4.3, and in what follows, we choose 0 < h ≤ hc so that pmin/2 ≤

ph ≤ 2pmax.

Proposition 4.7 Assume that d ≥ 4. There exist c0 depending on M, K , pmin, pmax
and κmin, and h0 depending on M, K , pmin and the C1-norm of p such that for any
T > 0 and y ∈ M, when 0 < h ≤ h0, we have

Pμ

(
pT ,h(y) < pmin/4

) ≤ exp
(
−c0T hd−2

)
.

Proof Let y ∈ M be fixed. We first start with a pointwise concentration bound for
pT ,h(y) around its expectation ph(y). We apply the Bernstein’s bound obtained in [45,
Theorem 3.5] to the function g(x) := −Kh(x, y)+ ph(y), with�(u) = �(u) = u2/2
(using the notation of [45]). Note that

∫
M gdμ = 0.Write a+ = max(a, 0) for a ∈ R.

Let M = ‖g+‖L2(μ) and

σ 2 = lim
T →+∞

1

T
Varμ

(∫ T

0
g(Xs)ds

)
.

Then, using Poincaré’s inequality for A given in Proposition 3.3, it holds that

Pμ

(
pT ,h(y) − ph(y) < −pmin/4

) ≤ exp

(
− T p2min

32(σ 2 + Mpmax/(4κminλ1))

)
.

(4.7)

We first bound M . As
∫
M gdμ = 0, and by assumption on the kernel K , we deduce

M2 ≤
∫

(Kh(x, y) − ph(y))2μ(dx) =
∫

Kh(x, y)2μ(dx) − ph(y)2

≤
∫

Kh(x, y)2μ(dx)

≤ pmax‖Kh‖2∞
∫

‖x−y‖≤h
dx ≤ 4pmax‖K‖2∞h−2dc1hd ,

where we use the fact the geodesic distance is equivalent to the Euclidean dis-
tance (see [35, Proposition 2]), Lemma B.2, and Lemma 4.2-(i i i). Hence, M ≤
c2‖K‖∞

√
pmaxh−d/2 for h small enough.

We then bound σ 2: according to Lemma 4.5 and Lemma 4.6, and introducing the
Green operator G defined in (3.3),
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σ 2 ≤ 2

pminκmin

∫
M

|(−�)−1/2(gp)|2dx

= 2

pminκmin

∫
M

gp G(gp)dx

≤ 2

pminκmin

(
pmax‖g‖∞

∫
‖x−y‖≤h

|G(gp)(x)|dx + 4p3max

∫
‖x−y‖≥h

|G(p)(x)|dx

)
,

because g(x) = ph(y) on {‖x − y‖ ≥ h} and ph ≤ 2pmax. It remains to bound the
right-hand side. First, according to Lemma 4.2 and Lemma 4.3, for h ≤ 1,

‖g‖∞ ≤ 2pmax + 2‖K‖∞h−d ≤ c3h−d . (4.8)

Second, |G(gp)(x)| ≤ |G(Kh(·, y)p)(x)| + ph(y)|G(p)(x)|, with

|G(p)(x)| ≤ pmax

∫
M

|G(x, z)|dz ≤ pmaxc4

according to Proposition 3.1-(iv) and Lemma B.2. Then, using again the equivalence
between the geodesic and the Euclidean distances, as the function Kh(·, y)p is sup-
ported on a geodesic ball B(y, c5h), according to Lemma 3.2 and Lemma 4.2-(i i i),
for all x ∈ B(y, c5h),

|G(Kh(·, y)p)(x)| ≤ κ1‖Kh(·, y)p‖∞h2 ≤ 2κ1 pmax‖K‖∞h2−d .

In total, as
∫
‖x−y‖≤h dx ≤ c6hd according to Lemma B.2, (4.8) and by assumption

vol(M) = 1, it holds that for h ≤ 1,

σ 2 ≤ 2p2max

pminκmin

(
2c3c6

(
κ1‖K‖∞h2−d + pmaxc4

)
+ 4p2maxc4

)

≤ c8h2−d .

As d ≥ 4, M is smaller than c2‖K‖∞
√

pmaxh2−d . As ph(y) ≥ pmin/2 for h ≤
hc, we have Pμ

(
pT ,h(y) < pmin/4

) ≤ Pμ

(
pT ,h(y) − ph(y) < −pmin/4

)
for such a

value of h. We therefore obtain the desired result. 
�
We then conclude with a standard union bound argument by using a covering of

M.

Proposition 4.8 Assume that d ≥ 4. There exists h0 depending on M, K , pmin and
the C1-norm of p such that for any T > 0 and 0 < h ≤ h0, we have

Pμ

(
inf

y∈M
pT ,h(y) < pmin/8

)
≤ c1h−d(d+1) exp

(
−c0T hd−2

)

for some constant c1 depending only on pmin, K and M, where c0 is the constant of
Proposition 4.7.

123



V. Divol et al.

Proof To have a uniform estimation of pT ,h , we will make use of the Lipschitz con-
tinuity of K and the covering number Nδ(M) of M, for δ > 0, i.e. the smallest
number N such that there exists a subset E of N distinct points of M such that
maxy∈Mminx∈E ρ(x, y) ≤ δ.

By Lemma 4.2, the function pT ,h is Lipschitz continuous with constant 2Lip(K )

h−d−1 as an average of Lipschitz continuous functions. Let δ > 0. We consider
the covering number Nδ(M) of M. By [46, 2.2A], there are constants cM and δM
depending only on M such that for all 0 < δ ≤ δM,

Nδ(M) ≤ cMδ−d . (4.9)

Consequently, for h ≤ h0 (where h0 is the constant of Proposition 4.7), if y1, . . . , yNδ

is a minimal δ-covering of M,

Pμ

(
inf

y∈M
pT ,h(y) < pmin/8

)
≤

Nδ(M)∑
i=1

Pμ

(∃y ∈ B(yi , δ) : pT ,h(y) < pmin/8
)

≤
Nδ(M)∑

i=1

Pμ

(
pT ,h(yi ) < pmin/8 + 2Lip(K )h−d−1δ

)
.

Choose δ = pminhd+1

16Lip(K )
, which is smaller than δM as long as h is small enough with

respect to M and K , as pmin ≤ 1. By Proposition 4.7 and Equation (4.9), we easily
deduce

Pμ( inf
y∈M

pT ,h(y) < pmin/8) ≤ cK ,M p−d
minh−d(d+1) exp

(
−c0T hd−2

)
,

and the result is proved. 
�

4.2 Proof of Proposition 4.1

We first give a last useful result related to the diffusion (Xt )t≥0 with generator A in
relation with the operators.

Notation. Given a space E , for any function f : E × E → R and any operator
J : D ⊂ R

E → R
E , we define J1 f when the operator is applied to the first variable

of f and J2 f when it is applied to the second variable of f :

J1 f (x, y) := (J f (., y))(x) and J2 f (x, y) := (J f (x, .))(y).

Proposition 4.9 Let R ∈ L2(μ ⊗ dy) be a function such that for all (x, y) ∈ M2,
R(x, ·) ∈ L2

0(dy) and R(·, y) ∈ L2
0(μ) . Then, when the initial distribution of the
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diffusion (Xt )t≥0 is its invariant measure μ, we have

Eμ

[∫
M

∣∣∣∣(−�)−1/2
(
1

T

∫ T

0
R(Xs, ·)ds

)∣∣∣∣
2

dy

]

≤ 2

T

∫∫
M2

∣∣∣(−A)
−1/2
1 (−�)

−1/2
2 R

∣∣∣2dμdy.

Proof Denote by R̂ the function (−�)
−1/2
2 R. We observe that R̂ ∈ L2(μ ⊗ dy) and

for any y, R̂(·, y) ∈ L2
0(μ). Hence, by applying Lemma 4.6, we have the following

sequence of equalities:

Eμ

[∫
M

∣∣∣∣(−�)−1/2
(
1

T

∫ T

0
R(Xs, ·)ds

)∣∣∣∣
2

dy

]

= Eμ

[∫
M

∣∣∣∣ 1T
∫ T

0
(−�)−1/2R(Xs, ·)ds

∣∣∣∣
2

dy

]

=
∫
M

Eμ

[∣∣∣∣ 1T
∫ T

0
R̂(Xs, y)ds

∣∣∣∣
2]

dy ≤ 2

T

∫
M

(∫
M

∣∣∣(−A)
−1/2
1 R̂

∣∣∣2dμ
)
dy.

Therefore, the proposition is proved. 
�

Using the decomposition (4.4), we can now prove Proposition 4.1. We first use the
estimate of the probability of Ec

T ,h given in Proposition 4.8, and then give an explicit
estimate of the variance term on the event ET ,h for a diffusion (Xt )t≥0 with generator
A starting from its invariant measure μ.

Proof of Proposition 4.1 According to (4.6) and Proposition 4.8, the probability of the
event Ec

T ,h is negligible. Indeed, when d ≥ 4 and for T large enough such that

T hd−2 > d2+4
c0

ln(T ), the second term in the decomposition (4.4) is smaller than
p2max
p2min

‖K‖2∞h4−d T −1. Furthermore, it is equal to 0 when K is nonnegative. It remains

to bound the first term.
On the event ET ,h , both μh and μT ,h are probability measures with respective

density functions pT ,h and ph . Furthermore, for h < hc, ph ≥ pmin/2. Hence, by
Lemma 4.4, we have:

W2
2 (pT ,h, ph) ≤ 8

pmin

∫
M

∣∣∣(−�)−1/2(pT ,h − ph
)∣∣∣2dx . (4.10)

Now, consider the function Rh(x, y) = Kh(x, y) − ∫
M Kh(z, y)μ(dz). First, we

observe that

pT ,h(y) − ph(y) = 1

T

∫ T

0
Rh(Xs, y)ds.
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As Rh is continuous on a compact manifold M, we have Rh ∈ L2(μ ⊗ dy). Thus,
for each x, y ∈ M, Rh(x, ·) ∈ L2

0(dy) and Rh(·, y) ∈ L2
0(μ). Therefore, due to

Proposition 4.9,

Eμ

[∫
M

∣∣∣(−�)−1/2(pT ,h − ph
)∣∣∣2dy

]
≤ 2

T

∫∫
M2

∣∣∣(−A)
−1/2
1 (−�)

−1/2
2 Rh

∣∣∣2dμdy.

(4.11)

Besides, by Lemma 4.5, we have:

∫∫
M2

∣∣∣(−A)
−1/2
1 (−�)

−1/2
2 Rh

∣∣∣2dμdy

≤ 1

pminκmin

∫∫
M2

∣∣∣(−�)
−1/2
1 (Mp)1(−�)

−1/2
2 Rh

∣∣∣2dxdy, (4.12)

where Mp : L2
0(μ) → L2

0(dx) is the bounded multiplication operator f �→ p f .
Therefore, after Inequalities (4.10), (4.11), (4.12), we have:

Eμ

[
W2(μT ,h, μh)21ET ,h

]

≤ 16

p2minκminT

∫∫
M2

∣∣∣(−�)
−1/2
1 (Mp)1(−�)

−1/2
2 Rh

∣∣∣2dxdy.

Note that Mp and �−1/2 are bounded operators, which implies (Mp)1 and (�−1/2)2

are commutative. In other words, (Mp)1(−�)
−1/2
2 Rh = (−�)

−1/2
2 (Mp)1Rh , which

means

Eμ

[
W2

2 (μT ,h, μh)1ET ,h

]

≤ 16

p2minκminT

∫∫
M2

∣∣∣(−�)
−1/2
1 (−�)

−1/2
2 Sh

∣∣∣2dxdy,

where Sh(x, y) = p(x)Rh(x, y) ∈ L2(dx ⊗ dy).
Recall that (λi )i≥0 and (φi )i≥0 are respectively the eigenvalues and the eigen-

functions of (−�). As p is upper bounded, ∀x ∈ M Sh(x, .) ∈ L2
0(dy), ∀y ∈ M

Sh(., y) ∈ L2
0(dx) and Sh ∈ L2

0(dx ⊗ dy). Thus, there are (αi, j (h))i, j≥0 such that Sh

has the following decomposition (with αi,0 = α0, j = 0): for all x, y ∈ M

Sh(x, y) =
∑

i, j≥1

αi j (h)φi (x)φ j (y),

with αi j (h) = ∫∫
M2 Sh(x, y)φi (x)φ j (y)dxdy. Consequently, for all x, y ∈ M

(−�)
−1/2
1 (−�)

−1/2
2 Sh(x, y) =

∑
i, j≥1

αi j (h)√
λiλ j

φi (x)φ j (y),
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(−�)−1
1 Sh(x, y) =

∑
i, j≥1

αi j (h)

λi
φi (x)φ j (y),

(−�)−1
2 Sh(x, y) =

∑
i, j≥1

αi j (h)

λ j
φi (x)φ j (y).

Therefore,

∫∫
M2

∣∣∣(−�)
−1/2
1 (−�)

−1/2
2 Sh

∣∣∣2dxdy =
∑

i, j≥1

α2
i j (h)

λiλ j

=
∫∫

M2
(�−1

1 Sh)(�−1
2 Sh)dxdy =

∫∫
M2

(G1Sh)(x, y)(G2Sh)(x, y)dxdy,

where G is theGreen function of� introduced in Section 3.2. Denoting by K̃h(x, y) =
p(x)Kh(x, y), we have Sh(x, y) = K̃h(x, y) − p(x)ph(y), and thus,

(G1Sh)(x, y)(G2Sh)(x, y) =
(G1 K̃h)(x, y)(G2 K̃h)(x, y) − (G1 K̃h)(x, y)p(x)Gph(y)

−(G2 K̃h)(x, y)ph(y)Gp(x) + p(x)Gp(x)ph(y)Gph(y). (4.13)

Let d ≥ 5. Using the fact that K has compact support and that the geodesic and
Euclidean distances are equivalent, the functions x �→ Kh(x, y) and y �→ Kh(x, y)

are supported on a geodesic ball of radius c1h for some c1 > 0 depending only onM.
Hence, Lemma 3.2 implies that for h sufficiently small and for all x ∈ M,

∫
M

∣∣G1 K̃h(x, y)G2 K̃h(x, y)
∣∣dy

≤ c
∥∥K̃h

∥∥2∞
(

h4
∫
B(x,2c1h)

dy + h2d
∫
M\B(x,2c1h)

ρ(x, y)4−2ddy

)

≤ c p2max‖Kh‖2∞
(

h4
∫
B(x,2h)

dy + h2d
∫
M\B(x,2h)

ρ(x, y)4−2ddy

)

≤ c p2max‖K‖2∞h−2d
(

h4+d + h2d h4−d
)

≤ c p2max‖K‖2∞h−2d × h4+d , (4.14)

where we also use Lemma B.2 and Lemma 4.2, and the constant c depends only on
M and can change from line to line. Besides, using similar computations, we have,
for h ≤ 1 sufficiently small

∫∫
M2

∣∣(G1 K̃h)(x, y)p(x)Gph(y)
∣∣dxdy

≤ c p2max‖Kh‖∞
∫
M

(
h2

∫
B(y,2h)

dx + hd
∫
M\B(y,2h)

ρ(x, y)2−ddx

)
|Gph(y)|dy

≤ c p2max‖Kh‖∞hd
∫
M

|Gph(y)|dy ≤ c p2max‖K‖∞
∫
M

|Gph(y)|dy, (4.15)
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∫∫
M2

∣∣(G2 K̃h)(x, y)ph(y)Gp(x)
∣∣dxdy

≤ c pmax‖ph‖∞‖Kh‖∞
∫
M

(
h2

∫
B(x,2h)

dy + hd
∫
M\B(x,2h)

ρ(x, y)2−ddy

)
|Gp(x)|dx

≤ c pmax‖ph‖∞‖K‖∞
∫
M

|Gp(x)|dx, (4.16)
∫∫

M
|p(x)Gp(x)ph(y)Gph(y)|dxdy ≤ pmax‖ph‖∞

∫
M

|Gp(x)|dx
∫
M

|Gph(y)|dy. (4.17)

By Lemma 4.3, (ph) converges to p uniformly on M when h → 0. Consequently,
for h sufficiently small, ‖ph‖∞ ≤ 2pmax. Finally, by Proposition 3.1 (iv) and (B3) in
Lemma B.2, we have, for h sufficiently small,

∫
M

|Gp(x)|dx ≤ c pmax

(∫
M

∫
B(x,h)

ρ(x, z)2−ddzdx +
∫
M

∫
M\B(x,h)

ρ(x, z)2−ddzdx

)

≤ c pmax (4.18)∫
M

|Gph(y)|dy ≤ c ‖ph‖∞ ≤ c pmax. (4.19)

Combining Equations (4.13)-(4.19), we deduce that, for h sufficiently small,

∫∫
M2

(G1Sh)(x, y)(G2Sh)(x, y)dxdy ≤ cp2max‖K‖2∞h4−d .

This proves the proposition when d ≥ 5. The computations for d ≤ 4 are similar, and
left to the reader. 
�

5 Transition to a general initial measure

In the previous section, we have obtained a control of the variance termW2
2 (μ̂T ,h, μh)

when the stochastic process (Xt )t≥0 starts from its invariant measureμ. In this section,
we explain how to extend the result to an initial measure of type Dirac measure δx

(which will imply the result for any initial measure). The main idea is to use the
ultracontractivity of the diffusion (Xt )t≥0.

Let us first introduce this notion.

Lemma 5.1 [24, Theorem 3.5.5.] The semigroup (Pt ) associated to the operator A
is ultracontractive. In other words, for each t > 0, there is a minimal positive value
ct > 0, such that for any bounded measurable function f , we have

‖Pt f ‖∞ ≤ ct‖ f ‖L1(μ). (5.1)

In Section B.5, an explicit form of the ultracontractivity term ct is given. We denote
by uA = c1 the ultracontractivity constant at time t = 1.

Remark 5.2 Wang only considers operators of the form � + ∇ p in [24]. However, as
explained in Remark 3.4 (see Section B.5 for more details), for any C2 second order
elliptic differential operator A on a smooth manifold M such that A is symmetric
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with respect to the measureμ(dx) = p(x)dx , there is always a C2-Riemannian metric
g̃ on M such that A = �̃ + ∇̃ p, where �̃ and ∇̃ are respectively the Laplacian and
the gradient operator of (M, g̃). Hence, [24, Theorem 3.5.5.] can readily be applied.

Remark 5.3 In [24], Wang actually defines the ultra-contractivity of a semigroup
(Pt )t≥0 in a slightly different way: for any t > 0, there should exist ct > 0 such that
for any measurable bounded function f , ‖Pt f ‖∞ ≤ ct‖ f ‖L2(μ). However, Wang’s
definition implies (5.1) in our setting withM compact. Assume that (Pt )t≥0 is ultra-
contractive in Wang’s sense, then for t > 0 and for any measurable bounded function
f ,

‖Pt f ‖∞ ≤ ct/2
∥∥Pt/2 f

∥∥
L2(μ)

≤ (
ct/2

)2‖ f ‖L1(μ)

because ‖T ‖2→∞ = ‖T ‖1→2 for a symmetric operator T .

We now use the ultracontractivity constant uA to control the distance
Ex

[W2
2 (μ̂T ,h, μh)

]
.

Proposition 5.4 Let x ∈ M. There exist constants c, h0 depending only on M, and
on M and K respectively such that for any x ∈ M and any T > 1, and any h ≤ h0,
we have that:

Ex

[
W2

2 (μ̂T ,h, μh)
]

≤ c
‖K‖∞

T
+ 2diam(M)2Px (Ec

T ,h)

+2uAdiam(M)2Pμ × (Ec
T ,h) + 2uAEμ

[
W2

2 (μ̂T ,h, μh)
]
.

(5.2)

Notice that the last term in the right hand side of (5.2) is the expectation starting from
the initial distribution μ, thanks to ultracontractivity. This term has been controlled in
Proposition 4.1.

Proof Consider functions F(x) = Ex
[W2

2 (μ̂T ,h, μh)
]
and H(x) = Px (Ec

T ,h). Note

that the shifted process (X̃t )t≥0 = (Xt+1)t≥0 is still a diffusion process with generator
A. Therefore, if we consider the following shifted quantities

p̃T ,h(y) = 1

T

∫ T

0
Kh(Xs+1, y)ds,

μ̃T ,h =
{

p̃T ,hdx if p̃T ,hdx is positive measure

δx0 otherwise,

ẼT ,h = {
p̃T ,h ≥ 0

}
,

we have

Ex

[
W2

2 (μ̃T ,h, μh)
]

= Ex

[
EX1

[
W2

2 (μ̂T ,h, μh)
]]

= Ex [F(X1)] = P1F(x),

Px (Ẽc
T ,h) = Ex

[
Px (Ec

T ,h)
] = Ex [H(X1)] = P1H(x).
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Thus, by ultracontractivity of the process (Xt )t≥0, at time t = 1,

Ex

[
W2

2 (μ̃T ,h , μh)
]

≤ ‖P1F‖∞ ≤ uA
∫
M

F(y)μ(dy) = uAEμ

[
W2

2 (μ̂T ,h , μh)
]
, (5.3)

Px (Ẽc
T ,h) ≤ uAPμ(Ec

T ,h), (5.4)

where uA has been defined after Lemma 5.1.
Recall that the Wasserstein distance is controlled by the total variation distance

[47, Theorem 6.15]. Besides, on the event ET ,h ∩ ẼT ,h , pT ,hdx and p̃T ,hdx are both
positive measures. Hence, on ET ,h ∩ ẼT ,h , by Lemma 4.2, when h is sufficiently small
depending on M and K ,

W2
2 (μ̂T ,h , μ̃T ,h) ≤ 2diam(M)2

∫
M

|pT ,h(y) − p̃T ,h(y)|dy

≤ 2diam(M)2
1

T

∫
M

(∫ 1

0
|Kh(Xs , y)|ds +

∫ T +1

T
|Kh(Xs , y)|ds

)
dy

= 2diam(M)2
1

T

(∫ 1

0

(∫
M

|Kh(Xs , y)|dy

)
ds +

∫ T +1

T

(∫
M

|Kh(Xs , y)|dy

)
ds

)

≤ 2diam(M)2
1

T
2‖K‖∞h−d

(∫ 1

0

∫
M

1‖Xs−y‖≤hdy +
∫ T +1

T

∫
M

1‖Xs−y‖≤hdyds

)

≤ c0
‖K‖∞

T
,

where c0 is a constant depending onM and we used Lemma B.2 for the last inequality
and the equivalence between the Euclidean and geodesic distances.

Thus, by (5.4), for h sufficiently small,

Ex

[
W2

2 (μ̂T ,h , μ̃T ,h)
]

≤ c0
‖K‖∞

T
+ diam(M)2Px

(
Ec

T ,h ∪ Ẽc
T ,h

)

≤ c0
‖K‖∞

T
+ diam(M)2Px (Ec

T ,h) + uAdiam(M)2Pμ(Ec
T ,h).

(5.5)

Consequently, by triangular inequality, (5.3), and (5.5), we deduce that there exists
a constant c depending only on M such that for h sufficiently small,

1

2
Ex

[
W2

2 (μ̂T ,h , μh)
]

≤ Ex

[
W2

2 (μ̂T ,h , μ̃T ,h)
]

+ Ex

[
W2

2 (μ̃T ,h , μh)
]

≤ c0
‖K‖∞

T
+ diam(M)2Px (Ec

T ,h) + uAdiam(M)2Pμ(Ec
T ,h)

+ uAEμ

[
W2

2
(
μ̂T ,h , μh

)]
,

which is the desired conclusion. 
�
Hence, using Proposition 4.1 and Proposition 4.8, it only remains to bound

Px (Ec
T ,h). This probability is 0 if K is nonnegative. Otherwise we assume that d ≥ 4

and that T hd ≥ c0 for a constant c0 to fix.
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Lemma 5.5 Assume that d ≥ 4. Let h0, c0 and c1 be the constants of Proposition 4.8.
Then, for any T ≥ 2, if 0 < h ≤ h0 and T hd > 32‖K‖∞/pmin, we have

Px
(
Ec

T ,h

) ≤ uAc1h−d(d+1) exp
(
−c0

2
T hd−2

)
.

Proof When T ≥ 2, we have that 1/2 ≤ (T −1)/T ≤ 1. Hence we have the following
observation for all y ∈ M and T ≥ 2:

pT ,h(y) = 1

T

∫ 1

0
Kh(Xs, y)ds + T − 1

T
× 1

T − 1

∫ T −1

0
Kh(Xs+1, y)ds

≥ − 1

T

∫ 1

0
‖Kh‖∞ds + C

T − 1

∫ T −1

0
Kh(Xs+1, y)ds,

where C = 1/2 if
∫ T −1
0 Kh(Xs+1, y)ds > 0 or C = 1 otherwise. Thus,

Px

(
inf

y∈M
pT ,h(y) < 0

)
≤ Px

(
inf

y∈M

(
C

T − 1

∫ T −1

0
Kh(Xs+1, y)ds

)
<

‖Kh‖∞
T

)

≤ Ex

(
PX1

(
inf

y∈M
p(T −1),h(y) <

2‖Kh‖∞
T

))

≤ uAPμ

(
inf

y∈M
p(T −1),h(y) <

2‖Kh‖∞
T

)
,

where we used ultracontractivity at the last step. By Lemma 4.2, we have ‖Kh‖∞ ≤
2‖K‖∞h−d for h small enough. Hence, if T hd > 32‖K‖∞/pmin, then 2‖Kh‖∞/T <

pmin/8, and we obtain thanks to Proposition 4.8 that

Px
(
Ec

T ,h

) ≤ uAPμ

(
inf

y∈M
p(T −1),h(y) < pmin/8

)

≤ uAc1h−d(d+1) exp(−c0(T − 1)hd−2).

As T − 1 ≥ T /2, for T ≥ 2, the result holds. 
�
We put together all the estimations obtained so far to conclude. Consider d ≥ 4 and

T hd ≥ c′
0, where the constant c′

0 is chosen so that T hd > 32‖K‖∞/pmin and T hd−2

is large enough with respect to ln(T ), so that the upper bound on Px

(
Ec

T ,h

)
given in

Lemma 5.5 is negligible. The proof is similar when d < 4 and K is nonnegative. By
Proposition 5.4, Proposition 4.1, Lemma 5.5 and Proposition 4.8, for any x ∈ M, for
h sufficiently small, and T ≥ 2, there are constants c, c̃ > 0 such that

Ex

[
W2

2 (μ̂T ,h, μh)
]

≤ c
‖K‖∞

T
+ 2diam(M)2Px (Ec

T ,h) + 2uAdiam(M)2Pμ(Ec
T ,h)
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+ cuA
p2max

p2min

‖K‖2∞
h4−d

T

≤ c̃ uA
p2max

p2min

‖K‖2∞
h4−d

T
.

6 Minimax lower bound

The proof of theminimax lower bound (Proposition 2.6) relies crucially on the compu-
tation of the Kullback-Leibler divergence between the law of two diffusion processes
(Xt ) and (X ′

t ) onM. Recall that for two probability measures P andQ, the Kullback-
Leibler divergence KL(P‖Q) is defined as

KL(P‖Q) =
∫

ln

(
dP
dQ

)
dP (6.1)

whenever P is absolutely continuous with respect to Q.
Recall that we have denoted, in Section 2, by PT ,� = PT ,�(κmin, pmin, pmax,

umax, L) the class of all the laws of diffusion paths (Xt )t∈[0,T ] on M with arbi-
trary initial distribution, generator A satisfying Assumption 2.1 with constant κmin
and having an ultracontractivity constant smaller than umax, and invariant measure μ

having a C2 positive p density on M with a Sobolev norm ‖p‖H�(M) ≤ L and a
C1-norm smaller than L , satisfying pmin ≤ p ≤ pmax.

Our minimax lower bound follows from an application of Assouad’s lemma, see
[48, Theorem 2.12].

Lemma 6.1 (Assouad’s lemma) Consider a statistical model P . Let J > 0 be an
integer and consider a subfamily {Pτ }τ ⊂ P indexed by τ ∈ {±1}J . Define the
Hamming distance dH (τ, τ ′) = ∑J

j=1 1{τ j �=τ ′
j } on the hypercube {±1}J . Assume that

there exists A such that for every τ, τ ′ ∈ {±1}J , W2(μ(Pτ ), μ(Pτ ′)) ≥ AdH (τ, τ ′)
and that whenever dH (τ, τ ′) = 1, KL(Pτ‖Pτ ′) ≤ 1/2. Then, the minimax risk over
P defined in (2.15) satisfies

R(P) ≥ AJ

4
. (6.2)

To apply Assouad’s lemma, we build an appropriate family {μτ } of probability
measures onM indexed by the hypercube {±1}J by perturbating the uniformmeasure
by small bumps. We let pτ be the density of μτ and Pτ be the law of a diffusion path
(Xt )t∈[0,T ] with initial distribution μτ and generator Apτ q (defined in (1.1)) with
q ≡ 1. In that case, the associated carré du champ is equal to �( f , f ) = |∇ f |2, so
that we can take κmin = 1.

Lemma 6.2 (Existence of bumps) Let � ≥ 0 be an integer. There exist constants κ ,
ε0 > 0 depending only on � and M such that for all x ∈ M and all 0 ≤ ε ≤ ε0, there

123



Measure estimation on a manifold explored by a diffusion process

exists a smooth function φx,ε : M → R supported on B(x, ε), with
∫
M φx,εdy = 0,∫

M φ2
x,εdy = εd and for all integers 0 ≤ i ≤ �,

‖φx,ε‖Ci (M) ≤ κε−i . (6.3)

Proof Fix x ∈ M. Consider a smooth chart � around x defined on the unit ball
in R

d , with �(0) = x . As M is smooth and compact, � can be choosen as being
a bi-Lipschitz map with Lipschitz constant L not depending on x . In particular, for
ε small enough, the chart � : BRd (0, L−1ε) → M is a diffeomorphism whose
image is contained in B(x, ε). Let φ0 : R

d → [−1, 1] be a smooth function of
integral 0, with support included in BRd (0, L−1), equal to 1 on BRd (0, L−1/3). Let
J� : BRd (0, L−1ε) → R be the Jacobian of �. We define for u ∈ BRd (0, εL−1) and
y = �(u)

φx,ε(y) = Cx,ε

φ0(u/ε)

J�(u)
,

and φx,ε is 0 outside �(BRd (0, εL−1)). By construction,
∫
M φx,εdy = Cx,ε∫

B
Rd (0,εL−1)

φ0(u/ε)du = 0. We choose Cx,ε so that
∫
M φ2

x,εdy = εd . It remains

to bound the Ci -norm of φx,ε for 0 ≤ i ≤ �. Note that as M is compact and smooth,
all the coefficients of the metric and its inverse have bounded Ck-norms for all k ≥ 0.
This implies that for ε small enough, the chart � can be chosen so that the C�-norm
of the function J� : BRd (0, ε/2) → R is uniformly bounded (uniformly with respect
to the base point x), with J�(u) ≥ c0 for all u ∈ BRd (0, εL−1) and some constant
c0 depending on the manifoldM. In particular, as φ0 is equal to 1 on BRd (0, L−1/3),
this implies that the constant Cx,ε is larger than c1 for some constant c1 depending
only on M. The smoothness of φ0 and of J� then imply the desired controls on the
Ci -norm of φx,ε (applying Leibniz formula for the derivative of a product). 
�

Fix 0 < ε ≤ ε0 and consider a set of points x1, . . . , xJ ∈ M that are all at least 2ε
apart. Note that by a simple covering argument, the number J can be chosen to be of
order ε−d . For j = 1, . . . , J , write φ j = φx j ,ε. Assume without loss of generality that
the manifold M has unit volume. For τ ∈ {±1}J , consider the probability measure

pτ = 1 + v

2κ

J∑
j=1

τ jφ j .

for some 0 ≤ v ≤ ε�. Note that according to Lemma 6.2, pτ satisfies 1/2 ≤ pτ ≤ 3/2
and integrates to 1. According to Lemma 6.2, the C�-norm of pτ is smaller than 1/2
(and therefore so is its Sobolev norm).

Using Remark B.6, we see that for a choice of pmin ≤ 1/2, pmax ≥ 3/2, κmin ≤
1, L ≥ 1/2, all the associated measures μτ are in the statistical model PT ,� =
PT ,�(κmin, pmin, pmax, umax, L) for some umax large enough, as long as � ≥ 2.
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Let τ, τ ′ ∈ {±1}J . Consider the function f = ∑J
j=1 1{τ j �=τ ′

j }τ jφ j . The function f :
M → R is Lipschitz continuous with Lipschitz constant κε−1. As the 2-Wasserstein
distance W2 is larger than the 1-Wasserstein distance W1, it holds by duality [47,
Particular Case 5.16] that

W2(μτ , μτ ′) ≥ W1(μτ , μτ ′) ≥ 1

κε−1

(∫
M

f pτdy −
∫
M

f pτ ′dy

)

= v

2κ2ε−1

J∑
j=1

1{τ j �=τ j ′ }2τ j

∫
M

φ j f dy.

By construction of f and as
∫
M φ2

jdy = εd , this quantity is equal to vεd+1

κ2
dH (τ, τ ′),

that is the first condition in Assouad’s lemma holds for A = vεd+1/κ2.
The Kullback-Leibler divergence between Pτ and Pτ ′ can be controlled using

Girsanov theorem. Indeed, Girsanov theorem provides an explicit formula for the
Kullback-Leibler divergence between Pτ and Pτ ′ (see Appendix D):

KL(Pτ ||Pτ ′) = T

4

∫
M

‖∇ ln pτ − ∇ ln pτ ′ ‖2 p2τdy = T

4

∫
M

‖∇ pτ − pτ

pτ ′
∇ pτ ′ ‖2dy

≤ T

2

∫
M

‖∇ pτ − ∇ pτ ′ ‖2dy + T

2

∫
M

‖∇ pτ ′ ‖2
p2
τ ′

(pτ − pτ ′)2dy.

Consider τ, τ ′ ∈ {±1}J with dH (τ, τ ′) = 1, and assume without loss of generality
that the two vectors differ only by their first entry. Using the available bound on the
C1-norm of pτ and the fact that pτ ≥ 1/2, we obtain that

KL(Pτ ||Pτ ′) ≤ T

2

∫
M

‖∇ pτ − ∇ pτ ′ ‖2dy + v2ε−2

2
T
∫
M

(pτ − pτ ′)2dy

≤ T

2

v2

κ2

∫
B(x1,ε)

‖∇φ1‖2dy + v4ε−2

2κ2 T
∫
M

φ2
1dy

≤ T

2
v2ε−2

∫
B(x1,ε)

dy + v4

2κ2 ε−2+d T � T v2εd−2,

where we use at the last line that the volume of a ball of radius ε is of order εd for ε

small enough (see Lemma B.2), and v ∈ [0, ε�].
When d ≥ 5, choose ε = cT −1/(2�+d−2) and v = ε�. For c small enough,

KL(Pτ‖Pτ ′) ≤ 1/2. By Assouad’s lemma, and recalling that we can pick J of order
ε−d , we obtain that

R(PT ,�) ≥ AJ

4
= ε�+d+1 J

4κ2 � ε�+1 � T − �+1
2�+d−2 , (6.4)

concluding the proof of Proposition 2.6 in this case. For d ≤ 4, we let ε = ε0 and
v = cT −1/2 for c small enough, so that KL(Pτ ||Pτ ′) ≤ 1/2 and J is of order 1. Then,
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Assouad’s lemma gives

R(PT ,�) ≥ AJ

4
= vεd+1 J

4κ2 � T −1/2. (6.5)

This concludes the proof. �

Appendix AWasserstein distance and bias term estimates

A.1 About theWasserstein distance’s estimate of Peyre and Proof of Lemma 4.4

Weprovide here a newproof of [43, Theorem2.1], a resultwe need to proveLemma4.4
at the end of this section. The proof given by Peyre indeed holds only under additional
assumptions that were not detailed in his paper and that turn out to be unnecessary.

Theorem A.1 (Theorem 2.1 in [43]) Given a compact Riemannian manifold M. Then,
for all probability measures μ and ν on M, we have:

W2(μ, ν) ≤ 2‖μ − ν‖H−1(μ),

where

‖μ − ν‖H−1(μ) := sup
g:∫M |∇g|2dμ≤1

(∫
M

gd(μ − ν)

)
.

Moreover,

W2(μ, ν) ≤ 2 sup
g∈Lip(M):∫
M |∇g|2dμ≤1

(∫
M

gd(μ − ν)

)
,

where Lip(M) denotes the space of all Lipschitz continuous functions on M.

Proof Consider the Hamilton-Jacobi semigroup (Qt )t>0 on Lip(M):

Qtφ(x) := inf
y∈M

{
φ(y) + 1

2t
ρ(y, x)2

}
, t > 0, φ ∈ Lip(M),

where ρ is the geodesic distance ofM. From [49, Theorem 2.5], for any φ continuous
bounded, Q0φ := limt→0 Qtφ = φ, ‖∇Qtφ‖∞ is bounded for all t > 0, and Qtφ

solves the Hamilton-Jacobi equation:

d

dt
Qtφ = −1

2
|∇Qtφ|2, t > 0.
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Following the ideas of the proof of [24, Corollary 2.7.3] and using [24, Proposition
1.3.1] (see also [50, Theorem 1]), the Kantorovich dual formula implies that:

1

2
W2

2 (μ, ν) = sup
φ∈Lip(M) bounded

{ν(Q1φ) − μ(φ)}.

Consider the following curve on the space of measures (μt )0≤t≤1 defined by μt :=
(1− t)μ + tν. By taking the derivative along t , we have that for all φ continuous and
bounded:

d

dt
(μt (Qtφ)) = −1

2

(∫
M

|∇Qtφ|2dμt

)
+
∫
M

Qtφd(ν − μ).

We now analyze the above term. Let t ∈ (0, 1).
If
∫
M |∇Qtφ|2dμt > 0, by the classical inequality − 1

2a2 + ab ≤ 1
2b2, we have:

−1

2

(∫
M

|∇Qtφ|2dμt

)
+
∫
M

Qtφd(ν − μ)

≤ 1

2

(∫
M Qtφd(ν − μ)

)2
∫
M |∇Qtφ|2dμt

≤ 1

2
sup

g∈Lip(M):∫
M |∇g|2dμt ≤1

(∫
M

gd(μ − ν)

)2

If
∫
M |∇Qtφ|2dμt = 0 and

∫
M Qtφd(ν − μ) = 0, clearly we have

−1

2

(∫
M

|∇Qtφ|2dμt

)
+
∫
M

Qtφd(ν − μ) ≤ 1

2
sup

g∈Lip(M):∫
M |∇g|2dμt ≤1

(∫
M

gd(μ − ν)

)2

.

If
∫
M |∇Qtφ|2dμt = 0 and

∫
M Qtφd(ν − μ) �= 0, using the Lipschitz function

α Qtφ on M for any arbitrary α ∈ R \ {0}, we remark that

sup
g∈Lip(M):∫

M |∇g|2dμt ≤1

(∫
M

gd(μ − ν)

)2

= ∞,

and clearly

−1

2

(∫
M

|∇Qtφ|2dμt

)
+
∫
M

Qtφd(ν − μ) ≤ 1

2
sup

g∈Lip(M):∫
M |∇g|2dμt ≤1

(∫
M

gd(μ − ν)

)2

.

Hence, for all t ∈ (0, 1),

d

dt
(μt (Qtφ)) ≤ 1

2
sup

g∈Lip(M):∫
M |∇g|2dμt ≤1

(∫
M

gd(μ − ν)

)2

,
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which implies

W2
2 (μ, ν) ≤

∫ 1

0
sup

g∈Lip(M):∫
M |∇g|2dμt ≤1

(∫
M

gd(μ − ν)

)2

dt .

Besides, μt ≥ (1 − t)μ for all t ∈ (0, 1). Thus, for all g with
∫
M |∇g|2dμt ≤ 1, we

have (1 − t)
∫
M |∇g|2dμ ≤ 1. This leads to the fact that for all 0 < t0 < t1 < 1, the

following holds

W2
2 (μt0 , μt1) ≤

∫ 1

0
sup

g∈Lip(M):
(1−t1)

∫
M |∇g|2dμ≤1

(
(t1 − t0)

∫
M

gd(μ − ν)

)2

dt

≤ (t1 − t0)2

1 − t1
sup

g∈Lip(M):∫
M |∇g|2dμ≤1

(∫
M

gd(μ − ν)

)2

.

Hence, for any n ∈ N
∗ and 0 < t0 < t1 < ... < tn < 1, we have:

W2(μt0 , μtn ) ≤
n∑

i=1

W2(μti−1 , μti ) ≤
n∑

i=1

ti − ti−1√
1 − ti

sup
g∈Lip(M):∫

M |∇g|2dμ≤1

(∫
M

gd(μ − ν)

)

Thus, for all 0 < t0 < t1 < 1, by convergence of the Riemann sum,

W2(μt0 , μt1) ≤
(∫ t1

t0

1√
1 − t

dt

)
sup

g∈Lip(M):∫
M |∇g|2dμ≤1

(∫
M

gd(μ − ν)

)

= 2
(√

1 − t0 − √
1 − t1

)
sup

g∈Lip(M):∫
M |∇g|2dμ≤1

(∫
M

gd(μ − ν)

)
.

By taking t0 → 0 and t1 → 1, we obtain that:

W2(μ, ν) ≤ 2 sup
g∈Lip(M):∫

M |∇g|2dμ≤1

(∫
M

gd(μ − ν)

)
,

which is the desired conclusion. 
�
Proof of Lemma 4.4 Before proving the result, let us establish that for all f ∈ L2(dx),

‖ f ‖2H−1(dx)
:= sup

g:∫M |∇g|2dx≤1

(∫
M

g f dx

)
=
∫
M

|(−�)−1/2 f |2dx . (A1)
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This equality is a consequence of Definition 7.24 p.202 in [51] for example, or can be
read from the developments in Section 5.5.2 of [44]. We provide a short proof of (A1)
below.

Let f be a function with
∫

f dx = 0. Recall that
‖ f ‖H−1(μ) = sup

{∣∣∫ f gdx
∣∣ : ‖∇g‖L2(dx) ≤ 1

}
. First, for any function g ∈ C∞(M),

by Cauchy-Schwartz inequality,

∣∣∣∣
∫
M

f gdx

∣∣∣∣
2

=
∣∣∣∣
∫
M

((−�)−1/2 f )((−�)1/2g)dx

∣∣∣∣
2

≤‖(−�)−1/2 f ‖2L2(dx)
× ‖(−�)1/2g‖2L2(dx)

.

Besides,

‖(−�)1/2g‖2L2(dx))
=
∫
M

((−�)1/2g)((−�)1/2g)dx

= −
∫
M

g�gdx =
∫
M

|∇g|2dx .

Therefore, by definition of, ‖ · ‖H−1(dx), we have:

‖ f ‖2H−1(dx)
≤
∫
M

|(−�)−1/2 f |2dx .

Note also that equality is attained in Cauchy-Schwartz inequality if (−�)−1/2 f =
λ(−�)1/2g for some λ > 0. Letting g = λ(−�)−1 f with λ = ‖∇(−�)−1 f ‖−1

L2

gives (A1).

Let us now prove Lemma 4.4. FromTheoremA.1 above, withμ = f1dx , ν = f2dx
and f1 bounded below by fmin,

W2
(

f1dx, f2dx
) ≤2‖ f1 − f2‖H−1( f1dx)

≤2 sup
g:∫M |∇g|2 f1dx≤1

(∫
M

g( f1 − f2)dx

)

≤2 sup
g:∫M |∇g|2 fmindx≤1

(∫
M

g( f1 − f2)dx

)

≤2 f −1/2
min sup

g:∫M |∇g|2dx≤1

(∫
M

g( f1 − f2)dx

)

=2 f −1/2
min

√∫
M

∣∣(−�)−1/2( f1 − f2)
∣∣2dx

where we have used (A1) for the last equality. This concludes the proof. 
�
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A.2 Control of the bias term

In kernel density estimation, variance terms can be controlled with minimal assump-
tions on the kernel K (say, boundedness), whereas choosing a kernel having specific
properties is required to control bias terms [48]. The situation is not different for the
estimation of μ: we are able to control the variance term Ex

[W2
2 (μ̂T ,h, μh)

]
with

few assumptions on K (see Theorem 2.3). However, controlling the bias requires the
kernel K to be of sufficiently high order in the following sense.

Definition A.2 (Order of a kernel) For a multi-index α = (α1, ..., αd) ∈ Z
d+, we

denote |α| := α1 + · · · + αd , zα = ∏d
j=1 z

α j
j and ∂αK the partial derivative of K in

the direction α.
A function K : Rd → R is called kernel of order r if the function is of class Cr ,

and K satisfies

∫
Rd

∂αK(z)zα̃dz = 0,

for any multi-index α, α̃ such that |α| < r and |α̃| < r + |α|, with |α| > 0 when
α̃ = 0.

When K is of order larger than �+1, we obtain a tight control of the bias following
[14].

Proposition A.3 (Bias term) Let K be a kernel of order larger than � + 1, and let p be
a density of class C2 with a finite Sobolev norm ‖p‖

H�(M)
. Then, for h small enough,

W2
2 (μh, μ) ≤

c‖p‖2
H�(M)

p2min

h2�+2, (A2)

where c depends on M and K .

Proof As μ has a lower bounded density, it holds according to Lemma 4.4 that

W2
2 (μh, μ) ≤ 4p−1

min

∫
M

∣∣∣(−�)−1/2(p − ph)

∣∣∣2dx,

whereas it is proved in [14, Proposition 9] that

∫
M

∣∣∣(−�)−1/2(p − ph)

∣∣∣2dx ≤ c‖p‖2H�(M)
h2�+2

when K is a kernel of order larger than � + 1, where c depends on M and K . 
�
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Appendix B Some technical proofs

B.1 Proof of Lemma 4.2

(i) The proof of the uniform convergence of (h−dηh(.))h>0 is given in [14, Lemma
10] when the kernel K has some regularity. We detail below another proof
assuming only that K is continuous with compact support in [0, 1]. Recall
that since M is compact, the Euclidean norm and the geodesic distance are
equivalent: there is a constant cM > 1 such that ∀(x, y) ∈ M2

‖x − y‖ ≤ ρ(x, y) ≤ cM‖x − y‖.

Consider a family Ex : BRd (0, cx ) → M of Riemannian normal parametriza-
tions at x ∈ M (see [27, Section 3.1] or [52, Proposition 5.24]). Thanks to
[27, Theorem 3.4] (for more details see [52, Proposition 10.37]), there exists
a constant c1 > 0, such that all the parametrizations (Ex )x∈M have the same
domain BRd (0, c1), and for any h < c1

cM the Jacobian determinant Jx of the

change of variables v = E−1
x (y) is uniformly bounded in x . Consequently,

h−dηh(x) = h−d
∫
M

K

(‖x − y‖
h

)
1‖x−y‖≤hdy

= h−d
∫
B
Rd (0,c1)

K

(‖x − Ex (v)‖
h

)
1‖x−Ex (v)‖≤h Jx (v)dv

=
∫
B
Rd

(
0, c1

h

) K

(∥∥∥∥ x − Ex (hv)

h

∥∥∥∥
)
1∥∥∥ x−Ex (hv)

h

∥∥∥≤1
Jx (hv)dv.

We know that ρ(x, y) = ∥∥E−1
x (y)

∥∥ (see [27, Theorem 3.2]). Then by equiv-

alence of the distances, we have ‖x − Ex (hv)‖ ≥ ρ(x,Ex (hv))
cM = h ‖v‖

cM .
Consequently,

{∥∥∥∥ x − Ex (hv)

h

∥∥∥∥ ≤ 1

}
=
{∥∥∥∥ x − Ex (hv)

h

∥∥∥∥ ≤ 1

}
∩ {‖v‖ ≤ cM}.

Beside, by [27, Theorem 3.4], there exists c2 > 0, independent of x , such that
|Jx (v) − 1| ≤ c2‖v‖2 and ‖x − Ex (v) − v‖ ≤ c2‖v‖2 (since E ′

x (0) = I d).
We deduce that

∣∣∣∣K
(∥∥∥∥ x − Ex (hv)

h

∥∥∥∥
)∣∣∣∣1∥∥∥ x−Ex (hv)

h

∥∥∥≤1
Jx (hv)1B

Rd
(
0, c1

h

)(v)

≤ ‖K‖∞(1 + c2c21)1‖v‖≤cM ,

where the upper-bound is an integrable function on R
d . We also remark that

(Jx (hv))h>0 converges to 1 and
(∥∥∥ x−Ex (hv)

h

∥∥∥)
h>0

converges to ‖v‖ when
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h → 0, both uniformly on M. As K is continuous on R
d with compact sup-

port, the function is thus uniformly continuous on R
d . We then deduce that(

K
(∥∥∥ x−Ex (hv)

h

∥∥∥))
h>0

converges to K (‖v‖) when h → 0, uniformly on M.

By the dominated convergence theorem, we deduce that, when h → 0,(
h−dηh

)
h>0 converges to

∫
Rd K (‖v‖)dv = 1, uniformly on M.

(ii) By uniform convergence, ηh > 0 when h is small enough, so that Kh is well-
defined. The result then follows from a straightforward computation.

(iii) We note that the support of Kh is included in
{
(x, y) ∈ M2 : ‖x − y‖ ≤ h

}
,

and

|Kh(x, y)| ≤ 1∣∣h−dηh(x)
∣∣‖K‖∞h−d .

There is uniform convergence onM of (h−dηh(.))h>0 to 1 when h → 0. Then
there exists hc > 0 such that ∀h < hc, ∀(x, y) ∈ M2, we have h−dηh(x) ≥ 1

2
and

|Kh(x, y)| ≤ 2‖K‖∞h−d .

(iv) Let x ∈ M and y, y′ ∈ M. Let L be the Lipschitz constant of K . Then, by the
triangle inequality when h < hc, so that h−dηh(x) ≥ 1

2 , we have

|Kh(x, y) − Kh(x, y′)| ≤ 1∣∣h−dηh(x)
∣∣h−d

∣∣∣∣∣K
(‖x − y‖

h

)
− K

(∥∥x − y′∥∥
h

)∣∣∣∣∣
≤ 2Lh−d−1‖y − y′‖ ≤ 2Lh−d−1ρ(y − y′).

Remark B.1 As mentioned in Remark 2.2, it is simpler to work with a kernel K̃h

based on the geodesic distance ρ, K̃h(x, y) := 1
η̃h(x)

K
(

ρ(x,y)
h

)
, with η̃h(x) =∫

M K
(

ρ(x,y)
h

)
dy. In that case, we can easily prove, without regularity assumptions,

that when K is an integrable function with support in [0, 1] and ∫
Rd K (‖v‖)dv = 1,

there is a constant κ > 0 such that
∥∥hd η̃h − 1

∥∥∞ ≤ κh2.

Actually, using theRiemannian normal parametrizationEx at x ∈ M andρ(x, y) =∥∥E−1
x (y)

∥∥, as in the previous proof of Lemma 4.2, we obtain for x ∈ M

∣∣∣h−d η̃h(x) − 1
∣∣∣ =

∣∣∣∣h−d
∫
M

K

(
ρ(x, y)

h

)
1ρ(x,y)≤hdy − 1

∣∣∣∣
= h−d

∣∣∣∣∣
∫
B
Rd (0,c1)

K

(‖v‖
h

)
1‖v‖≤h Jx (v)dv −

∫
B
Rd (0,h)

K

(‖v‖
h

)
dv

∣∣∣∣∣
≤ h−d

∫
B
Rd (0,h)

∣∣∣∣K
(‖v‖

h

)∣∣∣∣|Jx (v) − 1|dv
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≤ c2h2
∫
B
Rd (0,1)

|K (‖v‖)|‖v‖2dv

since |Jx (v) − 1| ≤ c2‖v‖2.

B.2 Proof of Lemma 4.3

Using the same proof as in Appendix B.1, we first remark that uniformly in x ∈
M the term

(
h−d

∫
M 1‖x−y‖≤hdy

)
h>0 converges to vol

(
BRd (0, 1)

)
. Besides, by the

triangular inequality,

|ph(x) − p(x)| =
∣∣∣∣
∫
M

1

ηh(y)
K

(‖x − y‖
h

)
p(y)dy − p(x)

∣∣∣∣
≤
∣∣∣∣
∫
M

(
1

ηh(y)
− h−d

)
K

(‖x − y‖
h

)
p(y)dy

∣∣∣∣
+
∣∣∣∣
∫
M

h−d K

(‖x − y‖
h

)
(p(y) − p(x))dy

∣∣∣∣ +
∣∣∣∣
∫
M

h−d K

(‖x − y‖
h

)
p(x)dy − p(x)

∣∣∣∣
≤
∥∥∥∥ 1

h−dηh
− 1

∥∥∥∥∞
‖K‖∞‖p‖∞

∫
M

h−d1‖x−y‖≤hdy

+ ‖K‖∞Lip(p)

∫
M

h−d1‖x−y‖≤h ‖x − y‖ dy + |h−dηh(x) − 1||p(x)|,

where Lip(p) is the Lipschitz constant of p with respect to the Euclidean distance,
which is bounded up to a constant by the C1-norm of p (recall that the Euclidean
and geodesic distances are equivalent). Hence, by the remark at the beginning of this
proof, there is a constant C > 0 such that for all x ∈ M,

|ph(x) − p(x)| ≤C ‖p‖C1

(
‖K‖∞

∥∥∥∥ 1

h−dηh
− 1

∥∥∥∥∞
+ ‖K‖∞h +

∥∥∥h−dηh − 1
∥∥∥∞

)
,

(B1)

where the constant C depends only on the embedding M ⊂ R
m and where the

parenthesis in the right term converges to zero by Lemma 4.2(i). Therefore, we deduce
the uniform convergence of (ph)h>0 to p on M, and the second result of the lemma
is straightforward a consequence of Equation (B1). We have the desired conclusion.

B.3 Proof of Lemma 3.2

We will make use of the following estimates.

Lemma B.2 Let x ∈ M and α ≥ d. For all h > 0 small enough (depending on M
and α), it holds that

∫
ρ(x,y)≥h

ρ(x, y)−αdy ≤ Cα

{
hd−α if α > d

ln(1/h) if α = d.
(B2)
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For α < d,
∫

ρ(x,y)≤h
ρ(x, y)−αdy ≤ Cαhd−α. (B3)

Before giving the proof, let us note that since the geodesic distance and the Euclidean
norm are equivalent on the compact manifold M (see [35, Proposition 2]), we have
a similar result with the Euclidean norm instead of the geodesic distance in Lemma
B.2.

Proof Using the change of variables v = E−1
x (y) as in the proof of Lemma 4.2 (see

Section B.1), we have for h0 > 0 a constant larger than h

∫
ρ(x,y)≥h

ρ(x, y)−αdy ≤
∫

h0>ρ(x,y)≥h
ρ(x, y)−αdy + ch−α

0 .

We pick h0 small enough (independently of x) so that, by a change of variable

∫
h0>ρ(x,y)≥h

ρ(x, y)−αdy =
∫

h0>‖v‖≥h
‖v‖−α Jx (v)dv,

where Jx (v) is a Jacobian, that is bounded by 2 uniformly in x and in v on the domain
{v : h ≤ ‖v‖ < h0} (see [27, Theorem 3.4 ii.], also the proof of Lemma 4.2). We then
conclude by computing the integral. The proof of the second statement is similar. 
�

We only prove Lemma 3.2 in the case d ≥ 3, the cases d = 1 and d = 2 being
treated with minimal modifications. By Proposition 3.1 (iv) on the Green function G,
for d ≥ 3, there exists a constant κ > 0 such that ∀(x, y) ∈ M2 \ diag(M),

|G(x, y)| ≤ κρ(x, y)2−d .

Hence,

|(G f )(z)| ≤
∫
M

|G(z, y)|| f (y)|dy ≤ ‖ f ‖∞κ

∫
M

ρ(z, y)2−d1ρ(x,y)≤hdy.

When ρ(x, z) > 2h, we have ρ(x, y) ≤ ρ(x, z)/2 and

ρ(z, y) ≥ ρ(x, z) − ρ(x, y) ≥ 1

2
ρ(x, z).

Then, as 2 − d < 0, we obtain

|(G f )(z)| ≤ 2d−2‖ f ‖∞κ

∫
M

1ρ(x,y)≤hdy ρ(x, z)2−d .

According to Lemma B.2,

|(G f )(z)| ≤ C‖ f ‖∞hdρ(x, z)2−d .
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We now turn to estimates when ρ(x, z) < 2h. Notice that

|(G f )(z)| ≤ ‖ f ‖∞κ

∫
M

ρ(z, y)2−d1ρ(z,y)≤3hdy.

The conclusion then also follows from Lemma B.2.

B.4Wasserstein distance between ameasure and its convolution

Lemma B.3 Let ν be a probability measure supported onM. Let K be a nonnegative
kernel supported on [0, 1], with ∫

Rd K (‖u‖)du = 1. For h > 0, let νh be the measure
with density qh(x) = ∫

Kh(z, x)dν(z), where Kh is defined in (2.5). Then, for all
h > 0,

W2
2 (ν, νh) ≤ c0h2. (B4)

Proof By the convexity of the Wasserstein distance, it holds that

W2
2 (ν, νh) ≤

∫
W2

2 (δx , (δx )h)ν(dx) (B5)

Let c0 be such that ρ(x, y) ≤ c0‖x − y‖ for all (x, y) ∈ M2 (recall that the geodesic
distance and the Euclidean distance are equivalent). As the measure (δx )h is supported
on a Euclidean ball of radius h, we directly have thatW2

2 (δx , (δx )h) ≤ c20h2. This ends
the proof. 
�

B.5 The ultracontractivity term

We give in this section an explicit control of the ultracontractivity constant introduced
at the beginning of Section 5. To this aim we need to introduce the iterated carré du
champ.

Definition B.4 Given a differential operatorA, its iterated carré du champ �2 is defined
as:

�2( f , f ) := 1

2
[A�( f , f ) − 2�(A f , f )],

where � is the carré du champ of A.

Lemma B.5 Let p ∈ C2(M) be a positive density on M with respect to the volume
measure dx , andA a C2-elliptic second-order differential operator, which is symmetric
with respect to the probability measure μ = pdx . Then, there is a constant κ , which
can be negative, such that:

�2( f , f ) ≥ κ�( f , f ), (B6)
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In particular, the associated semigroup (Pt )t≥0 satisfies, for all t > 0,

‖Pt f ‖∞ ≤ exp

[
κdiam(M)2

2(e2κt − 1)

]
× ‖ f ‖L2(μ). (B7)

Proof Because A is a C2-elliptic operator of second-order, there is a C2-metric g̃ on

M such that �( f , f ) =
〈
∇̃ f , ∇̃ f

〉
g̃
, where ∇̃ is the gradient of the new metric (see

[53, eq. 1.3.3]). Hence, due to the symmetry ofAwith respect toμ,A = �̃+∇̃ln( p̃),
where �̃ is the Laplacian of the new metric and p̃ = dμ

dvolg̃
, where volg̃ is the volume

measure in the new metric.
Consequently, by [54, eq. C.5.3] we have �2( f , f ) = |∇̃∇̃ f |2 +(

Riccg̃ − ∇̃∇̃ ln( p̃)
)(

∇̃ f , ∇̃ f
)
, where Riccg̃ denotes the Ricci tensor. Therefore,

as in [54, eq C.6.3], (B6) is equivalent to

Riccg̃ − ∇̃∇̃ ln( p̃) ≥ κ. (B8)

Hence, from the compactness of M and the C2 continuity of both A and p, we have
the desired conclusion for the first part.

For the second part, we have from the implication (1) → (3) of Theorem 2.3.3 in
[24] with p = 2, that for any x ,

|Pt f (x)|2 =
∫
M

|Pt f (x)|2μ(dy) ≤
∫
M

Pt | f |2(y) exp

[
κdiam(M)2

e2κt − 1

]
μ(dy)

= exp

[
κdiam(M)2

e2κt − 1

] ∫
M

Pt | f |2(y)μ(dy) = exp

[
κdiam(M)2

e2κt − 1

]
‖ f ‖2L2(μ)

,

since μ is the invariant measure of the underlying process. Therefore, we have the
second inequality, which is the ultracontractivity of A. 
�
Remark B.6 We note that for the operator Apq defined by (1.1) with q ≡ 1, there
is no need to change the metric to obtain the result. Consequently, the constant κ

appearing in Lemma B.5 depends only onM, an upper bound on ‖p‖C2(M) and pmin.
This enables the choice of a uniform ultracontractivity constant umax for the minimax
lower bound in Section 6.

B.6 Essentially self-adjoint operator

Although A is symmetric, this does not guarantee that its adjoint A∗ is symmetric
unless A is self-adjoint. The essential self-adjointness of A means that its closure A
is self-adjoint, ensuring that the operator has a unique self-adjoint extension.

Proposition B.7 If A : C2c (M) → C0(M) ⊂ L2(μ) is symmetric and the measure μ

has a strictly positive density onM, thenA is essentially self-adjoint when considered
as an unbounded operator on L2(μ).
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Proof Since A is symmetric on the Hilbert space H = L2(μ), we have

∫
M

A f dμ = 0 for all f ∈ C2c (M).

The closure A : D(A) → H of A generates a semigroup (P(2)
t )t≥0 on H , satisfying

P(2)
t f = Pt f for all f ∈ Cc(M) (see [41, Theorem 1.5.38]).

The operator A is symmetric, being the closure of a symmetric operator. Moreover,
since A generates (P(2)

t )t≥0, we have P(2)
t f ∈ D(A) for all t > 0 and f ∈ Cc(M).

Consider the function

F(s) = 〈P(2)
s f , P(2)

t−s g〉L2(μ),

for fixed t > 0 and f , g ∈ Cc(M). This function is constant in s ∈ [0, t]. Indeed, for
0 < s < t , we compute by symmetry of A

d

ds
F(s) = 〈AP(2)

s f , P(2)
t−s g〉L2(μ) − 〈P(2)

s f ,AP(2)
t−s g〉L2(μ) = 0.

This implies that

F(s) = F(0) = 〈 f , P(2)
t g〉L2(μ) for all s ∈ [0, t].

Therefore, the semigroup (P(2)
t ) is self-adjoint, meaning that

(
P(2)

t

)∗ = P(2)
t . Con-

sequently, the generator A is self-adjoint, and since A is densely defined, it follows
that A is essentially self-adjoint. 
�

Appendix C SDEs for the diffusions with generatorApq

In this section, we give the SDEs satisfied by the diffusion processes of generator
(1.1) and (1.2). Recall that the Stratonovich integral (see [55, page 82]) is defined as
follows:

Definition C.1 (Stratonovich integral) Let X , Y be two continuous real-valued semi-
martingales. The Stratonovich integral of Y with respect to X , denoted by

∫ t
0 Ys ◦dXs ,

is defined by

∫ t

0
Ys ◦ dXs :=

∫ t

0
YsdXs + 1

2
〈Y , X〉t ,

where the first term is the Itô integral of Y with respect to X and 〈., .〉 is the bracket
process (also known as the quadratic covariation process).
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With the Stratonovich integral, the classical Itô formula can then be written is
the following way (see [55, Theorems 20-21, pages 277-278]), for a continuous d-
dimensional semimartingale X and a function f : Rd → R of class C2: f (X) is a
semimartingale and

f (Xt ) − f (X0) =
d∑

i=1

∫ t

0

∂ f

∂xi
(Xs) ◦ dXi

s . (C1)

Because of this chain rule, the Stratonovich integral is better fitted to differential cal-
culus on manifolds than the usual Itô integral.

We recall that a vector field V on a manifold M is a family {V (x)}x∈M such
that ∀x ∈ M, V (x) ∈ TxM (see for e.g. [56, Chapter 4]). In local coordinates
(x1, x2, ..., xd), a smooth vector field V can be represented as

V (x) =
d∑

i=1

V i (x)
∂

∂xi

∣∣∣∣
x
,

where V 1, . . . , V d are real smooth functions on the domain of the local coordinate
system, and where

{
∂

∂xi

}
1≤i≤d

denotes a basis of TxM.

Proposition C.2 (Theorem 1.2.9 in [53])
Let l ≥ 1. Consider the Stratonovich SDE

dXt =
l∑

α=1

Vα(Xt ) ◦ dBα
t + V0(Xt )dt (C2)

where (Vα)0≤α≤l areC2 vector fields and B = (Bα)1≤α≤l is the standard l-dimensional
Brownian motion. Then, there exists a unique strong solution to (C2) (up to explosion
time) whose infinitesimal generator is

A f (x) = 1

2

l∑
α=1

(
V 2

α f
)
(x) + (V0 f )(x),

where
(
V 2

α f
)
(x) := (Vα(Vα f ))(x), and whose carré du champ operator is given by

�( f , g) = 1
2

∑l
α=1 Vα( f )Vα(g).

Let {eα}1≤α≤m be an orthonormal basis on R
m . For each x ∈ M, we consider

Pα(x) the orthogonal projection of eα to TxM. Let us note that Pα is a vector field on
M. In a local coordinate system (x1, x2, ..., xd),

Pα(x) =
d∑

i=1

Pi
α(x)

∂

∂xi

∣∣∣∣
x
.
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Then the Laplace-Beltrami operator satisfies (see [53, Theorem 3.1.4])

� =
m∑

α=1

P2
α . (C3)

Remark that for two real-valued functions of class C2 on M, we have:

〈∇ f ,∇h〉 =
m∑

α=1

(Pα f )(Pαh). (C4)

Then, as an application of PropositionC.2, there exists a unique strong solution starting
at x ∈ M to the following SDE

dXt =
m∑

α=1

√
2q(Xt )Pα(Xt ) ◦ dBα

t

+
m∑

α=1

(
1

2
(Pαq)(Xt ) + q(Pα(ln p))(Xt )

)
(Pα f )(Xt ) (C5)

for (Bα)1≤α≤m independent euclidean 1-dimensional Brownian motions, and whose
infinitesimal generator is

Apq f = q� f + 〈q∇ ln(pq),∇ f 〉. (C6)

In the particular case where q ≡ 1, we deduce that the unique solution to the SDE

dXt = √
2

m∑
α=1

Pα(Xt ) ◦ dBα
t +

m∑
α=1

Pα(ln p)(Xt )Pα(Xt )dt, (C7)

has the infinitesimal generator

L f = � f + 〈∇ ln p,∇ f 〉.

Proof of C6 To compute the infinitesimal generator of (C5), we apply Proposition C.2
with Vα = √

2q Pα and V0 = ∑m
α=1

( 1
2 (Pαq) + q(Pα(ln p))

)
Pα . From this proposi-

tion, we know that the generator of X is, for a test function f of class C2,

Apq f (x) =
m∑

α=1

1

2
(V 2

α f )(x) + (V0 f )(x).

We have:
(

V 2
α f

)
(x) = 2

√
q Pα(

√
q(Pα f ))(x) = 2q(x)

(
P2

α f
)
(x) + (Pαq)(x)(Pα f )(x)
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Thus,

Apq f (x) = q(x)� f (x) +
m∑

α=1

(Pαq)(x)(Pα f )(x) + q
m∑

α=1

(Pα(ln p))Pα.

We conclude thanks to (C4). 
�
At last, sinceApq is self-adjoint with respect to μ, we deduce the following propo-

sition.

Proposition C.3 The measure μ = p(x)dx is invariant for Apq .

Appendix D Kullback-Leibler divergence of path spacemeasures on
manifolds

In this section, the operator L will be denoted by Lp to highlight its dependence with
respect to the density p of the measure μ. Let us denote by P(p,T ) the probability
measure on C([0, T ],M), given by the distribution of the diffusion with generator
Lp, defined for f ∈ C2(M) by:

Lp f = � f + 〈∇ f ,∇ ln p〉,

and starting from its invariant measure μ = pdx .
We will denote by E(p,T ) the expectation in the distribution P(p,T ) and we define

the Kullback-Leibler divergence as:

KL(P(p,T )||P(q,T )) = E(p,T )

[
ln

dP(p,T )

dP(q,T )

]
(D1)

where dP(p,T )/dP(q,T ) stands for the density of P(p,T ) with respect to the measure
P(q,T ).

Theorem D.1 For any two C1 strictly positive probability densities p and q on M,

KL(P(p,T )||P(q,T )) = T

4

∫
M

‖∇ ln p − ∇ ln q‖2 p2dx . (D2)

The proof of Theorem D.1 relies crucially on Girsanov’s theorem.

Proposition D.2 (Girsanov’s theorem for embedded manifolds) Consider two contin-
uous tangent vector fields Z1, Z2 that are tangent toM. Suppose that (Xt )t≥0 satisfies
the Stratonovich SDE:

dXt = Z2(Xt )dt + √
2

m∑
α=1

Pα(Xt ) ◦ dBα
t , X0 = x0 ∈ M,
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where B = (Bα)1≤α≤m is a m-dimensional standard Brownian motion under P, and
(Pα)1≤α≤m is the tangent projection of the standard basis of Rm on M (see Section
Appendix C). Then, defining for any T > 0,

ET = exp

(
−
∫ T

0

1√
2
(Z2 − Z1)(Xt )dBt + 1

4

∫ T

0
‖Z1(Xt ) − Z2(Xt )‖22dt

)
,

(D3)

it follows that:

E(ET ) = 1

and under dQ = ET dP, (Xt )t≥0 is a solution to the SDE:

dXt = Z1(Xt )dt + √
2

m∑
α=1

Pα(Xt ) ◦ d B̃α
t , X0 = x0 ∈ M,

with B̃ being a Brownian motion under Q.

Proof of Proposition D.2 Let T > 0. The first part follows from the fact that the Itô
integral

∫ T
0 (Z2 − Z1)(Xt )dBt is a local martingale with bounded quadratic variation

(since the Zi ’s are continuous andM is compact, hence the Zi s are bounded onM).
For the second part, by Girsanov’s theorem in R

m , the stochastic process (B̃t )0≤t≤T

defined by:

B̃t = Bt +
∫ T

0
u(Xt )dt,

with u(x) = 1√
2
(Z2 − Z1)(x), is a standard Brownian motion under Q. Besides, the

Stratonovich SDE for Xt can be rewritten as:

dXt = Z2(Xt )dt + √
2

m∑
α=1

Pα(Xt ) ◦ dBα
t

= Z2(Xt )dt + √
2

m∑
α=1

Pα(Xt ) ◦ (d B̃α
t − uα(Xt )dt

)

= √
2

m∑
α=1

Pα(Xt ) ◦ d B̃α
t + (Z2(Xt ) −

m∑
α=1

√
2uα(Xt )Pα(Xt ))dt

= Z1(Xt ) dt + √
2

m∑
α=1

Pα(Xt ) ◦ d B̃α
t ,

hence, we imply the desired conclusion. 
�
Let us now prove Theorem D.1.
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Proof of TheoremD.1 Let (Xt )t≥0 be a solution to the SDE:

dXt = ∇ ln p(Xt )dt + √
2

m∑
α=1

Pα ◦ dBα
t ,

with X0 uniform onM and with B being a m-dimensional standard Brownian motion
under some probability space P. The infinitesimal generator of (Xt )t≥0 is Lp by (C7).
By Proposition D.2, (Xt )t≥0 is also a solution to the SDE:

dXt = ∇ ln q(Xt )dt + √
2

m∑
α=1

Pα ◦ d B̃α
t ,

with X0 uniform on M, and where B̃ is a m-dimensional standard Brownian motion
under the probability measure Q defined by dQ

dP = ET with

ET = exp

(
−MT + 1

2
〈M〉T

)
, MT =

∫ T

0

1√
2

(∇ ln p − ∇ ln q) (Xt )dBt .

Therefore, by the definition of Kullback-Leibler divergence,

KL(P(p,T )||P(q,T )) = E

[
ln

dQ

dP

]
= E

[
−MT + 1

2
〈M〉T

]
= 1

2
E[〈M〉T ].

We have the desired conclusion by computing E[〈M〉T ], because the distribution of
Xt is μ = pdx at each time t ≥ 0. 
�
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