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Abstract

Using the Malliavin Calculus, this paper proves the existence of a weak function-solution
of class ¢°° with bounded derivatives of the Landau equation for a generalization of Max-
wellian molecules when the initial data is a probability measure. (©) 2002 Elsevier Science B.V.
All rights reserved.
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1. Introduction

The Landau equation, also called the Fokker—Planck—Landau equation, is obtained as
limit of the Boltzmann equation when all the collisions become grazing. Its expression,
in the spatially homogeneous case, is

d

of 1 0 of
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where f(v,¢) >0 is the density of particles with velocity v € RY at time ¢ € R*, and
(a;ij(2))1<ij<a 15 a nonnegative symmetric matrix depending on the interaction between
the particles.

In this paper, we study the Landau equation for a generalization of Maxwell gas.
We consider a matrix a of the form

aij(z) = h(|z]*)(|z[*6y — ziz), 2)

where £ is a positive continuous function on R, such that there exist m,M > 0 with
Vz € R4

m < h(|z)?) < M. (3)

When 4 is a constant, we recognize the coefficient of the Landau equation for
Maxwellian molecules.
We define the vector b by

d
biz) =Y 0;a;(z) = —(d — Dh(|z|")z:. (4)

J=1

Then, by integration by parts, we can give a weak formulation of Eq. (1), and conse-
quently we define the notion of weak function-solution.

Definition 1. Let £(.,0) be a nonnegative function on R? with finite mass and energy.
A nonnegative function f on RY x R* is a weak function-solution of the Landau
equation with initial data f(.,0), if f satisfies the following equation for any test
function ¢ € 2(R?,R)

d
2 / (o) /(v 1) dv

d
= % Z /WXW dodo, f(v,1) f(vs, D)aij(v — v )(0ij (V) + 0 p(vs))

i,j=1

1 d
£330 [ e S0 OB = )00 = D)) (9)
i=1

dXRd
where 0;¢p = 0¢p/dv; and ;¢ = 0> p/0v;0v;.

Eq. (5) conserves mass, momentum and energy. Thus, if there exists a weak function-
solution f of (5) with an initial data satisfying fRd f(v,0)dv=1, the measure P, on R’
given by P;(dv) = f(v,t)dv is a probability measure, for any ¢ > 0. Thus, we define
a probabilistic notion of solutions of the Landau equation.

Definition 2. Let Py be a probability measure on R? with a finite two-order moment
(ie. o [0]*Po(dv) < 00). A measure-solution of the Landau equation (6) with initial
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data P, is a probability flow (P;),>o on R? satisfying

d 1<
g [oora@r=3 3 [ i ([ pieaae =) ao

ij=1

d
+ l:ZI /Rd Pt (dU) (/Rd Pt (dv*)b,-(v — U*)> 6l(p(1;) (6)

for any function ¢ € %2(R?,R).

This approach allows us to have weaker conditions on the initial data, i.c. we can
assume that the initial data is a probability measure and not necessarily a density of
probability.

Remark 3. With an abuse of notation, we will still say that a probability measure P
on %6([0, T1, R?) is a measure-solution of the Landau equation when its time-marginals
flow is a measure-solution in the sense of Definition 2.

Guérin (2000) has already stated the existence of a probability measure-solution of
Landau equation (6). We are here interested in proving with a stochastic approach
the existence of a bounded weak function-solution of (5) of class ¥°° with bounded
derivatives.

Let us briefly recall the main results of Guérin (2000). We will associate with
Landau equation (6) a nonlinear stochastic differential equation driven by a space-time
white noise. We highlight the nonlinearity using two probability spaces: (€2, %, [P) and
([0,1], %([0,1]),da), where du is the Lebesgue measure on [0, 1]. In order to avoid any
confusion, we will denote by E the expectation and % the distribution of a random
variable on (2, #,P) and E,, %, for a random variable on ([0, 1], %4([0, 1]),dx).

Since a is a nonnegative symmetric matrix, there exists a matrix ¢ of order d x d’
such that

*

a=o0.0", @)

where ¢* is the adjoint matrix of .
We define a d’-dimensional space—time white noise on [0, 1] x [0, 00), by

m
w=1: |, (8)
W

where the I; are independent space—time white noises with covariance measure do d¢
on [0, 1]1x[0,00) (according to the definition of Walsh (1984)). We consider its natural
filtration (F )50, F; = a{W* ([0,s] x A): 0 <s <t, A€ A([0,1])}.
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For k > 2, we define #; the space of continuous adapted processes X = (X;);>0
from (2,F,(F,)i=0,P) to R?, such that

E[ sup |Xt|k} < oo

0<t<T

for any T > 0, and %, the space of continuous processes ¥ = (¥;);>o from ([0,1],
2([0,1]),da) to RY, such that

e o, ] <

0<t<T

for any 7 > 0.

Let X, be a random vector on R?, independent of Wd/, with a finite moment of
order 2.

We consider the following nonlinear stochastic differential equation.

Definition 4. Let X, and W? be defined as below. A couple of processes (X,Y) on
(Q, 7 (F)i=0,P) x ([0,1],48([0, 1]),do) is solution of the nonlinear stochastic differ-
ential equation (NSDE(a,b)) if for any t > 0

t 1 t 1
_ _ d’ _
Xo=Xo+ /0 /0 o(X, — V(o) (e ds) + /0 /0 BOY, — Y,(2))dacds

and L(X)= Z,(Y).

We notice, using Ito’s Formula, that the distribution of a solution of (NSDE(a,b))
is a weak measure-solution of the Landau equation (6) with initial data Py = £ (Xp).

In Guérin (2000) (Theorem 10), we have proved the following theorem for k& = 2,
but, adapting the proofs, it is still true for any & > 2.

Theorem 5. Assume that W is a d'-dimensional space—time white noise and assume
that Xy is an independent random vector on R? with finite moment of order k. If the
functions o and b, defined by (7), (2) and (4), are Lipschitz continuous, there exists
a couple (X,Y), unique in law, solution of the nonlinear equation (NSDE(c,b)) with
X Y)eEPr X P

Corollary 6. Assume that P, is a probability measure with a finite moment of order
2. There exists a measure-solution (P;);>¢ with initial data Py to Landau equation
(6) when o and b are Lipschitz continuous functions.

Corollary 7. Assume that Py is a probability measure with a finite moment of order
2. There is uniqueness of the measure-solution (P;),>o with initial data Py to Landau
equation (6) when o and b are Lipschitz continuous functions.
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Proof.

e We just have to prove the uniqueness of the solution (Q!);>o of the linear Landau
equation, i.e.

d 1 <
T @(v)Q; (dv) = 3 ”2:1 /Rd 0O, (dv) (/Rd M (doy)agi(v — vy )> 0ij(v)

d
+ ; /Rd O (dv) (/W U (dv, )bi(v — vy )) dip(v), ©)

where (u;);>0 is a probability flow on R?. Indeed, as a measure-solution (P;);>¢
to the (nomlinear) Landau equation is also a solution of the linear equation (9)
with y, = P, for any ¢ > 0, by uniqueness of the measure-solution of (9), (P;);>¢ is
uniquely determined.

e The linear Landau equation (9) satisfies the assumptions of Theorem 5.2 in Bhatt
and Karandikar (1993), then there is uniqueness of the measure-solution of (9). [J

Remark 8. We notice that we can choose

o) = \Jh(zP) | ] (10)

—Z]

in dimension two, and

oz)=/h(z) | =21 0 =z (11)

0 z1 —=z

in dimension three. Then, if h is a bounded function of class €' with h'(x)=0(1/x?)
when x — 400, ¢ and b are Lipschitz continuous functions of class €' on R?, for
d =2,3. This property can be generalized in higher dimension.

The aim of this article is to find a weak function-solution of the Landau equa-
tion when the initial data is a probability measure. To state the existence of a weak
function-solution of (5) from a measure-solution, it is enough to show that the measure-
solution is absolutely continuous with respect to the Lebesgue measure. Indeed, if
(P;)i>0 is a measure-solution of (6) with initial data Py and if there exists a nonneg-
ative function f;, on R? such that P,(dv) = f,(v)dv for any z > 0, then the function
f defined by f(v,t)= f,(v) for any v€R?, ¢ >0, is a weak function-solution of (5)
with initial data P.

The idea consists in using the relation between the Landau equation and the nonlinear
differential equation (NSDE(q,b)). In fact, we develop a Malliavin Calculus for the
value X;, ¢t > 0, of the solution X of (NSDE(g,b)) obtained in Theorem 5, inspired
by the methods used by Bally and Pardoux (1998) and Nualart (1995).
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The Maxwellian case (i.e., when the function / is a constant) is studied in detail with
an analytic approach by Villani (1998). When the initial data is a nonnegative function
fo with finite mass and energy, Villani has proved the existence and the uniqueness
of a bounded solution of (1) of class €.

We prove here the existence of a bounded weak function-solution of Landau equation
(5) of class ¥ with bounded derivatives when the initial data is a probability measure
with finite moments for some bounded functions 4.

1.1. About the Malliavin calculus for a white noise

The Malliavin calculus is almost the same for the white noise as for the Brownian
Motion. We use in the following the same notation as Nualart (1995). We just recall
the definitions of the main spaces for the Malliavin calculus.

Let W? be a d’-dimensional space—time white noise.

Let & be the class of random variables F having the following form:

F=1m"(g1),....m" (gn)),

where f is a ¢°° real valued function on R” with partial derivatives having polynomial

growth, g =(g;;) L<i<n is a matrix with components in L2([0, 1] x [0, 00), da ds), and
I<j<d’

d’ oo pl
we (9) = JZ]/O /0 g,j,-(s,oc)Wj(doc, ds).

Assuming that (r,z) €[0,00) x [0,1], we define the first-order Malliavin derivative

Dfr’Z)F of F in relation to the /th white noise W; at point (r,z), with /€ {1,...,d’}, by

Dy F =0 f (W (g1)s-... W (g2)gun(r.2).
i=1

For k > 1, set 4+=((r1,21),...,(rk,zx)) with r,, €[0,00) and z,, € [0, 1], m=1,...,k. We
define by iteration the derivatives of order k. Let (/y,..., ;) be a k-uplet of {1,...,d"},
we denote by

Dy="F =Dl D ..D{. . F.

(reszi )~ (Fke—1,2k—1) ° (ri,21)" °

We denote by D*” the completion of % with respect to the norm

d’ l/p

k
IFllep=|EQFID)+D- > EAD"™"Fll%, D]

m=111,...[n=1

where

R e

with 4,, = ([0,00) x [0,1]1)" and An = ((71,21)s s (FmsZm)) € Am.
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We also denote by D the subspace of the infinitely differentiable variables:

ANER

p=lk>1

When F is a random vector in R?, we differentiate component by component and we
denote by DF the matrix (DF);; =D'F;, 1 <i<d, 1 <1<d'. The Malliavin matrix
is defined by

T prl
I = / / D(r,Z)F.(D(,,,Z)F)* dzdr.
0 J0

In this paper, under suitable assumptions on ¢ and b and integrability conditions on
the initial data X;, we show that for any ¢ > 0 the value X; of X obtained in Theorem
5 satisfies the conditions of one of those two following theorems.

Theorem (a) (see Nualart, 1995, Theorem 2.1.2).
Let F = (Fy,...,Fy) be a random vector on (Q,7,P) satisfying the following
conditions:
(i) F; belongs to the space D“?, p > 1, for any i=1,...,d.
(ii) The Malliavin matrix I = fooo fol D \F(D.-F)* dzdr is invertible a.s.
Then the distribution of F is absolutely continuous with respect the Lebesgue
measure on R,

Theorem (b) (see Nualart, 1995, Corollary 2.1.2).
Let F = (Fy,...,Fy) be a random vector on (Q,7 ,P) satisfying the following
conditions:
(i) F; belongs to D°, for any i=1,...,d.
(ii) The Malliavin matrix I = [;° fol D )F.(Dyy,-)F)* dz dr satisfies

(det/)~" € () L7(Q).

p>1
Then F has an infinitely differentiable density.

1.2. Notations

e %([0,T],R?) is the space of continuous functions from [0, 7] to RY, and for k € N,
%%([0, T],R?) is the space of functions of class €* with all its derivatives bounded
up to order k.

o My44(R) is the set of d x d’ matrix on R.

e For k > 2, a random variable Z on (,.7,P) belongs to L* if Z has a finite moment

of order k, i.e. E[|Z|f] < co.

K is an arbitrary notation for a positive constant (K can change from line to line).
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2. Computation of the derivatives of X
2.1. The first derivative

Assumption (H'). ¢ and b are Lipschitz continuous functions of class %' from R’ to
Mq.q(R) and R, respectively.
We denote by K, and K}, their Lipschitz constants.

Theorem 9. We assume that Xy has a finite 2-order moment. Let (X,Y) be the
solution of the nonlinear stochastic differential equation (NSDE(a,b)) obtained in
Theorem 5. (Y will play a parameter role in the following.)

Under Assumption (H'), Vt€[0,T]Vi = 1,...,d, X;, € D'2. The ith component
of its derivative in relation to the Ith white noise at point (r,z)€[0,00) x [0,1] is
given by

t o1 dd
Dy, X = 0:.1(X, — Yi(2)) + / 3 0mois(Xe— Yi(@))DY, ) Xon s Wi ot ds)

rJ0 =1 m=1

t o1 d
+ / / > dmbi(Xs = Yo(2))D{, oy Xop,s dotds
rJo

m=1

if t>rand D}, \Xi, =0 if t <r.

Proof. Since Xj is independant of the white noise, we notice that we can extend the
definition of the sets D%” and D> to the case we are considering.
We consider the Picard sequence of £;-processes defined by

X' =X,

t 1
X — X, +/ / o(X" — Yy(a))W? (dot, ds)
0 0

t gl
-l-/o/ob(X;’—YS(oc))docds. (12)

Then, the ith component writes

t 1 d/

X =X +/ Za’?k( o — Yo(a)) Wi (do, ds)
0

0 =1

ol
+// bi(X]" — Yy(a))dods.
00
According to Guérin (2000) Theorem 8, the sequence (X") satisfies

supE[ sup Xr”|2] <0 (13)

n 0<r<T
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and converges for the norm

[U[l = || sup [Ui]|| toX.

0<t<T

L2

Let 7 > 0 be arbitrary fixed. Let r€[0,7] and (r,z) € [0,T] x [0, 1] be fixed.

We show firstly by recurrence that for any » > 0, X/ is differentiable at point (r,z)
in the Malliavin sense.

Recurrence Hypothesis.

() X, D2 W E[0,T] Vi=1.....d.
(i) sup,cpo 7y Zl 1E(fO fo \D(rZ)X”|2 dzdr) < oo where \D(, Z)X”|2:Zl I(D(rz) (A

For n =0, Recurrence Hypothesis is satisfied.

We assume that it is true at rank n. According to Nualart (1995) Proposition 1.2.2,
since ¢ and b are functions of class (6}), we notice that Vi=1,...,d Vk=1,...,d’,
ouk(X!" — Y,(2)) € D'2 and b(X/ — Y,()) € D2,

As for the Brownian Motion, we can show that derivative and integral commute
(see Nualart, 1995), then X/ 'eD"2 Vre[0,T] Vi=1,...,d. Moreover, its derivative
at point (r,z) €[0,7] x [0, 1] in relation to the /th white noise W; is given by

Dl X! = 0,0(X) — Y,(2))

1 d

+// ZZ@ (X" — Yy(0))D},. X Wy (dot, ds)

k=1m=1

+// Za biX! — V(2D . X, dads

if » < ¢, and Dl )X”“ =0 else.
We still have to check that

d oo rl
sup ZE / / |D(l,’Z)X,”+1|2dzdr] < 0.
o Jo

€011

We define

d’ 0o pl d’ t pl
Sit)=> E /0 /0 D{r,z)xtnzdzdr]:ZE /0 /0 D(’r,z)Xt”zdzdr].
=1 I=1

According to  Recurrence  Hypothesis,  sup,cpo 77 Sa(f) <oo. Let us study

Sup; o, 7y Sn+1(2)-
Let l €{l,...,d'} be arbitrary fixed. We divide in three parts the expectation

D! X”“ 2dzdr].
0 0 (r,z)
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t prl
I |a,~,1<X,.”—n(z>)|2dzdr]
0J0
t rl
< 4K2E l// IX")? + |V (2)* dzdr
0J0

since ¢ is Lipschitz continuous

We define

E=F

+ 2T |6(0)[?

< 4K*T (supE [ sup |X,”|2] +E, [ sup |Y,2}> +27|a(0)|?
n

0<r<T 0<r<T

According to (13), we have supy, ;£ < oo.
We define
2

/ot/o1 /rt/o ZZ@ 0t (Xy' = Yo(0)D 2 Xy, Wi (dot,ds)| - dzdr

k=1 m=1

/ / / /0 Z(Zﬁmm(X” Yo(@))D}, .\ X )2 dods| dzdr

since W are independent white noises

<y [ s

k=1 m=1

t 1
I <amol-,k(X:’Yy(oc))Dé,.,z)sz,_ozdads] dzdr
r 0

using Holder’s Inequality.
Since the par‘tial derivatives of ¢ are bounded by K,

KZZZ / / / / (D}, X ] dads] dzdr
k=1 m=1
s 1
/ / |D(lr,z)X9”\2 dzdr] ds
o Jo

t
= d'dK? / E
0

using Fubini’s Theorem.
We consider now

2
dzdr

d
> oubi (X = Yo(a)D}, .\ X dords
m=1

Using the same method as for integral £, we finally prove that

Sn+1(t)<Co+C1/ S(s)ds < Co+ C1T sup S,(t) < + 0o (14)

0<t<T
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with

Co = 12dd'K*T <supE { sup |X;’|2} +E, { sup |Y,,|2D + 6dd'T|a(0)|%,

0<r<T 0<r<T
C) = 6d* max(d'K2,KiT).

Thus, Recurrence Hypothesis is satisfied for any n > 0.
Since Sy = 0, we notice that we have in fact a stronger result than property (ii).
Estimate (14) implies that sup, osup,cg, 7 Sx(¢) < Coe“'". Finally, we have proved

Vn>0vte[0,T]Vi=1,...,d X/, € D", (15)

d’ t ol
sup sup Y E (/ / D(l,’Z)X,”|2dzdr> < . (16)
0 Jo

n=01€[0.1] =5

Since the sequence (X") converges uniformly on [0,7] in [? to X and thanks to
(15) and (16), we deduce that X is differentiable (see Nualart, 1995, Lemma 1.2.3).
Moreover, the sequence of derivatives (DX") converges to DX for the weak topology
on L2([0,T] x [0,1] x Q). Thus, the theorem is proved. [

2.2. The upper order derivatives
We state that X belongs to D> under a stronger assumption on ¢ and b.

Assumption (H>*). ¢ and b are Lipschitz continuous functions of class °° with
bounded derivatives from R? to .#, 4(R) and RY, respectively.

Notations. Let k£ > 1. We define A, = ((r1,21),...,(r,2zx)) and

;Lm - ((rlazl )9"'9(rm—1’Zm—1)9 (rm+lazm+1 )9"'9(rkazk))

with 7, €[0,¢] and z,, €[0,1] for m=1,...,k.
Let us now define [(E)=1,,..., [, and A(E)=((7¢,2 ), --,(7%,»2;,)) for any subset
E={e,....,e} of {1,...,k}. We consider

d
. . IE I(E,
25 i) (8500, A) = Z Z Ok 01 /(X — Ys(oc))DZ((Ell))Xkl,s B ~D)~((E\‘))ths
boke=1

; I(E I(E,
Bior,..10)((s, ), ) = E Okyo b Di(Xs — Yv(d))Di((E'l))Xk,,s . ~D/1((E“))Xk‘,,s,
fror=1

where the first sum is taken on all partitions £; U---UE, ={1,...,k}.
We define at last,

(s, 2)) = 055(Xs — Yy(0)).

We denote by 7 V-V ry =sup{ri,..., 7}
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Theorem 10. Assume that Xo€L?, for any p>=1. Under Assumption (H*),
Vt = 0 X, € D*°. Moreover, the ith component of one of its derivative of order k
at point 2y = ((r1,z1),...,(rr,z)) is given by the following equation:
k
Iyl j 5
Dy Xi =Y Z 1t st (s Zn)s o)

m=1

¢ 1 d
+ / / SO (52, 20, (o ds)
V- -Vrg JO j=1

+/ / 18(11 1o((s,00), 2 ) docds (17)
rV--Vry

ift=rnV---Vr and Di‘k""’l*Xi,,:O ift<rV---Vr.

Remark 11. In expression (17) of the kth derivative, the terms in the first sum with
Fm <ri V.-V are equal to 0.

Proof. We use again the Picard sequence (X"),>¢ defined by (12). For any p > 2,
n>=0, X"€l? and (X") converges uniformly to X in L”. As ¢ and b satisfy As-
sumption (H*), using the same method as in the previous paragraph, we prove that
X"eD"? V¥p > 1 for any ¢ > 0. By recurrence, we prove that V¢ > 0, Vn > 0 X/ € D>,
Let us fix 7 > 0.
Recurrence Hypothesis (h,):
(i) X, e D, VZE[OT] Vi=1,...,d.

(i) suprego 1y i1 te1 EU{go. 0011y \D’ X |Pd2g) < 00 Vp = 1,Vk > 1.

.....

Iyl +1 )
Dyt X _ZZ, (Draed i) s Zm)s Zam)

.....

/ v / ﬁ(ll ..... lk)((s’d),/lk)dlde (18)

ift>rV---Vr and Di‘k’""l"XZ’, =0 else, where 2" and f" are defined as 2 and f
replacing X with X".

Hypothesis (hg) is satisfied.

Let us assume that Hypothesis (h,) is true, and let us study (h,,;). According to
Assumption (H*°) and adapting the computation of the first derivative, it is easy to
state that the two first properties are satisfied. We just check the expression of the kth
derivative by recurrence on k.
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For k =1, we have

¢ 1o d
Dl =2 o) + [ /0 SO (5,00, (,2) ) (da, ds)
r =1

‘o
+/r/0ﬁg’;;((s,oc),(r,z))docds,

then expression (18) is satisfied.
We assume that the expression (18) of the kth derivative is true, and we now
compute the derivative of order & + 1

et Iy Ik yrn+1
D! (D" X5)

(Pk+15Zk+1)

k
[A 1 0
(”Zﬂ Zk+1) (Z lm (Ul — 1l 1 5mes lk)((rm’zm )> 2om )>

m=1

+ Z;l/;il,([l:---,l/c)((rkJrl »Zk+1 )’ /Lk)

t 1 d
/ 1
1 A D L AR TR NI
V-V Vg i—1

t 1
Dl y \
S T AT R TR LELR

1V VI Vg

Using some elementary computations, we obtain

lk 1 l,..A,l n+1 3
D(’”I:rl,zkﬂ)(D;»L kXisf )_Zzl KT S S 1k+|)((rm’z’")’)vm)

+21k (e [k)((rk+lazk+l)3 2k+1)

' 1 d
o G @ndy
rVe-Vree J0 j=1 ’

t 1
+ / / Biir..tideo (5500, 2k ) docds.
rVe-Vree J0

So by recurrence, property (iii) of (h,y;) is proved and consequently for any n > 0
Recurrence Hypothesis (h,) is satisfied.

Moreover, as in the computation of the first derivative, we have a stronger property
than (ii) in (h,):
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Lemma 12. If we denote by

Sui(t) = E (/ \DL x| d)uk) ,
’ ZA x4

M= sup sup sup S,4(?),
0<q<kn=0¢€[0,T]

then for any k =1, M < oc.

Proof. The proof is similar to the proof of Theorem 9. [
As (X") converges to X in L? uniformly on [0,7] for any T > 0, the process X
satisfies the conditions of Lemma 1.5.4 in Nualart (2000). Then, the theorem is proved.
I

3. Existence of a weak function-solution of the Landau equation

Under some suitable conditions on the function 4, the Landau coefficients satisfy
Assumption (H') (see Remark 8). Consequently, if X, belongs to L2, the process X
solution of (NSDE(a, b)) is differentiable in the Malliavin sense. Let us now study the
Malliavin matrix [, = fOT fol D X (Dy.yX;)* dz dr for any ¢ > 0 to state the following
theorem.

Theorem 13. Assume that Xy is a R?-valued random vector with a finite 2-order
moment. Let ¢ and b be the coefficients of the Landau equation defined, respectively,
by (7), (2) and (4). We assume that ¢ and b are Lipschitz continuous of class €'.
If the distribution of Xy is not a Dirac mass and if we denote by (X,Y) the solution
of the nonlinear stochastic differential equation

t 1
X, = X + / / o(X, — V()W (ot ds)
0 0

t 1
+ /0 /0 b(X; — Y,(4))dods  (NSDE(s, b))

then, for any t > 0 the distribution P; of X; is absolutely continuous with respect
the Lebesgue measure.

Corollary 14. Let Py be a probability measure such that [ |x|*Py(dx) < cc. Let o
and b be the coefficients of the Landau equation defined, respectively, by (7), (2) and
(4). We assume that ¢ and b are Lipschitz continuous of class €'. If Py is not a
Dirac measure, there exists a unique weak function-solution of the Landau equation
with initial data Py.

Proof. Let X; be a random vector with distribution Py, and X be a solution of
(NSDE(a, b)) with initial data Xj. If we denote by f, the density of the distribution of
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X;, then, using 1t6’s Formula, the function f, defined by f(x,t)= f,(x) for t > 0, is a
weak function solution of Landau equation (5) with initial data Py.
The uniqueness is given by Corollary 7. [

Remark 15. Without any restriction, we can assume that E[Xq] =0 to simplify the
computations.

Proof. By conservation of momentum, if we define for any ¢ > 0, X/ =X, — E[Xy], the
expectation of X’ is equal to 0 and X' satisfies the following equation:

t 1 t 1
x4 [ [ ot - v @nds)+ [ [ - v dnds
0 0 0 0

with ¥/() = Yy(a) — E[Xo].

As (X)) = Z,(Y), we also have L(X')= L, (Y').

If we prove that the distribution of X/ has a density f/ with respect to the Lebesgue
measure, then X; has a density given by f/(z) = fi(z — E[Xo]). O

Proof of Theorem 13. We recall the expression of the first Malliavin derivative of X
at point (r,z) €[0,00) x [0, 1]:

D(lr,z))(i,t = O'i,l(Xr - Y,(Z))
1 d

+// Z Z 2 m0i, k(X Y, (OC))D(I z)Xm ku (dzx dS)

k=1 m=1

t pl d
+ / / S 0ubi(Xs — Yy(2)D}, . Xy dads
rJ0

if t > randD X,,—O else.
We fix (7, z)e [0 o0) x [0,1] and we define

Si() = (5mf7i,k(-))1 <i,m<d
B(.) = (Ombi())1<im<d

Thus we give a matricial expression of the derivative of X

DX = o(X, = Y(2)) + / / Zsk(x Y(2))Dy )X Wy (s, ds)

t 1
+ / / BUX, — Yy(2))Dgro X, dords
r 0
D(r,z)/\/t =0

if t<r
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Let us define the semimartingale Z”, for any ¢ > r,

t 10 d t ol
z-[ | D S0k~ K 62,09+ [ B = v anas

As S and B are bounded, (Z]),>, is a continuous semimartingale and the first derivative
satisfies the equation

t
Darki = o, = 1) + [ 42D, (19)

Using the results of Jacod (1982), there is a unique solution of (19) defined almost
surely, for any ¢ > r by

D(r,z))(t = @@(Z);O'()(I - Yr(z))

with £(Z); invertible for any ¢ > r.
We fix now ¢ > 0.
We want to apply Theorem (a), thus study if the Malliavin matrix /; is invertible a.s.

o0 1
I; :/ / D(r,z))(b(D(r,z)/Yt)>‘< drdz
0 0
t 1
= / / D(r,z))(t~(D(r,z)/Yt )>k drdz
0 Jo

t 1
= [ | é@pot - vene o - ey ar:
0 0

t 1
= / 82, ( / a(Xr—Yr(Z))dZ> (E@Y,y dr,
0 0

I, is a nonnegative symmetric matrix, then /; is invertible if and only if V*.[,.V > 0
for any ¥ € R\ {0}.

We define I, = [ a(X, — Y,(2))dz.

We prove the theorem by contradiction.

Assumption. Let us suppose that /; is not “invertible a.s.”.

Then, there exists a subset 2; C Q, P(2;) > 0, such that Vo € Q; I;(w) is not
invertible.

Let €, be such that P(€;) =1 and Yo €, Vr <t, (Z)/(w) is invertible. We
define Qy = Q; N Q,, and we notice that P(Qy) > 0.

Let us fix wq € Q.

As I,(wp) is not invertible, there exists a vector ¥ = V(wy,t) € R? \ {0} such that

VLo (1).V = /O V(2 (00).T (00)(EZ) ()" V dr =0
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As for any r < ¢, &(Z)/(wo).I'(00).(E(Z);(wp))* is a nonnegative symmetric matrix,
we notice that
V*.8(Z), (o). (00)(E(Z); (w0))".V = 0.

Then, on a subset J,, of full measure in [0,¢], V*.E(Z),(wo).I'+(wo)(E(Z);(w0))*.V =
0, which implies that Vr € J,,, &(Z);(wo).I'(w0).(6(Z),(wp))* is a noninvertible ma-
trix. However, since Qg C €2, §(Z)(wo) is invertible for any » < ¢, and consequently
I'y(wo) is not invertible for r € J,,.

Let us now study if the situation “I',(w¢) noninvertible for almost all 7 is possible.

Using Lebesgue’s Theorem, we notice that the mapping » — I'.(wg) is continuous.
Consequently, I',(wq) noninvertible for almost all » implies that I",(wg) is noninvertible
for any r €[0,1¢].

Let V = (V;)1<i<aq be a vector in RY\ {0}.

Using lower bound (3) of 4, since E[X;]=0 and L (X,)= Z,(Y;) V¢ = 0, we obtain
the following estimate:

V*F,(wo)V

1
- /0 H(X,(@0) — YA [V 1K (00) — T(2)?

d 2
- (Z ViXi () — n,r<z))> dz

i=1

d 2
>m ||V X (w0)]* — <Z V,»Xi,r(wo)> +E(XLPIVE = (X, 7))

i=1

Using Cauchy—Schwarz’s inequality, we notice that
2

d
|V|2|Xr(w0)|2 - (Z Vi)(i,r(wo)> =0
i=1
and consequently,

Vi3I (w0).V = mE(X V] = (X, V)?), (20)
I'.(wo) noninvertible means that for any r € [0,¢] there exists V, = V,(wp) € R? \ {0}
such that V*.I'.(wg).V, = 0. We can assume that |V,| = 1 without restriction. Never-

theless, using expression (20), this implies that there is equality in Cauchy—Schwarz,
i.e. Vr €[0,¢] there exists a random variable U, such that for any w € Q,

X ()= U (0)V,. (21)
Using the conservation of the momentum, of the kinetic energy and |V,| =1, we notice
that E[U,] = E[Xo] =0 and E[U?] = E[|Xo|*]. Moreover, since the distribution of Xj is
not a Dirac measure, E[U?]# 0 for any r € [0, ¢].

The distribution of a solution of (NSDE(s, b)) is a measure-solution of the Landau

equation (6). Then, we will now study if the distribution of a process defined by (21)
can be a solution of the Landau equation.
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We denote by Q the distribution of the process U and by Q, the distribution on R
of U,. Using (21), Eq. (6) writes

d 1<
G [ om0 @ =33 [ aie = 0s06r)0 @nody)

hj=1

" Zdlj | b= V0010, (0000, @)
for any test function ¢ € 2(R?,R).
As [V =1, for i,j€{1,...,d},
ay((x = p)Vi) = (x = yYh((x = ) )S; = VieVio)s
bi((x = y)V;) = —(d — D)(x — y)h((x — y)* Wi

Then,
g | oero @
1 d
~2 i;@v‘ ~VaVio) /RX[ROC = PP h((x = )50V Q: (dx)Q; (dy)

d
—d-1)> Vi /R = (- Y)0:p(xV)Q0: (dx)Q; (dy).
i=1 X

We now explicit the equation satisfied by the 2-order moments of X: let k,/ € N, k£ #£[.
Using ¢(v) = v} or ¢(v) = vxv;, v € R?, we obtain

d d

a ), Ve 0 ) = EUXT g 7,

=(1—-dV) g R(x — W2h((x = »))Qi (dx)Q, (dy),

d d
a/ﬂ_‘qVk,le,tszt(dx):E[|X0|2]5Vk,le,t

AV, /R (= P )0 (400, (d).

Let us define /(1) = [, pn(x — ¥)*A((x — ¥)")0; (dx)Q; (dy). As h satisfies (3) and
E[|U|*1#0, for any t > 0, we notice that f(z) > 0.
Let us now compute (d/d¢)(VZ,V}7,) using two different ways:
d

d d
BN 3 72, VE) = VREIXGP) 3 Ve + VEEIXP) 3 VZ,

=V2 f@O)+ V] () —2dVEVEf(1),
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d d
ElXol] V2V = 2ViiViEXol] o (VedVi)

=—=2dV; Vi, f(0).

Then V; =0 which is impossible.
Finally, /, is invertible a.s. for any ¢ > 0 and according to Theorem (a), the theorem
is proved. [

Remark 16. We notice that the matrix I', = fol a(X, — Y,.(z))dz is invertible a.s.,
whereas det(a(X, — Y,(z)))=0 for any r,z. In fact, thanks to the nonlinearity of equa-
tion (NSDE(o,b)), we can conclude that the Malliavin matrix has an
inverse a.s.

Remark 17. A4 consequence of Theorem 13 is
E(X[|V] = (X, V)?) >0

for any V € R\ {0}, for any t > 0, when the random vector X, is not a constant.

4. Regularity of the weak function-solution

Theorem 18. Let Xy be a random vector such that E[|Xy|P] < oo for any p = 1. Let o
and b be the coefficients of the Landau equation, respectively, defined by (7), (2) and
(4). We assume that ¢ and b are Lipschitz continuous and infinitely differentiable
with bounded derivatives. If the distribution of Xy is not a Dirac mass and if we
denote by X the solution of the nonlinear stochastic differential equation

t 1
X, = Xo + /0 /0 o(X, — Yy(o)) 7 (do, ds)

t 1
+/0/Ob()(S—YS(oc))dacds (NSDE(q, b))

then for any t > 0 the distribution of X, has a bounded density of class €°° with
bounded derivatives with respect to the Lebesque measure on RY.

Corollary 19. Let Py be a probability measure such that | |x|PPy(dx) < oo for any
p=1. Let 6 and b be the coefficients of the Landau equation defined, respectively,
by (7), (2) and (4). We assume that ¢ and b are Lipschitz continuous and infinitely
differentiable with bounded derivatives. If Py is not a Dirac measure, there exists a
unique weak function solution of the Landau equation with initial data Py which is
moreover of class €, bounded on RY and with bounded derivatives.

Remark 20. Using expressions (10) or (11), we notice that, if h is a bounded function
of class such that h'"(x) = O(1/x'*') when x — +oo for any 1> 1, ¢ and b are
Lipschitz continuous functions of class €°° with bounded derivatives.
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Proof. As in the previous part, we assume that E[X;]=0 to simplify the computations.
As ¢ and b satisfy Assumption (H*®), the process X is infinitely differentiable in the
Malliavin sense. We need to study the moments of the inverse of the determinant of
the Malliavin matrix /; at time ¢, for any ¢ > 0, to apply Theorem (b). The expression
of the determinant is complex, nevertheless we can notice that in dimension d,

(det )4 > irllf (Lv,v),
V=1

where (.,.) is the euclidean scalar product in R?.
Moreover, see Bally et al. (1994) Lemma 3.4, property (ii) of Theorem (b) is
satisfied as soon as for any k€ N,

lim e P((det 1) < ce) =0, (22)

where ¢ is a positive constant which will be computed later.
Let £ > 0 be fixed.
As (det,)'/? > inf |y =1 {(LV,V), we want to find a lower bound for inf|y_(L,V, V).
Let ¢ be such that 0 < ¢ < #/2. We consider V = (Vi)1<i<q € R? such that |V| = 1.

1 d

t d 2
LV, V) = / / > <ZD<’r,Z)X,»,tV,-> dzdr
070 1 \i=1

! 2
t 1 d d
[ (S otn) acar
1=¢/0 =1 \i=1
2

= =0 —-2I
30 2

with

¢ o1 d d 5

t 1 d d i 1 d o d
b= [ S ]33 sl — K@Dl o ()
t—e JO =1 i—1 r 0

k=1 m=1

2
d t 1 d
+> Vi / / > oubi(Xs — (@)D}, X dads] dzdr
i=1 A

Then

2
inf (LV,V) > 2 inf I, —2 sup b.
inf V. V) > 3 inf I i
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We want to minimize the first integral:

o d [ d 2
I = /,_g /0 3 (Zai,z(xr— Yr(znm) dzdr

=1 i=1

t 1 d
- / / S i, (X — V)iV, dzdr
t—e JO

ij=1

t
:/ v*.I,..Vdr.
t—e

Using the results of Section 3, we obtain
t
I > m/ E(X V) — (X, V)?)dr.
t—e¢

We define the function f(V,7)=E(|X,|*|V|* — (X, V)?). We notice that f is a positive
continuous function (see Remark 17) on the compact subset D= {V € R?: |V| =1} x
{r: t/2 <r <t}, then f reaches its minimum. So, if we denote by

c=inf { £y V| =1and L <r<i},

we notice that ¢ is independent of w € 2, ¢ > 0 and
I, = mce.

Let us now study E[sup,_,/;'] for p > 1.

t 1 d d t 1 d d
Y D 31D S i I 9) SLXAC TR A oA AATES
t—eJO 1 | =1 r JO

k=1 m=1

2
d t 1 d
+> 0V / / > Ombi(Xy = Yo(a)D}, .\ Xon s docds] dzdr.
i=1 rJ0

Using Burkholder—-Davis—Gundy’s and Holder’s inequalities, and the fact that |[V| =1,
we notice that

E |sup IJ
V=1
t 1 d gl
<k [ SB[ [ dwac - v
=0 pim k=171 70
2p
XDy Xons Wi (der,ds)| | dzdr
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t 1 t 2p
+ / / Y E / Ombi(Xy — Y(0))Dfy 2 X5 dar ds ]dzdr
t—e JO Lim r
t 1 t 1
SKSP?I / / Z E / / (Om0oi k(X — Yi())
t—e JO Likm r Jo
p
D{,. .\ X )" dords ] dzdr
t 1 t 2p
+ / / Y E / Ombi(Xy — Y(0))Dfy 2 X5 dards ]dzdr
t—e JO Lim r

As the derivatives of ¢ and b are bounded, using Holder’s inequality, we obtain

t 1 t
sup Izp] < K72 {/ / ZE {/ |Df,’Z)XY|2” ds} dz dr}
[7]=1 t—eJO r

using Fubini’s Theorem
S 1
/ / |D X | ¥ dzdr| ds.
t—e JO

t
< Ke¥™? / E
t—e
Then, for any p > 2 there exists a constant K = K(p,d,d’,t) such that

S 1
/ / |D(V7Z)Xg|2p dzdr|.
0 Jo

Let us now check that lim,_oe ¥P((detZ,)"¥ < ce) = 0, where k€N is fixed and

c= %mé with ¢ the constant built in the study of the first integral /;.
Let pe N such that p >k + 1.

E

E

sup Izp] < Ke*~! sup E

[V|=1 0<s<t

P((det)"? < ce) <P ( inf (I,V,V) < c.s>

[Vi=1

2
<P|=-inf [ —2sup I, <ce
3 |vl=1 [V|=1

<P sup b > d
V=1 2

using Tchebychev’s Inequality

p
c

—1
< KeP™'.

V=1

sup 17 ]
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Thus, lim,_o & *P((det,)"¥ < ce) = 0. We can apply Theorem (b), then there exists
a density f;(v) to the distribution P, (dv) for any ¢ > 0.
Using Nualart (1995) Lemma 2.1.5, the density f;(v) is given by

Siv) = any / e 0y, (x)dx,

where V,(x) = fRd i) P, (dy) is the Fourier transform of P,. Thanks to Theorem (b),
we have the following estimates:

|x?1 .. .x:’d\;t(x” < C%t

for any o= {a,...,04} € N with C,, depending on the moments of (detZ,)~! and on
the moments of the derivatives of X. Then f; is a bounded function on R? by
d

)< o [ (1A ) o

i=1

and its derivatives have similar estimates. [
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